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PROOF OF THE VC INEQUALITY

Hsuan-Tien Lin and Yaser S. Abu-Mostafa
Notations

ze XN z=a2" |2/|=|2"| =N

1/; : frequency of agreement of g on 2’

v, : frequency of agreement of g on 2"

7, : probability of agreement of g

G : a learning model

L(z) : the number of different patterns of G on z
L(N) : the growth function of G

Gz] : a subset of G that “represents” L(z)

{Statement} [ 1 if statement is true
~ | 0 if statement is false

Pr,[-] is w.r.t. p(z). Thus,
Pr, [statement} = Zp(g) {Statement} = Z Zp(@’)p(g") {statement}

Pr[] is a short-hand of Pr, [-]

Basic Equations

o Hoeffding’s inequality: Pr [}V’ —7| > e} < 2exp(—2€2N) .

e Bin model: Pr |/ = %} = (M) rk(1 —m)N-K .

Note that the term peaks around K = nN. For example, if 7N is an integer, we
could easily verify that for = € (0, 1),

K+1

+

Pr[u: }] < 1 and ﬁ

Pr |:V/:

z[x| =
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Lemma 1 (bounding the deviation with two half-vectors)

for N such that exp(—1e?N) <
Proof.

v

v

v

Vv

v

1
Pr {31612‘1/; - V;’} > g} > §Pr {31618‘1/; —ﬂg} > €

=

P _ // €
T {sgg ‘1/ ‘ > 2]

;;p(z’)p@”){sgg}v — | > }
;;p(g’)p(z"){igg}u; — | > }{SEB}” | > 6}
D {suplvy =) > e} S pta {suplvg 1> 5}

fﬂ”

N

[\elfe

(for any g to be chosen later — may depend on z’)

ot {suply ol > o} S { -4l > 1

(restrict to some special cases that achieve the latter {-})
Zp( {sup‘y —7rg‘>e}2p {‘yé—ﬁg|>6and ‘Vg—wg}gg}

- e
X $

5ot (sl =l > {1 =l > f St { b=l <5

z’ N

-~

(*)
(if (%) evaluates to 1, choose one g that achieves (x); otherwise choose any g)

;P@ {jgg [vg = mg| > e} ;p@”) { [ve — el < 2}

(apply Hoeffding’s inequality)

Zp(g’) {sup V) — my| > e} (1 —2exp(—1e*N))
z/ geG

%Pr {sgg‘l/ 7Tg| > €
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Lemma 2 (bounding the difference of half-vectors under specific conditions) Given any
integer K from 0 to 2N,

Pr[‘y—u}>— N

v, + v, K] < 2exp(—3€’N).

Proof. The left-hand-side (LHS) is independent of 7, because

} OO 1R -5 > 5
() 2o () CX=F)

From the equation above, we can see that under the condition of interest, if V %

/ n_ K
V9+V9_N

rn €
AR

v —vil =215 = o¥l

Because LHS is independent of 7, we can work on a pseudo-problem in which z is drawn

from ¢(z) and choose g such that 7y = % without lose of generality. Then,
Ve — vl = 2[v — e
Thus,
LHS = Pr, [‘Vé—ﬂg‘ > 2 Vé+Vg:%:|
Zgl Zg” q(f)q(fl) { ‘Vé - 7Tg‘ > ;i} {Vé + l/g = %}
N _K
S Sara@al@”) {vg +vg = %}
S a@) { [ve — el > £} 1 0)
> (@) f(vg) ’
where
1) =3 {vh+vp =%} =Py [y =% —vp].
Note that f(vg) peaks around v, . Let
sup (V) =«
vgi|lvg—mg|>e/4
Then,
flvg) < a for |y —mg| >
flrg) > a for|v, —mg| < §
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Now,

S a@) { v =7l > 5} 70%)
S a@) { v = mel > £ § ) + T ale) { v — el < 5} £ 0%)

(apply f(vg) > o under that condition)

S a@) { v — 7l > 5} 104)

LHS =

<
Yo a(e) { [ = mel > 5} F05) + o al@) { [ el < 5} 0
(use 4 < gii when A < B and A, B, a positive)

- qu(g’){|l/fg—7rg’>§}a

Sy @) {1~ 7l > §hat Sy @) {1~ 7l < 5} a
= Pr, “I/é—ﬂg‘ > i]

(apply Hoeffding’s inequality)
< 2exp(—1€’N)

Note that we need o« > 0 above, which happens when the set {I/é : ‘I// — 7rg| > i} is

g
nonempty. If the set is empty, LHS = 0 and the lemma is trivial.
[ |
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Theorem 1 (VC inequality) For N such that Lemma 1 is satisfied,
Pr {sup v, — my| > €:| <4-L(2N)exp(—:€°N)
geG
Proof.

Pr [sup ’V; - 7'('9‘ > 6}
geG

(apply Lemma 1)

< 2Pr [sup‘u -V } > }
geG
= 2 pg{supl/—v">5}
S {supl 4] >
= 22]) { sup |V — ”’>§}
We get the same probabllity if we first generate xz, according to p(z,) and choose one
of the (2V)! permutations of (1,2,---,2N) to permute z, into z. Here z depends on
z, and the permutation t = 1,2,--- ,(2N)!, but G[z] and G|z, are equivalent.
G
— _ // €
= QZP(%);m{ Sg[P]’V ’>2}
Zg =
(a gross over-estimate)
G
< 2ZP(£0) > o) > { vy —vg| > %}
t=1 " g€Gzy)

(2N)!

= 2w ¥ 5 { el = 5]

g€G[z,] t=1

(con81der a distribution ¢(z) in which ¢(z) = if and only if x is a permutation of )

=Y ) Y Prq[\u; AEY

9€G[zg]

(2N)'

v, + v, = ~ (number of agreements of g on z)

(apply Lemma 2)

< QmeO Z 2exp(—z€e"N)

g€G|z]

= 42]9 o) L(zo) exp(—5 s€N)
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