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Fourier Series

Periodic Functions



The Mathematic Formulation
-

® Any function that satisfies
f(t)=f(@+T)

where T Is a constant and is called the period
of the function.



Example:

t t
[) =COS— + COS—
f(t) = 1

Find its period.

fO=f{t+T) mmp cos%+cos% zcos%(t +T) +cos%(t+T)

Fact: cos0 =cos(0 + 2mm)

=2mm T =6bmm

=)

=2nm T =8nx

NI



Example:
G

f(t) =cosw,t +cosw,t Find its period.

fO) =f(t+T) =gy cosmt+cosw,t =coso,(t +T)+cosw,(t+T)

w, I =2mm

m, _m o, must be a
‘ W, n ‘ w, rational number

W, =2nmw



Example:

f (t) =cos10t +cos(10 + )t ><
Is this function a periodic one?

W, _ 10 not a rational
o, 10+m  number




Fourier Series

Fourier Series



Introduction

® Decompose a periodic input signal into
primitive periodic components.

A periodic sequence

o) |

ANVANVANYANWANVANS

\/ VvV V s U 4




Synthesis

DC Part Even Part Odd Part
— _
——
T is a period of all the above signals
Let w,=27/1T.

f(t) :% + Z a_ cos(nw,t) + Z b sin(nwyt)
n=l n=l



Orthogonal Functions
G

® Call a set of functions {¢,} orthogonal
on an interval a <t < b if it satisfies

O m#n

I m —n

n

[0 (00, (0)dt =




Orthogonal set of Sinusoidal
Functions

Define w,=2n/T.

f - cos(mw,t)dt =0, m #0 f N sin(mw,t)dt =0, m #0

T/2 T/2

Jr/z 01 O m#n

cos(mwm,t)cos(nw,t)dt = We now prove this one
cosmacosuoode = p

Jr/z in( £) sin(no, )t 01 O m#n
sin(maw,t) sin(nw =
T/2 ° ’ HT/Z m =n

f T/ /22 sin(mw,t) cos(nw,t)dt =0, forallmandn




COS 0. COS 3 :%[cos(oc +p) +cos(a - B)]

Proof
<

/2
f cos(mm,t) cos(nw,t)dt m # n

T/2

1 1/2 1 z/
N, mcos[(m +n)w,t dt +— > er cos[(m- n)w,tldt
! L sin[(m + n)w, t]‘T/2 1 ! sin[(m- n)w, t]‘T/2
2 (m+n)o, /2 " o (m- n)w, /e
= 1 1 2sin[(m+n)x ]+ l 1 2sin[(m- n)x]
D (m+n)w, L, 2(m-n)w, - - _
0

—() 0



COS 0. COS 3 :%[cos(oc +p) +cos(a - B)]

Proof ws«=lu:w2a

/2
fT/Zcos(mmot)cos(n(x)Ot)dt m = n

iy 5 ] _1Jr/2 1+ 5 i

= |, cos” (mot)dt =5 J,, L+ cos 2ma,

1 T/2 1 | T/2

=—t + sin 2m,t |

2 ., 4mo, o

_E JT/2 ( e 0 O m #n

cos(mw,t) cos(nw =
T/2 ’ ’ ST/2 m=n




Orthogonal set of Sinusoidal
Functions

fine w,=2m/T.

1,

COS W, t, coSs 2m,t, coS 3w,t," -

SIN w,t, sSIn 2w,t, Sin 3w,t,- -

m #0




Decomposition
G

f(t) =a—20 + 3 a, cos(nwyt) + Y b, sin(nw,t)
n=l n=

2 +T
a, :? f f (t)dt

2 fo+T
a, —?f f (t)cos noootdt n=12,---

2 +T . _
b, = j: f (t)sin nw,tdt n =1,2,



Proof

Use the following facts:

Jm cos(mmw,t)dt =0, m #0 f ’ sin(mw,t)dt =0, m #0

T/2 /2

[ cos(mayt) cos(nor,tydt L
cos(mwm,t) cos(nw —
1 ’ ° HT/Z m =n

sin(maw,t) sin(nw,t)dt =[

JT/Z 0 0 m #n
e 1T/2 m=n

f T/ ,22 sin(mw,t) cos(nw,t)dt =0, forallmandn




Example (Square Wave)
C

f(t)
1
-6t -bm -4m -3m -2 - n 2n 3m 4m Sm >
2
27
2 |
a, =— cos ntdt =—sin nt‘o =0 n=12,--
27 nJt

2 , 1 T _
b, _E fsm ntdt = (:osnt‘O = (cosnm - 1) =[

1 N2/nm n :1,3’5,...
nir nJst DO n :2,4,6,...



1 2 1 1
f(t) :—+—HSiIlt+—SiH3t+—sjn5t+...H
2 T 3 5 I

-6t -5 -4n -3m -2 -m wt 2xt 3w 4w 57

2
27T
2 1 N
a =— | cosntdt =—sin nt‘ =0 n=12,--
21 NIt 0

1 . 1 N 1 02/nt n =135,
b = fsm ntdt =- —cosnt|, =- — (cosnm- 1) =[
27 nm 0 nm n0 n =2,4,,-




