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Answer all questions. State any assumptions you make. Provide concise answers.

. Represent the finite field Fi = F5(0) with 04+ 62 +1=0. Let a =603 + 1.

(a) Is v a primitive element of Fy47 [3]
(b) Is @ a normal element of Fy4? [3]
(¢) Compute the minimal polynomial of « over Fs. [4]

. Let a € Fy with ¢ odd. Prove that the equation 22 = « has a solution in > if and only
if ale-/2 =1, [4]

. Consider an extension field F, = F,» for n > 2. Assume basic operations in F, run in
O(1) time. Suppose that I, is represented by an arbitrary F,-basis (6, 01,...,60,-1). For
a € F,, a7l is given by a?? (by Fermat’s little theorem). Propose an algorithm that
computes a~!, given «, that runs in O(n?) time. Clearly specify if any precomputation
is required and indicate the space required to store precomputed values. [10]
Hint: A system of n linear equations in n unknowns over [F, can be solved in time O(n?) using
Gaussian elimination.

. Let f(x) e F [x] be a polynomial of degree 3. Prove that f(x) is irreducible if and only
if f(z) has no roots in IF,. [4]

. Find the distinct degree factorisation of z® + 23 + 22 + 1 € Fo[z]. [4]

. Let f(z),g9(x) € K[x] for some field K and let deg f(x) = m, degg(z) = n. Suppose
that £(2) = a(z - ) (& - az)(z - an) and g(z) = b(x - 51)(@ - o)+ (z — f) with
a,be K and o;’s, B;’s are all distinct and belong to some extension field of K. Let M =
Syl(f(x),g(x)), the Sylvester matrix of f(z) and g(x). We know that Res(f(z),g(x)) =
det M.

(a) Consider the (m +n) x (m +n) Vandermonde matrix V = (v; ;) defined by

N ﬁ;’””": if 7<n
e i ifn+l<j<n+m
for 1 <7 <m+n. Determinant of V is given by

det V=TT (B:-8) [] (@i-0p) JI (Bi-ayp).

1<i<j<n 1<i<j<m te[1,n],je[1,m]

1



Show that

det(Mv>=ﬁf<@>-1ﬁg<aj>- [T B-8) T1 (ci-ay.

[7]
(b) Deduce that Res(f(x),g(x)) =a™T}2; g(a;) = (=1)™-b™ TTiy f(5Bi)- 5]

(c) Let K be a field with characteristic 0. Recall that the discriminant of a polynomial
f(x) e K[x] is given by

Discr(f()) = (-1)"" V2 a'Res(f (), f'())
where m = deg f(z) and a is the leading coefficient of f(x). Prove that

Discr(f(2)) = a®2 [] (ai-;)?,

1<i<j<m

where «;’s are the roots of f(z) in some extension field of K. [6]



