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Bayesian Networks

Directed Acyclic Graph (DAG)

a

p(a, b, C) — p(C|CL, b)p(a, b) — p(C|CL, b)p(b|a)p(a)

p(xla oo 7IK) :p(kaUlv' y '7£UK—1) . p(ﬂf2|931)p($1)




Bayesian Networks

P(wh e ,337) — p(351)p(332)p($3)1?(974\371,372, 973)
p(xs|zr, x3)p(Te|Ta)p(27|T4, 25)

General Factorization

p(x) = | | p(zx|pay,)
k=1




Curve Fitting Re-visited




Maximum Likelihood

n=1
B N N
Inp(tlx, w, 3) = — 5 n; {y(@n, W) —tn}" +5 Inf — — In(27)
BE(w)

ML




Curve Fitting

Polynomial

M
y(z,w) = > w;z’
j=0




Curve Fitting




Predictive Distribution

p(t|z, wmr, fu) =N (t|y(5€, WML ), 51\_&)




MAP: A Step towards Bayes

p(wla) = N(w|0,a™ 1) = (%)(MH)/Q exp {—%WTW}

p(wx, t, a, B) o p(t|x, w, 8)p(w|x)

|

BE(W) = 5 > {y(wn,w) —1x)* + Sw'w

27’1

Determine WA P by minimizing regularized sum-of-squares error, £ (w).




Bayesian Curve Fitting (3)

Input variables and explicit hyperparameters

N
p(t,w|x, a,0?) = p(w|a) H p(tn|W, Tp, 0%).

n=1




Bayesian Curve Fitting—Learning

Condition on data

’:]z

p(w|t) o< p(w

n:1




Generative Models

Causal process for generating images

Object Position Orientation

Image




Discrete Variables (1)

General joint distribution: K% — 1 parameters

X1 X2

Independent joint distribution: 2( K — 1) parameters

X1 X9
() () seaxelw =[] wi [T




Discrete Variables (2)

General joint distribution over M variables:
KM — 1 parameters

M-node Markov chain: K—1 + (M- 1)K(K - 1)
parameters




Conditional Independence

a is independent of b given c

p(alb, ) = p(alc)

Equivalently p(a,blc) = p(aldb,c)p(db|c)
= plaje)p(ble)

Notation a1 blec




Conditional Independence: Example 1

c p(a, b, c) = plalc)p(ble)p(c)




Conditional Independence: Example 1

p(a, b, c)
p(c)
= p(ale)p(blc)

p(a,b|c) —

allblc




Conditional Independence: Example 2

a C b
O—0O—0
p(a, b, c) = p(a)p(cla)p(blc)

p(a,b) = p(a) > p(cla)p(blc) = p(a)p(bla)

all bl




Conditional Independence: Example 2

p(a,blc)




Conditional Independence: Example 3

p(a,b,c) = p(a)p(b)p(cla, b)

Note: this is the opposite of Example 1, with c unobserved.




Conditional Independence: Example 3

a. ble _ p(a, b, C)
e p(c)
_ p(a)p(b)p(c|a,b)
p(c)
all b]ec

Note: this is the opposite of Example 1, with c observed.




“Am | out of fuel?”

p(G=1B=1,F=1) = 0.8
p(G=1B=1,F=0) = 0.2
p(G=1B=0,F=1) = 0.2
p(G=1B=0,F=0) = 0.1
p(B=1) = 0.9
p(F=1) = 09
and hence

p(F=0) = 0.1

B = Battery (0=flat, 1=fully charged)
F' = Fuel Tank (O=empty, 1=full)
G = Fuel Gauge Reading

(O=empty, 1=full)




“Am | out of fuel?”

p(G =0|F = 0)p(F = 0)
p(G =0)

p(F =0|G =0)

2

0.257

Probability of an empty tank increased by observing G = 0.




“Am | out of fuel?”

G

p(G =0|B=0,F =0)p(+ =0)
2.refo,1}y P(G = 0B =0, F)p(F)
~ 0.111

p(F =0|G =0,B =0)

Probability of an empty tank reduced by observing B = 0.
This referred to as “explaining away”.




D-separation

» A, B, and (' are non-intersecting subsets of nodes in a
directed graph.
* A path from A to B is blocked if it contains a node such that
either
a) the arrows on the path meet either head-to-tail or tail-
to-tail at the node, and the node is in the set C, or
b) the arrows meet head-to-head at the node, and
neither the node, nor any of its descendants, are in the
set C.
* If all paths from A to B are blocked, A is said to be d-
separated from B by C.
* If Ais d-separated from B by C, the joint distribution over
all variables in the graph satisfies A Il B | C.