1 2 1 1
f(t) :—+—HSiIlt+—SiH3t+—sjn5t+...H
2 T 3 5 I

quare vvave

T 2t 3n 4m LSm

| | |
0 {PAAA \f UA AA AvAu | V‘v AAAA | {PAARA \ VAV AVAVAVA rana \
b n =1,3,5,- -
-0.5

n =2,4,6,---




Harmonics
< ]

o0 o0

a 2mnt . 2nnt
f(t) =— a. cos +an sin
= n=l

2 - T T
a - ~ .
f(t) ?O + Z _cos(nw,t) + Z b, sin(nw,t)
n=l n=l
- — AN — _
DC Part Even Part Odd Part
— v
———

T is a period of all the above signals



Harmonics
< ]

JU
Define w, =2nf, =—— , called the fundamental angular frequency.
0 0 T

Define W, =Nw,, called the n-th harmonic of the periodic function.

f(t) —?O D a, cosnwyt+ Y b, sin nwt
n=l n=l

—)

a, x L
f(t) :?O + Y a, coswt+ Y b, sinw,t
n=l n=l



Harmonics
< ]

d, - L
f(t) :?O + Z a cosm.t+ Z b sinw t
n=l n=l

d, ¥ :
:?0 + Y (a, cosw,t+b, sinw,t)

n=l
_a, < H a b, . H
_?0+HZ:'1/a +b§H\/aTbcosmt+ pEvYE smoontH

?0 Z,/ +b’ cos@ cosw t+sin 0 smoot)

n=l

LR

=C, + Z C cos(w, t-0))

n=l



Amplitudes and Phase Angles
G

f(t) =C, + 5' C cos(w t-0)

/ \

harmonic amplitude phase angle

a
— 0
CO _

a

n

2
0, =tan'1Hb—”H
C z\/a,f +b’



Fourier Series

Complex Form of the
Fourier Series



Complex Exponentials
G

jnwt

e’™ =cosnw,t + jsin nw,t

- jnwt

e =COoSnw,t - jsin nw,t

1( . .
COS N, t ZE(e’”‘”Ot + et )

sin now,t zi.(ej”‘”“t - oot ) = L (ginoot _ g nene
2] 2



Complex Form of the Fourier Series
S

3] —%+Za CoS nw t+Zb sin nw,t

n=l
&_l_ Za ( jnogt t+e jnmot)_ li’bn(ejnooot - e jnooot)
2 2 n=l
:% El (a, - jb)e"™" += (a +jb,)e ™ E
:CO +S‘ Cnejnooot +c ne- Jjnwgt

1,

n




Complex Form of the Fourier Series
S

jnwgt - jnwt
ce " +c_e

fO)=c,+ Y

n=l

00 -1
=c, + Z Cne]nmot + Z Cne]nmot
n=l n =00

o0
_ jnwgt
= E c.e
n=-o0




Complex Form of the Fourier Series
S

/2

f (D)dt

T/2

@
()
[
‘Q
o
[
| =

No
~

P!
=)
|

(a,- jb,)

f f (t) cos nw,tdt - ]f f (t)sin nw tdtD
1/2

f (t)(cosnw,t - jsin nw,t)dt

|»—\ N N~ N
[ o /3

- jnwgt
o f (e dt

f (t)e’" ™ dt

AP
=
|
~
Q
+
—.
S
=
~
|

T/2

N | — M
N |~



Complex Form of the Fourier Series
S

00 . :&
f(t) — Z Cnejncoot I Co ;
n=o0 1
- - ib
Cn =5 (a,- jb,)

_1 7 f(t)e "™ dt
Cn _T T/2 ()e

c. Jc e, c =c Fc e’

If {(¢t) is real, 1
= c, [Hc., |=-+/a, +b;
=) C._—=c, 2 n=H,42,43,-.
— -1 _ bn 1
b =t H EH & =5



Complex Freqguency Spectra
.

c, 3c,le™, c,=c, Fc,le’" b
. o, :tan'IH- —”H n=+42 43 -
€, 1., |=2ya; +b, o
. lc |1 amplitude
n
c, =—a, ‘ spectrum
:!:!:!:!!..!!:!:!:!wm
R phase
P, spectrum
I A Y (A A B | | ‘ ‘ ‘ 1 1 >
11 ‘ ‘ ‘ | | 1T T 17 17 1T 1T T 11
| o




_ Jnwyt
c, =— e "odt
T Jd/2
d/2
_é 1 - jnogt
T - jnow, ds

A 1

T - jnw,
_A 1
T +nw,

(-2jsinnw,d/2)

sin nw,d /2

. [ nd
Ad SIHQTQ
T HmcdH

0 T




Example

A/5
IIII|||IIIII|‘| ‘IllllllllIIII
1207 -80m -40m 0 40m 80 120
-15w, -10w, -5mw, 5w, 10w, 15w,
1 11d 1
SlnHrmcIH d :—, T :_’ _— =
c _Ad [T [ 20 417 T 5
T HI’ITIJdH o, :EZBn

0 T 1



Example

/10
1207 -80m -40m 0 407 80 120
-30w, -20w, -10w, 10w, 20w, 30w,
1 1 1
SlanndH d =—, T =—, i e
c _Ad 0 T ] 20 2| T 10
no 2
T HI’ITIJdH %:_Jr:4ﬂ

0 T 1



Fourier Series &
Fourier Transform

Lecture 15-16: 28-Aug-12

Dr. P P Das
)



A 1 ~ inwgt = - jnmod/Z(ejand/Z - e jn(nod/2)
T 0 T jnow,
T - jnow, . -
Ad sinH H
_é 1 e- jnwod 1 — D Zi—' D - jnwyd /2
Tp- jno, - jnw, r HMH



Fourier Series

Analysis of
Periodic Waveforms



Waveform Symmetry

® Even Functions

fO=fC0

® Odd Functions

f(O)=-1(-1) S

N



Decomposition
. 00|

® Any function f(t) can be expressed as the
sum of an even function f,(t) and an odd

function f,(¢).

fO) =f.O+f,®
f,@&) =5[f@®)+ f(-t)] EvenPart
f,(0) =z[f@®)- f(-t)] ©OddPart



Example

le’" t>0 \
t) =[
) 10 t<0 .

