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In the selection problem, the input is an integer array A[1, . . . ,n] and an integer k ∈ [n], and

the goal is to compute the k-th smallest number of A[1, . . . ,n]. We will prove that the expected

number of comparisons that the randomized selection algorithm performs on any input array of

size n is O(n) irrespective of the value of k.

Let ALG is the random variable denoting the number of comparisons and B[1, . . . ,n] be the

sorted array A[1, . . . ,n]. For every i, j with 1 ⩽ i < j ⩽ n, let Xi,j be the indicator random variable

for the event that B[i] and B[j] are compared by the algorithm. Then we have

ALG =
∑

1⩽i<j⩽n

Xi,j

⇒ E[ALG] =
∑

1⩽i<j⩽n

E[Xi,j] [Linearity of expectation]

=
∑

1⩽i<j⩽n

P[B[i] and B[j] are compared]

We now consider the following cases.

Case I: Suppose we have k < i < j. In this case, we have

P[B[i] and B[j] are compared] = P[The first pivot chosen from B[k, . . . , j] is either B[i] or B[j]]

=
2

j− k+ 1

Case II: Suppose we have i ⩽ k < j. In this case, we have

P[B[i] and B[j] are compared] = P[The first pivot chosen from B[i, . . . , j] is either B[i] or B[j]]

=
2

j− i+ 1

Case III: Suppose we have i < j ⩽ k. In this case, we have

P[B[i] and B[j] are compared] = P[The first pivot chosen from B[i, . . . ,k] is either B[i] or B[j]]

=
2

k− i+ 1

Hence, we have

E[ALG] =
∑

1⩽k<i<j⩽n

2
j− k+ 1

+
∑

1⩽i⩽k<j⩽n

2
j− i+ 1

+
∑

1⩽i<j⩽k

2
k− i+ 1
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=

n∑
j=2

(j− k+ 1)
2

j− k+ 1
+

n−1∑
ℓ=1

∑
1⩽i⩽k<j⩽n:j−i=ℓ

2
ℓ+ 1

+

k−1∑
i=1

(k− i+ 1)
2

k− i+ 1

⩽ n+

n−1∑
ℓ=1

min{k, ℓ}
2

ℓ+ 1
+ n

⩽ 3n
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