D-separation: Example




D-separation: Example

all b|c

a ll b|f




D-separation: |.I.D. Data




Markov Random Fields

Markov Blanket

AL B|C




Cligues and Maximal Cliques

Maximal Clique




Joint Distribution

p) = 7 [T velxe)
C

where V¢ (Xc) is the potential over clique C'and
z =3 ]]vcxe)
x C

is the normalization coefficient; note: M K-state variables - K" terms in Z.

Energies and the Boltzmann distribution

VYo (xco) = exp{—E(xc)}




Illustration: Image De-Noising (1)

Original Image Noisy Image




Illustration: Image De-Noising (2)




lllustration: Image De-Noising (3)

Noisy Image Restored Image (ICM)




Converting Directed to Undirected Graphs (1)

X1 X2 TN-1 TN

p(x) :lp(xl)p(332|331) p(x3|r2) - p(rn|TN_1)

I

p(x) = - Y1,2(x1, 22) Yo,3(x2,23) - YN_1,N(TN-1,ZN)

15 o IN -1 TN




Converting Directed to Undirected Graphs (2)

Additional links

X1 X3 X1 X3
I9 X2
Moralization
ﬁ
Moral Graph
Ty L4
P(X) — P(931)P(33‘2)P($3)p(334|331;51'»'2,933)

1
— EwA(CEl,iUQ,IS)WB(:EQ)x3ax4)wc(aj17w27$4)




Directed vs. Undirected Graphs (1)




Directed vs. Undirected Graphs (2)

C

A B
A
¢
D
Al B|0O AY B0
AY B|C Al B|CUD

C 1 D|AUB




Inference in Graphical Models

T T T

_ N 1y — PW2)P(2)
p(y)—;p(y\ )p(z”) p(zly) o00)




Inference in Graphical Models

* Posterior Marginalization:
P(xnly1, -+ ¥n)

— z P(le ...,ley]_;"'lyM)

X1, Xn—1Xn+1,+2XN

e MAP:

X X
X1, ., Xy = max P(Xxq{,..,xXy|V1, V)
X1, XN




Conditional Random Fields

Conditional Probability:

P(X|Y) =% exp(w! f(X,Y))

f(X) Y) — [lplz (xl' X2, Y)r ) l/)n—l,n(xn—l» Xn, Y)]

Xl X2 . . . 4@
© ® o




Hidden Markov Model

* Observation sequence: Yy, ..., Y,,; State sequence: X4, ..., X,
 Transition Prob.: P(Xl+1|X) Emission prob P(Y;|X;).

P(X,Y) = P(Xy) ﬂP(Xle)l_[P(Y X))




Inference on a Chain

L1 Lo TN -1 TN

p(x) = %%,2(561, r2)Y2,3(x2,23) - - YN_1.N(TN_1,ZN)

P BEDIPBED LS

Tn—1Tn+1




Inference on a Chain

p(zn) = % {Z V1,0 (Tr_1,Tn) - [Z 151,2(33’1,562)] }

Ln—1
i

LTn+1

A=




Inference on a Chain

O——O0—O0—0——0
X1 Ln—1 Ln Ln+1 TN
/«La(mn) — Z wn—l,n(wn—lamn) |:Z :|

Tn—1 Ln—2

— Z wn—l,n(wn—l’xn)ﬂa(xn_l)'

/«Lﬁ(ﬁjn) = Z wn,n+1(£€n,$n+1) |:Z :|

Ln+1 Ln+2

= Z Un,n+1 (n, Tnt1 )ﬂﬁ (mn+1)-

LTn+1




Inference on a Chain

T1 Ly —1 Ln Ln+1 LN
— ZWl,Q(xlafEQ) /_L)(-} LN — 1 Zw]\f 1,.N CEN 1)$N)
I

4 = Z Hao ("En)/iﬁ(xn)




Inference on a Chain

To compute local marginals:

* Compute and store all forward messages, pq(xr).
* Compute and store all backward messages, usz(z,).
* Compute Z at any node z,,

* Compute

p(xn) = %Moz (n)ps(Tn)

for all variables required.




Trees

Undirected Tree Directed Tree Polytree




Factor Graphs

T T2 T3

fa fb fc fd
p(x) = fa(x1,22) fo(x1, 22) fe(22, 3) fa(Ts3)

p(X) — Hfs(xs)




Factor Graphs from Directed Graphs

J
p(x) = plz)p(z2)  flz1,22,23) = falz1) = pla1)
p(xs|z1, x2) p(x1)p(z2)p(s|z1, z2) folza) = p(as)

fc(.’l?l,ilfg, CU?)) — p(.’L'3|331,£E2)




Factor Graphs from Undirected Graphs

T T x To T x
f E
5B
3 3 3
V(x1, 22, 23) f(x1, 22, x3) fa(x1, 22, 23) fp (22, 23)

— w(,ﬁL‘l,LL‘Q,.’Eg) — w(ZChCCQ,fE?,)




The Sum-Product Algorithm (1)

Objective:
i. to obtain an efficient, exact inference
algorithm for finding marginals;

ii. in situations where several marginals are

required, to allow computations to be shared
efficiently.