_gée-t t >0 /@rt
fe(t) L t ;

I Odd Part

f,() =

f'%et t<( \




Half-Wave Symmetry

F(O)=f(t+T) and f(t) = flt+T/2)

_/

_/

_/

-17/2

1/2

T




Quarter-Wave Symmetry

Even Quarter-Wave Symmetry

/N /7 SN
/N )\ T L
Odd Quarter-Wave Symmetry
/ \ -T72 T/2 / \ |
\__/ /7




Hidden Symmetry

® The following is a asymmetry periodic function:

NANASANNAN,

® Adding a constant to get symmetry property.

!!!!M!!!!
I v\ 1T v | v 1 I v\ 1T v | v 1




Fourier Coefficients of
Symmetrical Waveforms

® The use of symmetry properties simplifies the
calculation of Fourier coefficients.
- Even Functions
- Odd Functions
- Half-Wave
- Even Quarter-Wave
- Odd Quarter-Wave
- Hidden



Fourier Coefficients of Even Functions

fO=f-0

a o0
f(t) :?0 + Z a. cosnw,t
n=l

-

4 71/2
a, = f f (t) cos(nw,t)dt



Fourier Coefficients of Odd Functions

f(O)=-1(-1) \\

f(t) :Z b_sin nw,t
n=l

-

4 7T/2 .
b, == f f (t)sin(nw,t)dt



Fourier Coefficients for Half-Wave Symmetry

F(t) =f(t+T) and f(t) =- flt+T/2)
N A

-17/2 1/2 T

N\

The Fourier series contains only odd harmonics.




Fourier Coefficients for Half-Wave Symmetry

F(t) =f(t+T) and f(t) =- flt+T/2)

a

n

‘ f(t) Z(a cos nw,t +b_sin nw,t)

! O for n even
4 1/2
- - f f (t)cos(nw,t)dt fornodd

10 for n even
n 4 T2 .
- P f f (t)sin(nw,t)dt for nodd



Fourier Coefficients for
Even Quarter-Wave Symmetry

/j,/_T,/j
/N [\ N\

f(t) :5' a, ,cos[(2n- Dw,t]

8 71/4
‘ a, . z?f f(t)cos[(2n- Dw,t]dt



Fourier Coefficients for
Odd Quarter-Wave Symmetry

m -T/2 | T)2 /_\ ;
_/ /T

f(t) :S b, .sin[(2n- Dw,t]

‘ p, =0 f“‘ £ (t)sin[(2n - 1o, t1dt

T




Example

Even Quarter-Wave Symmetry t
1
-T —]i’/4 T/A T
-1 7T o

_ 8 71/4 . 8 71/4 )
a, . = f f (t)cos[(2n- Dw,t]dt = f cos[(2n - Dw,t]dt

T/4

S —

(2n- Dm

B 8
(2n- Dow,T

sin[(2n- Dw,t]

0



4 1 1
f(t) :—Hcoswot- —c053w0t+—c055w0t+...H
TC (] 3 5 ]

Even Quarter-Wave Symmetry t
1
172 172 !
-T 174 M T
_]_ T ——

_ 8 71/4 . 8 71/4 )
a, . = f f (t)cos[(2n- Dw,t]dt = f cos[(2n - Dw,t]dt

T/4

4
(2n- Dm

8

" (2n- Do, T =D

sin[(2n- Dw,t]

0



Example

A

Odd Quarter-Wave Symmetry

-T -1/4 T/4 T

8 f4 . 8 F/4 .
b = f f(Osinl(2n- Doydlde = f sin[(2n - D, ¢1dt

T/4

B -8
(2n- Dw,T

4
- (2n- Dm

cos[(2n- Dw,t]

0



1 1
f(t) = Hsmw t+351n3w t+551n500 N At H
I

Odd Quarter-Wave Symmetry 1

8 f4 . 8 F/4 .
b = f f(Osinl(2n- Doydlde = f sin[(2n - D, ¢1dt

T/4

B -8
(2n- Dw,T

4
(2n- Dm

cos[(2n- Dw,t]

0



Fourier Series

Half-Range
Expansions



Non-Periodic Function Representation
S

® A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).



Without Considering Symmetry
-

—

® A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).



Expansion Into Even Symmetry
G

,f"/\\._: v /\:"/\\.___:_,/ +/\'[\\+ o /\ R

T T=27

® A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).



Expansion Into Odd Symmetry
-

A

-
o %
*
T . |
U~
— *
*
*e
& ...

5

«
-
o
-
o .
*
>
e
..
» fa, - 2w —>
L] -
“, o ‘e &
. « ® J
- -

* 4 * L

- Q "E - Q

* N * 0

. N . »

- -
LN )
Q 0
LS s

® A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).



