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. (¥) Let M; = (E,J;1) and My = (E,J2) be two matroids on the same ground set E, with rank

functions r; and r; respectively.

The matroid intersection polytope is defined as the convex hull of the incidence vectors of
common independent sets:
P=conv{l;:1€J; NIy}

Shaw that

pP= {xeR;O:er <Ti(S) VSCE, ) xe<1a(S) VS CE}

e€sS ecS
by showing that the above linear system is totally dual integral.

Let Ax < b be a system of linear inequalities with A and b rational. Show that there exists a
positive integer t such that (1/t)Ax < (1/t)b is totally dual integral.

Show that the edge incidence matrix of an undirected graph § is totally unimodular if and only
if G is a bipartite graph.

Show that the edge incidence matrix of any directed graph is a network matrix.
Show that the consecutive ones matrix is a network matrix.

Let A be a TU matrix. Show that duplicating a row or column preserves TU property.
Let A be a TU matrix. Show that negating a row or column preserves TU property.

Let A be a TU matrix. Show that adding a row or column with single 1 entry and all other
entries being zero, preserves TU property.

Show that the coefficient matrix of the following linear programming formulation of the
minimum-cost flow problem is totally unimodular.

minimize p-y
st. WeV,x(6T(v)) —x(6~(v)) =b,
Ve € &,%xe < Ce
x>0

Can we conclude from it that there is a integral optimal flow if all the demands (b vector) are
integral?



10. Give an example of a polytope {x : Ax < b,x > 0} which is integral but the matrix A is not TU.

11. Give an example of a polytope {x : Ax < b,x > 0} which is integral and every entry of A is
either 0 or +1 but the matrix A is not TU.