Key idea: Distributive Law

ab+ ac = a(b + c)




The Sum-Product Algorithm (2)

Fe(z, Xs)




The Sum-Product Algorithm (3)

Fs(ma Xs)

pz) = ]

s€ne(x)

= ]I w@ ma(@) =3 Fy(w, X,)

s€ne(x) X.

ZFS(QS‘,XS)]

Xs




The Sum-Product Algorithm (4)

Fs(anS):fS(xaxl aaaa ZCM)Gl (xlaXsl)---GM (vaXSM)




The Sum-Product Algorithm (5)

Mfs*m(x) —




The Sum-Product Algorithm (6)

— Z H Fl(xm:Xml)

Xeom lEne(xm)\fs

— H ffi—z,, (Tm)

lene(xm)\ fs




The Sum-Product Algorithm (7)

Initialization




The Sum-Product Algorithm (8)

To compute local marginals:
* Pick an arbitrary node as root

 Compute and propagate messages from the leaf
nodes to the root, storing received messages at
every node.

 Compute and propagate messages from the root to
the leaf nodes, storing received messages at every
node.

 Compute the product of received messages at each
node for which the marginal is required, and
normalize if necessary.




Sum-Product: Example (1)

O—a—CO—a——CO
M

O p(x) = fa(x1,22) fo(w2, 23) fe(22, 24)

L4




Sum-Product: Example (2)

. uﬂ?l_’fa(xl) = 1
T Pfo—zs(T2) = Y fal1,22)

() teslan =

1
2 Homoa(@2) = Y felw2,24)
T4

l’LfEQ_*fb(an) — I’l’fa_>a72 (xQ)l’l’fc_*-'vCQ ('I:Q)
I’Lfb_>5U3($3) — Zfb(x29x3)“$2—>fb(x2)

2




Sum-Product: Example (3)

O—a—0O—a—0

|

Hzz— fi (373) = 1
Pip—s(T2) = Y fola2,23)
rs3

() temn@) = g @2y (02)

&y Prama (1) = Y fal@1,22)pay— g, (32)
2
I‘L$2_>fc(x2) — I‘Lfa_>$2 (xz)l’l’fb_*-'vCQ (332)

Phomwa(Ta) = Y fel@2,4) gy, (T2)




Sum-Product: Example (4)

! T2 I3

O—a—CO—8—0)

Jb

B, P2 = bfmaa (@)= (T2)1fe—as (22)

= Z fa(x1,22) [Z fb(ﬂfz»x:%)]

T4 Zf6(3729x4)
= D> N falar, @) folwa, m3) fo(aa, 24)

r1 X3 T4

= 2.2 2 )

r1 I3 T4




The Max-Sum Algorithm (1)

Objective: an efficient algorithm for finding
i. the value x™a* that maximises p(x);

ii. thevalue of p(x™ax),

In general, maximum marginals # joint maximum.

y =0 0.3 0.4
y=1 0.3 0.0

argmax p(x,y) = 1 argmax p(x) = 0

x x




The Max-Sum Algorithm (2)

Maximizing over a chain (max-product)

I ) IN-1 TN

p(x™M*) = max p(x) = max...max p(x)
X 1 LM
1

— Emax...max [w1’2(x1,332)"'/I,DN—I,N(‘TN_17$N)]
1 N

= EH;?X {max [1/)1,2(35‘1;332) {"Tgiwa—l,N(ﬂfN—laxN)} “




The Max-Sum Algorithm (3)

Generalizes to tree-structured factor graph

m}?xp(x) = max H H)l{aSst@n,Xs)
fsene(wn)

maximizing as close to the leaf nodes as possible




The Max-Sum Algorithm (4)

Max-Product = Max-Sum

For numerical reasons, use
In (maxp(x)) = max In p(x).

Again, use distributive law

max(a + b,a + ¢) = a + max(b, c).




The Max-Sum Algorithm (5)

Initialization (leaf nodes)

pz—p(z) =0 pr—z(z) =In f(x)
Recursion
pioz(x) = , nax |:ln flz,xq, )+ Z K., —>f(xm>:|
..... T M meEne f )\x

¢<x> — argiax |:lnf($>$1>-"7xM>+ Z Mwmﬁf(xm>:|

méene(fs)\x

pomp@) = 3 ppi—a(@)




The Max-Sum Algorithm (6)

Termination (root node)

pmax — mgx[ Z [Lfg_u;(fE):|

pmax argmax|: Z pf,—a()

Back-track, for all nodes 2 with [ factor nodes
to the root (/=0)

X, = 935(55?,11&—}{1 )




