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(CS60029: Practice Problems

August 10, 2026

. Let &j,i € [n] be n random variables each with finite support. Then prove the following.

n

var (ZXJ = Zvar (X)) +2 Z cov(A;, &j)
i=1

i=1 1<i<j<n

where for any two random variables X and ), we define cov(X,)Y) = E[X)]| — E[X]E[))].

. Let X and Y be two independent random variables. Then prove that E[X)Y] = E[X]E[))].

From this conclude that, for n pairwise random variables X;,i € [n], we have the following.

n

var <ZXZ> = Zvar(é\fi)
i=1

=1

. Compute the running time of the polynomial identity testing algorithm discussed in the class

where the input polynomial is over a finite field F' and its total degree is d < |F|.

. For a universe U = {1,2,...,n}, show that the weight function w : U — R defined as

w(i) = 2¢ for each 1 < i < n, is an isolating weight assignment.

. Show that the number of min-cuts in every unweighted undirected graph is at most (g)

. Genaralize Karger’s algorithm for min-cut to edge weighted graphs. Assume that the weight

of every edge is a positive integer.

. In the k-cut problem, the input is an unweighted graph, and the goal is to compute the

minimum number of edges that need to be removed to partition the graph into £ components.
Adapt the Karger’s min-cut algorithm to design a randomized O(n?*)-time algorithm for the
k-cut problem.

. Design a randomized algorithm for computing if a given directed graph contains a cycle of

length at least k. Your algorithm should run in time O(c*poly(n)) where ¢ is some constant.

. In the Triangle Packing problem, we are given an undirected graph G and a positive integer

k, and the objective is to test whether G has k-vertex disjoint triangles. Using color coding
show that the problem admits an algorithm with running time 20®)nO),

Prove that the condition in the Markov’s inequality that the random variable under consid-
eration must be non-negative is necessary.
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Let A;,i € [n] be n objects each having two attributes A¥ and AY. The attribute y is 0 for
every A;. Suppose we have a deterministic quick sort algorithm that can sort A;,i € [n] on
the attribute z or on the attribute y. Can you use this deterministic quick sort algorithm
to design a randomized algorithm to sort A;,i € [n] on the attribute x which makes an
expected O(nlogn) comparisons? Please prove that your algorithm indeed makes O(nlogn)
comparisons on expectation.

Let Xj,i € [n] be n pairwise independent random variables each taking values in {0,1} with
expectation p and S = )" | &;. Then for any positive real number § we have the following.

H{5<(1_®M}<<O:3;J>u

Give an example of a random variable whose expectation exists but variance does not exist.

Prove the weak law of large numbers using Chebyshev inequality. The weak law of large
number states that, for random variables X;,7 € N which are distributes independently and
identically with mean p and variance o2, we have the following for any constant & > 0

Xi+Xo+--+ X,
n

lim Pr [

n—oo

—u‘>€] =0

Let Xj, i € [n] be n independent random variables each taking values in {0, 2} with expectation
pand S = > &;. Use standard Chernoff bound proved in class to upper bound the
probability that S takes value more than (1 + §)pu.

Let X be a random variable with expectation y and variance o2. Then for any ¢ € R>g, prove
the following.
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Pr[é\f—u}ta}g and Pr |X—u|>t0}<
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Let X be a non-negative integer valued random variable with positive expectation. Then
prove the following.
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< Pr[X # 0] < E[X)]



