CS60020: Foundations of
Algorithm Design and Machine
Learning



DIVIDE AND CONQUER



I\/Ierge sort

1. Divide: Trivial.
2. Congquer: Recursively sort 2 subarrays.

3. Combine: Linear-time merge.

1(n)=2 1T(n/2) +O(n)

\
# subproblems work dividing

subproblem size and combining
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Master theorem

I(n)=aTl(n/b) + f(n)

CASE 1: / (n) = O(n'ogre~¢), constant € >0
= T(n) = O(nlogra)

CASE 2: f(n) = O(nlogh9)

= 1(n) = O(nlogralgn) .

CASE 3: f(n) = CQ)(n'ogre &) constant € >0,
and regularity condition

= 1(n) =0O(f(n)) .

September 14, 2005 Copyright © 2001-5 Erik D. Demaine and Charles E. Leiserson L2.5



Master theorem

I(n)=aT(n/b) + f(n)

CASE 1: / (n) = O(n'ogre~¢), constant € >0
= T(n) = O(nlogr?)

CASE 2: f(n) = O(nlogh)

= 1(n) = O(nlogralgn) .

CASE 3: f(n) = CQ(n'ogre 2 constant € >0,
and regularity condition

= 1(n) = 0O(f(n)) .
Merge sort: a =2, b =2 = nloghe= plog22=p
— CASE?2 = 1T(n)=0O(nlgn).
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ALGORITHMS

Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find S
3 5 7 8 9 12 15
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find S
35789 1215
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find 9
3 5 7 8 9 12 15
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.
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3 5 7 8 9 12 15
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find 9
35789 1215
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Recurrence for binary search

I(n)y=1Tm/?2)+06(1)

\
# subproblems work dividing

subproblem size and combining
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Recurrence for binary search

I(n)y=1Tm/?2)+06(1)

\
# subproblems work dividing

subproblem size and combining

nloghe = plogal =p0=1= CASE2 (k= 0)
= 1(n)=0gn).
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ALGORITHMS

Powering a number

Problem: Compute a”, where n € .

Naive algorithm: O(n).
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ALGORITHMS

Powering a number

Problem: Compute a”, where n € .
Naive algorithm: O(n).

Divide-and-conquer algorithm:

an?. qn? if 7 1s even;

aI/l — . .
a2 qn-D72.q4 1f n 1s odd.
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Powering a number

Problem: Compute a”, where n € .
Naive algorithm: O(n).

Divide-and-conquer algorithm:

an?. qn? 1f 7 1s even;
aI/l — . .
a2 qgn-D2.q4 1f n 1s odd.

I(n)y=1Tn/2)+0O(1) = T(n)=0(gn).
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