
CS21201 Discrete Structures
Solutions to Practice Problems

Recursive Constructions
Loop Invariance

Pigeonhole Principle

1. If n<=0, function returns -1.
Let n = 2kl, where k is a non-negative integer and l is an odd positive integer.
If k=0, function returns 0.
If k>0, n+1 is odd, n*(n+1)/2 can be written as 2k-1m, where m is odd, and the
Function recursively adds 1. Therefore, the function returns k.
Hence, the function terminates for n > 1.

2.

3.



4.

5.
We track the number of “inversions”: pairs {i, j} that occur in the wrong order in the list
(if i < j and i is after j in the list, or vice versa). Swapping two elements of the list adds an
odd number to the number of inversions. If we swap a and b, then:

● If x is before both of them in the list, or after both of them, then the number of
inversions with x is unaffected.

● If x is between them in the list, then both pairs {x, a} and {x, b} change their state
of being an inversion or not.

● Finally, {a, b} changes its state.
After an odd number of swaps, the number of inversions has different parity than the
start, if the initial number of inversions are odd then final is even and vise-versa. so we
cannot be in the initial state.

6. gcd(a,b) is the invariant as gcd(a,b) = gcd(a-b,b) = gcd(a+b,b) = gcd(b,a).



a. S contains (20,23) as gcd(20,23) = gcd(1,2) = 1
b. S does not contain (357, 819) as gcd(357, 819) = 21 ≠ gcd(1,2).
c. gcd(a,b) as already shown.

7. From {k, 2k+1, 3k}, we get 6k+1⇔ 12k+3⇔ 4k+1⇔ 2k∈ S. This shows that, k∈ S if
and only if 2k and 2k+1∈ S, or in the other way, k∈ S if and only if floor(k/2)∈ S.
Recursively, we get
2023∈ S⇔ 1011∈ S⇔ 505∈ S⇔ 252∈ S⇔ 126∈ S⇔ 63∈ S⇔ 31∈ S
⇔ 15∈ S⇔ 7∈ S⇔ 3∈ S⇔ 1∈ S.

8.

9.

10.

11.

12. Solution. The pigeonholes will be the n sets {1, 2} , {3, 4} , {5, 6} , . . . , {2n − 1, 2n}. The
pigeons will be the n + 1 selected numbers. A pigeon is assigned to the unique pigeon
hole of which it is a member. By the Pigeonhole Principle, two pigeons must be assigned
to some hole, and these are the two consecutive numbers required. Notice that we’ve
actually shown a bit more: there will be two consecutive numbers with the smaller being
odd.
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1. All the marbles cannot be of the same color.
Let us denote the marbles at one stage as (a,b,c) for red, green and blue marbles. It will
be transformed into (a+2,b-1,c-1) or (a-1,b+2,c-1) or (a-1,b-1,c+2) after one operation.
The invariants are a-b (mod 3), b-c (mod 3) and a-c (mod 3).
For the marbles to be the same color, one invariant needs to be eventually 0 (mod 3).
However, a=1(mod 3), b=2(mod 3), c=0(mod 3). So the marbles never have same color.

2.

3. We use the Pigeonhole Principle. Let A be the set of all sequences of 32 button presses, let B be the
set of all configurations, and let f : A → B map each sequence of button presses to the configuration
that results. Now:

4.


