
1.

2. Let a, b∈ S, such that a∈ T1 and a ∉ T2, b∈ T2 and b ∉ T1. Since a, b∈ S, a + b∈
S. Since S⊆ T1∪T2, a + b∈ T1∪T2, which means a+b must be either in T1 or T2 or
both.
Let a + b∈ T1. Then, since T1 is a subring, (a+b) - a = (b+a) - a = b∈ T1,
contradiction.
Let a + b∈ T2. Then, since T2 is a subring, (a+b) - b = a∈ T2, contradiction.
Thus, S⊆ T1 or S⊆ T2.

3.

4.

Practice Problems

5. Proof: To show that H is a subgroup, it is sufficient to show closure property and the
existence of inverse of all elements.



Closure: Let p∈ H, q∈ H. Then p ο g = g ο p, q ο g = g ο q for all g in G. Then
(p ο q) ο g = p ο (q ο g) = p ο (g ο q) = (p ο g) ο q = (g ο p) ο q = g ο (p ο q), which
shows that p ο q∈ H.

Inverse: Let p∈ H. Then p ο g = g ο p for all g in G.
⇒ p-1ο (p ο g) ο p-1 = p-1ο (g ο p) ο p-1

⇒ g ο p-1 = p-1ο g for all g in G.
Thus, p-1∈ H.

Hence, H is a subgroup.

6.

7. Associativity: Let (g1, h1), (g2, h2) and (g3, h3)∈ G × H. Then ((g1, h1).(g2, h2)).(g3, h3) =
(g1o g2, h1*h2).(g3, h3) = ((g1o g2)o g3, (h1*h2)*h3) = (g1o (g2o g3), h1*(h2*h3)).
(g1, h1).((g2, h2).(g3, h3)) = (g1, h1).(g2o g3, h2*h3) = (g1o (g2o g3), h1*(h2*h3)).
Hence, (G × H, .) is associative.
Identity: Let eG be the identity element of G and eH be the identity element of H. Then,
(g, h).(eG, eH) = (g o eG, h*eH) = (g, h) and (eG, eH).(g, h) = (eGo g, eH*h) = (g, h) for all (g,
h)∈ G × H. Therefore, (eG, eH) is the identity element of (G × H, .).
Inverse: Let g-1 be the inverse of g in G and h-1 be the inverse of h in H. Then,

(g, h).(g-1, h-1) = (g o g-1, h*h-1) = (eG, eH) and (g-1, h-1).(g, h) = (g-1o g, h-1*h) = (eG, eH).
Therefore, (g-1, h-1) is the inverse of (g, h) in (G × H, .).

8. For R to be a ring, distributive property of . over + must hold. We show that it does not
hold.
Consider f(n) = n + 1, g(n) = 1, h(n) = 1 for all n∈ Z. Then (f.(g + h))(n) = f(g(n) + h(n)) =
f(1+1) = f(2) = 3.
f(g(n)) + f(h(n)) = f(1) + f(1) = 2+2 = 4.
Thus, R is not a ring.



9. b. [⇒] Take non-zero elements a, b∈ R. Then a and b are non-zero (constant)
polynomials. Since R[x] is an integral domain, ab is not the zero polynomial. But ab is again a
constant polynomial. It follows that ab 6 = 0.
[⇐] Suppose that there exist A(x), B(x)∈ R[x] such that A(x)B(x) = 0, A(x) 6 = 0, and B(x) 6 = 0.
Write A(x) = a0 + a1x + a2x2 + · · · + ad xd with ad 6 = 0 and d > 0, and B(x) = b0 + b1x + b2x2
+ · · · + bexe with be 6 = 0 and e > 0. Since A(x)B(x) = 0, we must be = 0. This implies that R is
not an integral domain.

10. a.



b.

11.


