
CS21201 Discrete Structures
Solutions to Practice Problems

Predicate Logic

1. Coding of the statements is as under ( Creatures)𝑥 ∈
S1: ∀𝑥 [𝐿𝑖𝑜𝑛(𝑥) → 𝐹𝑖𝑒𝑟𝑐𝑒(𝑥)] 
S2: ∃𝑥 [𝐿𝑖𝑜𝑛(𝑥) ∧ ¬𝐷𝑟𝑖𝑛𝑘𝑠𝐶(𝑥)]

a. ∃𝑥 𝐹𝑖𝑒𝑟𝑐𝑒(𝑥)
This statement is true if there is at least one lion. We cannot say that this
directly follows from S1. This statement is False.

b. From S2, we notice that . So let that creature∃𝑥 [𝐿𝑖𝑜𝑛(𝑥) ∧ ¬𝐷𝑟𝑖𝑛𝑘𝑠𝐶(𝑥)]
be . We know that is a lion. From S1, any creature who is a lion is𝑝 𝑝
fierce. Therefore is fierce. By existential generalization, .𝑝 ∃𝑥 𝐹𝑖𝑒𝑟𝑐𝑒(𝑥)
Hence this statement is True.

c. : Notice that similar to (b), we derive that∃𝑥 [𝐹𝑖𝑒𝑟𝑐𝑒(𝑥) ∧ ¬𝐷𝑟𝑖𝑛𝑘𝑠𝐶(𝑥)] 𝑝
is a lion and does not drink coffee. From S1, all lions are fierce.𝑝
Therefore is fierce. This implies that , by𝑝 𝐹𝑖𝑒𝑟𝑐𝑒(𝑝) ∧ ¬𝐷𝑟𝑖𝑛𝑘𝑠𝐶(𝑝)
existential generalization, . The statement is∃𝑥 [𝐹𝑖𝑒𝑟𝑐𝑒(𝑥) ∧ ¬𝐷𝑟𝑖𝑛𝑘𝑠𝐶(𝑥)]
True.

2. Predicates used are : person respects person and :𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑦) 𝑥 𝑦 𝐻𝑖𝑟𝑒(𝑥,  𝑦)
person hires person .𝑥 𝑦

S1 : ∀𝑥 (¬𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑥) → ¬∃𝑦(𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑦,  𝑥))
S2 : ∀𝑥∀𝑦 (¬𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑦) → ¬𝐻𝑖𝑟𝑒(𝑥,  𝑦)) ≡ ∀𝑥∀𝑦 (𝐻𝑖𝑟𝑒(𝑥,  𝑦) → 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑦))
G : ∀𝑥 [(¬∃𝑦 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑦)) → (¬∃𝑧 𝐻𝑖𝑟𝑒(𝑧,  𝑥))] 

Simplification of G:
(1)∀𝑥 [(¬∃𝑦 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑦)) → (¬∃𝑧 𝐻𝑖𝑟𝑒(𝑧,  𝑥))] 
(2) Contrapositive (1)∀𝑥 [(∃𝑧 𝐻𝑖𝑟𝑒(𝑧,  𝑥)) → (∃𝑦 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑦))] 

` Proof by contradiction, assume that is true.¬𝐺
(3)¬∀𝑥 [(∃𝑧 𝐻𝑖𝑟𝑒(𝑧,  𝑥)) → (∃𝑦 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑦))] 
(4) Properties of and∃𝑥 ¬[¬(∃𝑧 𝐻𝑖𝑟𝑒(𝑧,  𝑥)) ∨ (∃𝑦 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑦))] ¬ →
(5) De Morgan’s Laws∃𝑥 [(∃𝑧 𝐻𝑖𝑟𝑒(𝑧,  𝑥)) ∧  ¬(∃𝑦 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑦))]

Instantiate (5), by and𝑥 =  𝐴 𝑧 =  𝐵



(6)𝐻𝑖𝑟𝑒(𝐵,  𝐴)
(7)¬(∃𝑦 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝐴,  𝑦))

Instantiate S2 by and (8)𝑥 =  𝐵 𝑧 =  𝐴
𝐻𝑖𝑟𝑒(𝐵,  𝐴) →  𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝐵,  𝐴)

(9) Modus Ponens (7, 8)𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝐵,  𝐴)