Expansion Into Half-Wave Symmetry

““““““
ttttt

® A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).



Expansion Into
Even Quarter-Wave Symmetry

- Py )
QRN R
Q . o .
0 .
. g
. . .
- ¢ .
., Re .
‘e o* .
"N Sa, - _‘-‘ b >
- -
17, ol . |
. e -
- Q
- O B —
“ 2 . "
l; . N . . E
. . . g
CIAN A
oy a®

® A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).



Expansion Into
Odd Quarter-Wave Symmetry

A

- P
o .“ o
o * —
. —
. < — —
., o
‘e o* .
"N Say an® | - | >
- L]
1 Te % e o
. * * 0
Q -
. Q > Q
L ) " “ 2
l . 0 . o
. & d g
o *ea®
a* )

® A non-periodic function f(t) defined over (0, 1)
can be expanded into a Fourier series which is
defined only in the interval (O, 7).



Fourier Series

Least Mean-Square
Error Approximation



Approximation a function
G

k

Use S, (¢) :a—z0 + Z (an cosnw,t +b_sin nooot)
n=l

to represent f(t) on interval -T/2 <t < T/2.

Define &,(t) =f(t)- S, (t)

_1 g 2 Mean-Square
Ey _? T/2[8k(t)] dt Error



Approximation a function
G

Show that using S,(t) to represent f(¢) has
least mean-square property.

1 1/
Ek _? fT/Z k(t) dt

2

Lgzley s b, sinnw,t)y d
—_ fT/ZH T Z_' a, cosnm,t + nsmnthH t

n=

Proven by setting 0E,/0a, = 0 and OE,/0b, = 0.



Approximation a function
€

1
E, =— €
= [ le O de
1 °
= me() Z a. cosnw,t+b_sin nw t)H dt
n=l
Ok, _a, 1 ok, 2
Rt fm f(t)dt =0 o R " £(t)cosnw,tdt =0

B _p . 2 fm f (t)sin no,tdt =0

b " T




Mean-Square Error
.

1
E, == T/Z[ek(t)] dt

1
T T/2

1

Ec=1 J, LfOFde-

2

Hf() Z a_. cosnw,t +b_sin nw t)ﬁ dt

_Z(a




Mean-Square Error
.

1
E, == T/Z[ek(t)] dt

1
T T/2

2

Hf() Z a_. cosnw,t +b_sin nw t)ﬁ dt
1

O 2 2
? T/2 f(t) dt 4 221'( n+bn)




Mean-Square Error
G

E, = (" [e,(0Fd
S T/z[ek(t)] L

k

:l 2 Ef(t)- a Z(a cosnw,t +b_sinnw t)ﬁ dt
2
a,

2

0 .
T Jr/2 2 =

1 1 ¢
— O dt = a:+b’
e f() 1 Zé(n n)l




Fourier Series

Impulse Train



Dirac Delta Function
<«

10 t #0
O(t) =T o(t)dt =1
(t) =0 and ﬁo()

Also called unit impulse function,
., but not actually a function in true
sense.




Sifting Property

[ syt =¢(0)| o(t): Test Function

[ d@oyde = [ 3(©)p(0)de =¢(0) [ d()dt =¢(0)



Impulse Train
G

3T 2T -T 0 T 2T 3r ¢

5, (t) = f’é(t- nT)\




[ 3(0o(0)de =9(0)

Fourier Series of the Impulse Train

— - 2 T/2 2
Or(t) = Z o(t- nT) ay =7 f,,0r(0de ="
n=:ao0
2 /2 2
a, e méT(t) cos(nw,t)dt =
D T/2
b == [ §,(t)sin(nw,t)dt =0

T J7/2




Complex Form f 0(0)e(0)dt =(0)

Fourier Series of the Impulse Train




Fourier Transform

Impulse Train



Fourier Series | Transform
oo

® Fourier Series deals with discrete variable
(harmonics ofw, =2xf,)

® Fourier Transform deals with continuous
frequency



Fourier Series | Transform
oo

1 712

¢, = [, [ ™de S(FOY=F(u) = [ f©e " de
(©=3ce™™  fO=5"F() = [ F(e ™ du

wy =271f,



Example

(1) F(uw) yam)

AW AW ﬁ

—1W LW
.t AAAA\ #\AAA_MﬂmﬂMMM

0 (VA 0%

-W/2 0 W/2 R 7 ;
.,_2/I,V 2ij.f.¢. 2/“ _l/'uf IJ'/H} 2;” e

abc

FIGURE 4.4 (a) A simple function; (b) its Fourier transform; and (c) the spectrum. All functions extend to
infinity in both directions.



Example

F(u)= [ f(0e™dt

W2
:A 1 e- J2mut
- j2mu

-W/2

A

— (ejme _ e- jme)

- j2mu

sin(JwW)

=AW W)




Example

(1) F(uw) yam)

AW AW ﬁ

—1W LW
.t AAAA\ #\AAA_MﬂmﬂMMM

0 (VA 0%

-W/2 0 W/2 R 7 ;
.,_2/I,V 2ij.f.¢. 2/“ _l/'uf IJ'/H} 2;” e

abc

FIGURE 4.4 (a) A simple function; (b) its Fourier transform; and (c) the spectrum. All functions extend to
infinity in both directions.



