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DIVIDE AND CONQUER



Matrix multiplication

Input: A=[aij],B=[bij].} .
Output: C=[c;]=A4-B. Lj=1,2,...,n.
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Standard algorithm

fori < 1 ton
do for;j <— 1 ton
do cl-j<—O
for k< 1 ton
dO Cl](_ Cl]_l_ aik‘bkj



Standard algorithm

fori < 1 ton
do for;j <— 1 ton
do cl-j<—O
for k< 1 ton
dO Cl](_ Cl]_l_ aik‘bkj

Running time = O(7°)



Divide-and-conquer algorithm

IDEA:
nxn matrix = 2x2 matrix of (n/2)x(n/2) submatrices:

ris| [abllel f
—t+— =] <>

tu|l |cd]|lgh
C = A - B

r =ae+bg )
s =af + bh Y 8 mults of (n/2)x(n/2) submatrices
t =ce+dg | 4 addsof (n/2)x(n/2) submatrices

u =cf +dh_




Divide-and-conquer algorithm

IDEA:
nxn matrix = 2x2 matrix of (n/2)x(»n/2) submatrices:

ris|_ab)| e f]
_tu___c:d_ g h
C = 4 - B

r =ae+bg ) recursive
s =af +bh | 8mults of (n/2)x(/2) submatrices
t =ce+dh | 4addsof(n/2)x(n/2) submatrices

u =cf +dg_




Analysis of D&C algorithm

1(n) =8 T(n/2) +O(n?)

# submatrices / work adding

oo submatrices
submatrix size



Analysis of D&C algorithm

1(n) =8 T(n/2) +O(n?)

# submatrices / work adding

oo submatrices
submatrix size

nlogha=plogd=pn3 — CASEl = T(n)=0(n).



Analysis of D&C algorithm

1(n) =8 T(n/2) +O(n?)

# submatrices / work adding

oo submatrices
submatrix size

nlogha=plogd=pn3 — CASEl = T(n)=0(n).

No better than the ordinary algorithm.



| ‘*\‘ Strassen’s idea

\\‘

o Multlply 2x2 matrices with only 7 recursive mults.



Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f-h
P,=(a+b) h
Pi=(c+d)-e
Py=d-(g—e)
Ps=(a+d)-(e+h)
Pe=(b—d)-(g+h)
P;=(a—c)-(etf)



Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f-—h) r =Ps+ P,— P,+ Pg
P,=(a+b)-h s =P+ P,
Py=(c+d)- e t =P+ P,
P,=d-(g—e) u=Ps+ P —P;—P;

Ps=(a+d)-(e+h)
Pe=(b—d)-(g+h)
P;=(a—-c)-(etf)
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Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

P=a-(f-h) r =Ps+P,— P,+ P
P,=(a+b)-h s =P+ P,
Py=(c+d)- e t =P+ P,
P,=d-(g—e) u=Ps+ P —P;—P;

Ps=(a+d)-(e+h)
P.=(b—d) - (g+h) 7 mults, 18 adds/subs.

Po=(a—c)-(e+f) Note: No .re.hance on
commutativity of mult!

September 14, 2005 Copyright © 2001-5 Erik D. Demaine and Charles E. Leiserson L2.38



Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f-—h) r =Ps+ P,— P,+ Pg
Py=(a+b)-h =(a+d)(e+h)
Py=(ctd)-e td(g—e)—(a+Db)h
Py=d-(g—e) +(b-d) (gth)
Ps=(a+d) (et h) =ae + ah +de + dh
Ps=(b—-d)-(g+h) + dg —de —ah — bh
P,=(a—c)-(e+f) + bg + bh — dg — dh

=qae + bg
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Strassen’s algorithm

1. Divide: Partition 4 and B into

(n/2)x(n/2) submatrices. Form terms
to be multiplied using + and —.

2. Conquer: Perform 7 multiplications of
(n/2)x(n/2) submatrices recursively.

3. Combine: Form C using + and — on
(n/2)x(n/2) submatrices.
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Strassen’s algorithm

1. Divide: Partition 4 and B into
(n/2)x(n/2) submatrices. Form terms
to be multiplied using + and —.

2. Conquer: Perform 7 multiplications of
(n/2)x(n/2) submatrices recursively.

3. Combine: Form C using + and — on
(n/2)x(n/2) submatrices.

I(n)="T7 T(n/2) + O(n?)
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Master theorem

I(n)=aTl(n/b) + f(n)

CASE 1: / (n) = O(n'ogre~¢), constant € >0
= T(n) = O(nlogra)

CASE 2: f(n) = O(nlogh9)

= 1(n) = O(nlogralgn) .

CASE 3: f(n) = CQ)(n'ogre &) constant € >0,
and regularity condition

= T(n) = O(f(n)).
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Proof of Master theorem

A L - f(n)
/@\
f(ny) fny) J(y) s - af(ny)
f(n2)  f(na) - f(ny) f(ny) f(ny) - f(ny) f(na)  f(ny) - f(ng) o - azf("z)
Y o) e() (1) 6@) e) O() (1) 6() O() O() - O() O(1) (1) O
@(nlogba)
[logp n]—1

Total: ©(n'°8> %) + Z a’ f(n;)

Jj=0



Proof of Master theorem

Lemma 4.3
Leta > 1 and b > 1 be constants, and let f(n) be a nonnegative function defined
on exact powers of b. A function g(n) defined over exact powers of b by

logy n—1

gn)y= ) d f(n/b’) (4.22)

j=0
has the following asymptotic bounds for exact powers of b:
1. If f(n) = O(n'>?~¢) for some constant € > 0, then g(n) = O(n'°¢ %),
2. If f(n) = O(n'°ex9), then g(n) = O(n'°e» % 1gn).

3. Ifaf(n/b) < cf(n) for some constant ¢ < 1 and for all sufficiently large n,
then g(n) = O(f(n)).



Proof of Master theorem

* Casel:
logy n—1 logy n—1 j
./ N\ logpa—e ab¢
J (. _ log; a—e
Z 4 (bj) -7 Z (blogba)
Jj=0 Jj=0

logy n—1

— plogpa—e Z (be)j
Jj=0

€logy n
nlogb a—e beer™ — 1
be — 1




Proof of Master theorem

e Case 2:
1 n—1 logy, n—1
Oga n \logpa 1 gzb a J
= bJ = plogy a
logy n—1
— nlogb a § 1
Jj=0



Proof of Master theorem

e Case 3:

logs, n—1

gn) = Z a’ f(n/b’)

Y fm)+ o)

j=0

f(n) zc»" + 0(1)

A

A

1) (=) + 0w
= o(/@).