(10) Contrapositive (S1)∀𝑥( ∃𝑦 (𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑦,  𝑥)) → 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝑥,  𝑥))
Instantiate by and𝑥 =  𝐴 𝑦 =  𝐵

(11)𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝐵,  𝐴) →  𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝐴,  𝐴)
(12) Modus Ponens(9, 11)𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝐴,  𝐴)

But from (7), ¬(∃𝑦 𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝐴,  𝑦)) ⇒  ∀𝑦 ¬𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝐴,  𝑦) ⇒ ¬𝑅𝑒𝑠𝑝𝑒𝑐𝑡(𝐴,  𝐴) 
Hence we have a contradiction

3. Predicates:

: Person belongs to the Alpine Club𝑎(𝑥) 𝑥
: Person is a skier𝑠(𝑥) 𝑥
: Person is a mountain climber𝑚(𝑥) 𝑥
: Person likes weather event𝑙(𝑥,  𝑦) 𝑥 𝑦

Statements:
S1 : 𝑎(𝑇𝑜𝑛𝑦) ∧ 𝑎(𝑀𝑖𝑘𝑒) ∧  𝐴(𝐽𝑜ℎ𝑛)
S2 : ∀𝑥 [𝑎(𝑥) →  (𝑠(𝑥) ∨ 𝑚(𝑥))]
S3 : ¬∃𝑥 [𝑚(𝑥) ∧  𝑙(𝑥,  𝑅𝑎𝑖𝑛)]
S4 : ∀𝑥[𝑠(𝑥) → 𝑙(𝑥,  𝑆𝑛𝑜𝑤)]
S5 : ∀𝑦[𝑙(𝑀𝑖𝑘𝑒,  𝑦) ↔ ¬𝑙(𝑇𝑜𝑛𝑦,  𝑦)]
S6 : 𝑙(𝑇𝑜𝑛𝑦,  𝑅𝑎𝑖𝑛) ∧ 𝑙(𝑇𝑜𝑛𝑦,  𝑆𝑛𝑜𝑤)

Since Tony likes both Rain and Snow and Mike dislikes whatever Tony likes and likes
whatever Tony dislikes
Mike does not like Rain and Mike does not like Snow

(1)¬𝑙 (𝑀𝑖𝑘𝑒,  𝑅𝑎𝑖𝑛) 
(2)¬𝑙 (𝑀𝑖𝑘𝑒,  𝑆𝑛𝑜𝑤)

From S4, instantiating , we get𝑥 =  𝑀𝑖𝑘𝑒
(3)𝑠(𝑀𝑖𝑘𝑒) → 𝑙(𝑀𝑖𝑘𝑒,  𝑆𝑛𝑜𝑤)
(4) Modus Tollens(2, 3)¬𝑠(𝑀𝑖𝑘𝑒)

From S2, instantiating , we get𝑥 =  𝑀𝑖𝑘𝑒
(5)𝑎(𝑀𝑖𝑘𝑒) → (𝑠(𝑀𝑖𝑘𝑒) ∨ 𝑚(𝑀𝑖𝑘𝑒))
(6) Modus Ponens(S1, 5)𝑠(𝑀𝑖𝑘𝑒) ∨ 𝑚(𝑀𝑖𝑘𝑒)
(7) (4, 6)𝑚(𝑀𝑖𝑘𝑒)



Clearly Mike is a Mountain Climber and not a skier, from (4) and (7).

Proof Techniques

1.



2.

3.

4: Proof very similar to the problem done in the class

5. Hint: Let n=p1e1p2e2….pkek. If n is not a perfect square, at least one of the e1,
e2,...ek will be odd (Note though that more than one such ei’s can be odd too). Use
this fact to prove.

6.
a.



b.

c.





CS21201 Discrete Structures
Solutions to Tutorial Problems

Predicate Logic and Proof Techniques

1. Notice that the domain of and have been restricted to Candidates and Questions𝑥 𝑦
respectively, this is to minimize the predicates to be used. Any other method which
involves predicates like is a candidate, : is a question and𝐶(𝑥):  𝑥 𝑄(𝑦) 𝑦 𝐴(𝑥,  𝑦):  𝑥
answers is also fine.𝑦



2. (a) Bob imitates Alice.

(b) Alice forces Bob to the situation m = n.

3. (b)