Example: Unit Impulse
G

F(u) = fwé(t)e'ﬂ”‘”dt

—p 20 — 0 1

F(w) :ﬁoé(t- t,)e /™ dt



Fourier Series of the Impulse Train




Fourier Transform of the Impulse Train

1 00 27N

S(u) =3l (0} =30 Yer)

n—oa0

1 ¢ n
=_ O -
AT n;_; (M AT)



Fourier Transform

Convolution



Convolution
1

® A mathematical operator which computes the
“*amount of overlap” between two functions.
Can be thought of as a general moving
average

® Discrete domain: (f * g)( Zf —n)

® Continuous domain: (f * g)(t) = fflff —T)g(T)dT



Discrete domain
1

Basic steps

1.

2
3.
4

Flip (reverse) one of the digital functions.
Shift it along the time axis by one sample.
Multiply the corresponding values of the two digital functions.

Summate the products from step 3 to get one point of the
digital convolution.

Repeat steps 1-4 to obtain the digital convolution at all times
that the functions overlap.

Example


http://130.191.21.201/multimedia/jiracek/dga/filtering/discreteconvolution.html

Continuous domain example

1 2 3 4 5 5 t 1 2 3 4 t
fix) ’_J‘ ‘
1 2 5 4 5 g T -4 t-3 -2 -1 T ' T
| git-t) ! fit)
| | —_—
‘1 1 2 3 4

_____________________




Continuous domain example




Convolution Theorem
1

J{f@®e*gt)} =F(u)G(u)

S{F(u)e G(u)r =1(t)g(t)



Fourier Transform

Sampling



1@

annan

RNREES

o =2AT —-AT 0 AT2AT -

¢~

by

f(O)sar(r)

T o I’[ T

©r=2AT—AT 0 AT2AT "
fi = f(kAT)
L

o oW

FIGURE 4.5

(a) A continuous
function. (b) Train
of impulses used
to model the
sampling process.
(c) Sampled
function formed
as the product of
(a) and (b).

(d) Sample values
obtained by
integration and
using the sifting
property of the
impulse. (The
dashed line in (c)
is shown for
reference. It is not

. part of the data.)



Sy () = Y (- nAT)\
Sampling —_—

f ()
— f(t)SAT (t)

= f F(OO(t - nAT)



Sampling & FT
-

F(u)
=3{ ()} =S{f ()5, ()}
=F(u)® S(u)

1 ¢ n
- F -
ar 2 P o)
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FIGURE 4.6

(a) Fourier
transform of a
band-limited
function.

(b)~(d)
Transforms of the
corresponding
sampled function
under the
conditions of
over-sampling,
critically-
sampling, and
under-sampling,
respectively.



F(u)

a
b

FIGURE 4.7
(a) Transform of a
band-limited
function.
(b) Transform

I resulting from
critically sampling
the same function.
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F(u)
4
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ARVE
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2AT 2AT AT
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FIGURE 4.8
Extracting one

— M max M max period of the
transform of a
ca con band-limited
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—2/AT —1I/&T i V. 1/AT 2/AT filter.
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I I
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Aliasing

F(up)

: : R 4 : : -
~3/AT —2/AT —1/ATI 0 /AT 2/AT  3/AT
I I
HE)
| 4 |
I AT I
- i
F(u) = H(w)
“Mmax 0 -
d
b
&)

FIGURE 4.9 (a) Fourier transform of an under-sampled, band-limited function.
(Interference from adjacent periods is shown dashed in this figure). (b) The same ideal
lowpass filter used in Fig. 4.8(b). (c) The product of (a) and (b). The interference from
adjacent periods results in aliasing that prevents perfect recovery of F(w) and,
therefore, of the original, band-limited continuous function. Compare with Fig. 4.8.
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Sampling & FT
-

F(u)
=3{ ()} =S{f ()5, ()}
=F(u)® S(u)
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- F -
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(a) Fourier
transform of a
band-limited
function.

(b)~(d)
Transforms of the
corresponding
sampled function
under the
conditions of
over-sampling,
critically-
sampling, and
under-sampling,
respectively.



DFT: How to compute FT?
.

F(u) = ﬁ’(t)e'ﬂ”’”dt f, = [f(©3(t- nAT)dt

HS' f(£)o(t- nAT)He jomt g = f (nAT)

f()O(t- nAT)e >™dt

e s

(0.0]
p— - j2munAT
= f,e]
n=



F(u) = i' f e Jemnit f, =1 (nAT)

Discrete Fourier Transform
1

* { isa discrete function

o 1
e F'(u) is continuousand infinitely periodic with period T

oF (1) need to be characterized over one period

e Sampling one period is the basis for the DFT

e Obtain M equally spaced samples of F (u) over the
period u =0to u =1/AT
m

eu=——m=012,-M- 1
MAT



~ 0 . m
F(u)= Y f e j2mnsT M m=012,-M-1
() :Z; f. VI

Discrete Fourier Transform |f. =f(nAT)

DFT

M-1
F, =3 fe”™" m=012,-M-1

IDFT

f = F ™" n=012,-M-1

1M1
Mm:Om



DFT: Notations
]

t : Continuous (time) variablein1- D

u : Continuous (frequency) variablein1- D
t, z : Continuous function variablesin 2 - D
u,v : Continuous transformvariablesin 2 - D
X, y : Discrete function variablesin 2 - D

u,v : Discrete transformvariablesin 2 - D



DFT Pair
7

DFT

M-1
Fu) =) f(x)e ™M u=012,-M- 1
x=0

IDFT

f(x)— ZF(u)e]ZW/Mx =0,1,2,---M - 1



Discrete Fourier Transform Pair

F(u) :Z f(x)e-jZﬂux/M f(X) :ﬁzF(u)ejZnux/M

DFT pair :

Independent of Sampling Interval AT
Independent of Frequency Interval u =1/AT

Is applicable to any finite set of

discrete samples taken uniformly



DFT: Periodicity
.

DFT
F(u)=F(u+kM),k =0,1,2,---

IDFT
f(x)=f(x+kM),k =0,1,2,--



Sampling & Frequency Intervals

]
T =MAT; Au = 1 zi; Q =MAu zi
MAT T AT

® Resolutionin frequency Au depends

on the duration T over which f (t) is sampled.
e Range of frequencies spanned by

the DFT depends on the sampling interval AT



a b

FIGURE 4.11
(a) A function,
and (b) samples in

DFT Exam ple the x-domain. In

(a),r1s a

G, ontinuous

variable;in (b), x

(@) f(x) represents integer
'\ '\
5 s values.
4l 41 ¢ e
| | | |
Al | 3 | |
: L : ]
2 | : : 2 T | |
| |
A S -
|

F[] F[, + lﬂT F[;, + Z&T .rﬂ + ?FﬂT 0 ]. 2 3‘

fO) =1 f()=2; f(2)=4 [(3) =4



A | | |
| | |
DFT: Example ' «ooss

FO)=Y f(x) = f0)+ f)+ f)+ f(3)

=1+2+4+4 =11

FQ) :ZS' f(x)e-jZJr(l)xM

- jr/2 - j3m/2

=1e’ +2e +4e " +4e
:1+(O- 2])+(-4+O])+(O+4J) =-3+2]
F(2) =-(1+0j); F(3) =-(3+2))



|
| | |
| I ' ‘
m 0 ' ' Lt 0
. Xam p e ty o+ 1AT 1o+ 2AT 1o+ 3AT (

f(0) = Z Fu)e/™

:ZéF(u)

L - .:l _
= [11-3+2j-1-3 2] 4[4]




1-D FFT in Matrix/Vector -

® {z(n)} «{Z(Kk)}
n, k=0, 1,

, N-1,

Z (k) = z(n) Wi

@ w2

= Z(k) Wym™
Wy =exp{ - j2x/ N B 20 = \/ﬁé (%) W
~ complex conjugate of primitive Nt root of unity

12(0) 1 0 1 L D00 1o

1 I - j2x/N - j2m2/N -j2x(N-1/N U ] 1 Yo

|]Z(l) 0 Dl e e | e | 0 I] z(1) i Ha*T H

DZ(Z) i Dl e -j2m2/N e-]2n4/N e-]27r-2(N-1)/ I D (2) 0 :D_l ] 7

0. 0 0. : 0 1. I

HZ(N - 1)H Hl p 2T (N-DIN - j23 2(N-1)/N e-j27r(N-1)2/N H HZ(N 1)H HQN_lH
0z(0) o0 00 -1 1 1 0pz©) 0
[ 0 0 27 j27 ! o (N-1/N [ [ I 0Z(0) [
DZ(]_) |:| Dl e.JZ /N e]2 2/ N e]2 N-1)/N |:| Z(l) |:| DZ(l) D
DZ(Z) i -1 eJZn-Z/N e]2ﬂ4/N eJZHZ(N 1)/ND DZ(Z) 0 :[(10 a, a, 1} 1 0
0. I 0 1. I B H H
IE IE INE 0 )
HZ(N' 1)H Hl o2 (N-DIN 27 2(N-1)/N ejZJr(N-l)z/N H HZ(N- 1)H 1Z(N - 1)

M. Wu: ENEEG631 Digital Image Processing (Spring'09)
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(a) A function,
and (b) samples in
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DFT: By Matrix

1 = [ 0
to o+ 1AT ty+ 2AT t, + 3AT (

,
|
|
1

N ————————-8

IF(0)1 1
DD T
F Wy _gl
IF(2) D1
1.0 1
1F3)p ol
IFO) 1l
10 0
FDy _gl
IF(2)0 D1

[ 0 0
1F3)p ol

1

- jm/2
_jﬂ—

- j37/2

1
0-J
-1+0j
O+

1

_jﬂ-

e

-j2T
e]

-j3r
e]

1

1 0 0f@)
eih oo
e 7 0 0f(2)0

e 1F G

1 0 0f0)

. A NIPPN
-140) 0+ o o f(D);

1+0j
-1+0j

1400 0f(2)0
0- j 1 1f )

W



1) f(x)

—|—-———-®

REE————————-9
Wy e

D FT: By Matrix 0 f‘l[] to + 1AT 1y + 2AT r‘[,-‘l-SAT: ' O(]
<

0F(0)n [ 1 1 1 00f(OC 0f(0)0 D10
F! Y1 o0-j S140f 0+ D0yl of@p_
1 0 =[ . | 0. 1 0f(2)0 040
HF(Z)H Hl -1+0j 1+ 0j -1+O]H Hf(Z)H b el U4l
iF)p g1 0+j -1+05  0-j 7 0f(3)0

01 1 1 10010 mM+2+4+4 [ g1 1

0, . 00,0 0y s 0 0 A
:D1 ] 1 +]D .DZD :[Il 2] 4+4]D I 3+2][|

-1 +1 -10040 01-2+4-4 0 0-1 [

1 0 0,0 0O 1 [

. . . . i
il +j -1 -jip4n m+2j-4-4j5 0-3-2jp



IDFT: By Matrix

0f(0)0

] 1
SFO] _

0f(2)0

1o

0f(0)0

01
1

|]1
U1

i

1

PN
A0y _pt

0£(2)0

JCI

01
1!

0+
-1+0j
0-J

t )
2\/\ A
1 1 0 0F(0)]
i j3ws2ll 1
e. e T .DF(l)D
e’”” e [ IF(2)
ejSJr ej9yr/2|:| HF(B)H
1 1 [0 0F(0)
~1+0j 0- | HEF@)H
+1+0j -1+0j0 DF(2)0
-140j 0+ [ IFQ)]



’
|
|
1

Rf-————————-8

IDFT: By Matrix * = ===’ "
-

0f(0) 01 1 1 1 [ 0F( [ HF(O)H Hll H
PPN . . I ] -
4nf(1)n:u1 0+ j -1-0j  0-j 5 ;F(); i FQ g _p 3+2J;
1fQ)0 01 -1-0j  +1-0j -1-0j0 DF(2) DF(Z)H H-1 H
Hf(B)H Hl 0-j -1-0j 0+j D HF(3)D [IF(3)[| 0- 3- 2J[
11 1 1 1[0 0 [11-3+2j-1-3-2j0 041
o+ -1 - g b3 041435-20 Ugl
| 0.0 i 0 —0° 1
1 -1 +1 -100-1 0 01143-2j-1+3+2j0 0160
Ho-j -1 +j0 §-3-2j0 f1+3j+2+1-3j+20 {16



Inverse Discrete Fourier Transform
-

M-1
DFT:F(u) =) f(x)e*™™ u=0,12,-M- 1
x=0

M-1
IDFT: f(x) :$ZF(u)ej2”“"/M,x =0,1,2,---M -1
u=0

Taking complex conjugate:
1

() :ﬁgf’*(u)e*m‘“ =L DRT(F" ()

f(x) —DFT (F"(u))



DFT Complexity
-

Mult(M ) : Number of complex

multiplications in an M point DFT

Add (M) : Number of complex
additions in an M point DFT



DFT |/ IDFT Complexity
-

M-1
Fu)=) f(x)e’*™ ™ u=012,M- 1
x=0

Assume that e” /#™/'M

Mult(M) =M?* =O(M*)
Add(M) =M (M - 1) =O(M?)

are pre - computed.



M-1
Fw) =) f(x)e*™™ u=012,-M- 1
x=0

Fast Fourier Transform
- ]

M-1
Fu) =) f(x)Wy, u=012,--M-1
x=0

W, =e /"M M =2" =2K

Properties :
2ux __ ux , u+M __ u ., u+M __ u
WZK _WK ) WM _WM’ WZM T WZM



WM :e- j2x /M M :Zn :ZK W22ux :Wng

K

Fast Fourier Transform
- ]

2K-1

Fu)=) f(x)W)
x=0
K-1 K-1
=2, QW5 + D, f2x + W™
x=0 x=0

K-1 K-1
=3 fROWS+ Y fx +DOWIW,
x=0 x=0



_ - j2a/M utM  _yq7u . St
WM —e WM _WM9 WZM

— u

M =2" =2K

Fast Fourier Transform
- ]

F,..(W) =, f (X)W,

Floo(u) =3 fQx+ D)W

F(u) =F,,,(u) + F,,; (u)Wy

even

F(u+K) =F,,, (u)- F, (U)W,

even



FFT Complexity
-

Mult(M ) =Mult(n) : Number of complex

multiplications in an M =2" point FFT

Add (M) =Add(n) : Number of complex
additionsinan M =2" point FFT



F(U) :Feven(u) + Fodd(u)WZUK

Fu ) =X [@XW}
x=0 F(u + K) :Feven(u) - Fodd(u)WZUK

FaaW) =3 FOX+IWY| e
.

n=LM =2' =2;K =1 Mult(1) =1
Foen(0) =1(0) Add(1) =2
F,.(0) =1 )

F(0) =F,,,(0) + F,,,(O)W,

F(1) =F,,,(0)- F,;, ()W,

even




F(u) =F,,,(u) + F,,; (\)W,
F(u+K) =F,, (u)- F, (U)W,

even

F,.u)=Y f@x)W"

F, 4 (u) :Z fx + D)W FFT
<«

n=2;M =2 =4;K =2
F, . (u) =2-point FFT from [ (0) & f(2)
F ..(u) =2-point FFT from (1) & [ (3)

F(0) =F, (0)+F _ (0O)W, [Multe(2) =2Mult(l)+2

even

FQ) =F, ()+F (1)W41 Add(2) =2Add(1) +4

even

F(2) =F(0+2) =F,,,(0)- F,,, ()W}

even

F(3) =F(1+2) =F,,,(1)- F,q,(DW;

even



FFT Complexity
-

Mult(n) =2Mult(n-1)+2""; n =1

=0; ; n=0
Add(n) =2Add(n-1)+2"; n=1
=0; ;. n=0
Mult(M) =Mult(n) :%M log, M =O(M log, M)

Add(M) =Add(n) =M log, M =O(M log, M)
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FIGURE 4.67
Computational
advantage of the
FFT over a direct

implementation
of the 1-D DFT.

Note that the

advantage

increases rapidly
as a function of .



2-D DFT & Images

Lecture 18-19: 04-Sep-12

Dr. P P Das

Kinect Demo in Lecture 19



2-D Impulse
<

10 t#0,z#0
5(t,z) =[

fOO t =7z =0

and

f . f O(t,z)dtdz =1



2-D Sifting Property

ﬁo f; f(t,2)d(t, 2)dtdz = £(0,0)

[ [ 628t~ t,,2- 2))didz = (1, 7))



2-D Discrete Impulse
G

10 x#0,y #0

o(x,y) =[ I x=y =0




2-D Discrete Sifting Property
.

3 3 006y =f00

f 5' f(X,y)0(x- X0,y - Yy) =1 (X5 Y0)

X =00 ) =00



2-D Impulse

FIGURE 4.12
Two-dimensional
unit discrete
impulse. Variables
x and y are
discrete, and o 1s
zero everywhere
except at
coordinates

(%0, Yo)-



2-D Continuous Fourier
Transform Pair
<«

F(u,v) = ﬁo ﬁo f(t,z)e """ dtdz

f(t,z) :foo ﬁOF(M,V)QJZJr(MHvz)deV



2-D FT: Example

ab

FIGURE 4.13 (a) A 2-D function, and (b) a section of its spectrum (not to scale). The
block is longer along the f-axis, so the spectrum is more “contracted” along the p-axis.
Compare with Fig. 4.4.



2-D FT: Example
G

F(u,v) = Jio f; f(t,z)e """ dtdz

/2 /2

— Ae /2 didy
T/2 / /2

B ATZ;sin(JwT JUlsin(vZ)L
T (D) i (0v2) |




2-D Sampling
G

Sxraz (£,2) = Z Zé(t- mAT,z- nAZ)

f(t,z)is band - limited
F(u,v) =0for M >u_and M >V

AT < 1 AZ < 1

2 Ura 2V

max



FIGURE 4.14
Two-dimensional
impulse train.

2-D Sampling
-

sataz(t, 2)

]




Frequency Aliasing
G

® Signals sampled below Nyquist rate (under-
sampled) have overlapped periods.

® |n aliasing, high frequency components
masqguerade as low frequency components in
sampled function. Hence, ‘aliasing’ or ‘false
identity’.




Aliasing

F(up)

: : R 4 : : -
~3/AT —2/AT —1/ATI 0 /AT 2/AT  3/AT
I I
HE)
| 4 |
I AT I
- i
F(u) = H(w)
“Mmax 0 -
d
b
&)

FIGURE 4.9 (a) Fourier transform of an under-sampled, band-limited function.
(Interference from adjacent periods is shown dashed in this figure). (b) The same ideal
lowpass filter used in Fig. 4.8(b). (c) The product of (a) and (b). The interference from
adjacent periods results in aliasing that prevents perfect recovery of F(w) and,
therefore, of the original, band-limited continuous function. Compare with Fig. 4.8.



Aliasing

AR ||’ A R N O O A O O IV O
| | | | || | II I| |I || I| I| II | I| I| | l’ I| I|
vyl \U ) VU e g v

—{arf-

FIGURE 4.10 Illustration of aliasing. The under-sampled function (black dots) looks
like a sine wave having a frequency much lower than the frequency of the continuous
signal. The period of the sine wave is 2 s, so the zero crossings of the horizontal axis
occur every second. AT is the separation between samples.



11 0<t<T
h(t) = .
10 otherwise

Frequency Aliasing

® Most band-limited signals have infinite
frequency components in sampled signal due
to finite duration of sampling.

f(O) =3 YF(u)} =3 YF(W)H (u)}
=h(t)® f(¢)

= 5' f (nAT)sin C[(t - nAT)/nAT]

n =00



Frequency Aliasing

® Aliasing Is inevitable while working with
sampled records of finite length

® Aliasing can be reduced by smoothing the
Input function to attenuate higher frequencies
(defocusing images)

® This Is known as ‘anti-aliasing’ and has to be
done before the function is sampled



A

Aliasing & Interpolation ST o

f(t) = S f(nAT)sinc[(t - nAT)/nAT]

n =00

0 f(kAT),t =kAT assinc(0) =1and sinc(m) =0
f(t) =0

g interpolation of sum of sinc function,t #kAT



Aliasing in Images
-

® Spatial Aliasing
— Due to under-sampling in space

® Temporal Aliasing

— Due to slow time interval between frames in video
- Wagon-Wheel Effect



a b

FIGURE 4.15
Two-dimensional
Fourier transforms
- - - of (a) an over-
Aliasing in Spectrum San(_l;]ed Ve
(b) under-sampled
band-limited
function.

Footprint of an

ideal lowpass
(box) filter
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96X96 Pixels

Sampling

LT
< Q

FIGURE 4.16 Aliasing in images. In (a) and (b), the lengths of the sides of the squares

are 16 and 6 pixels, respectively, and aliasing is visually negligible. In (c¢) and (d), the
sides of the squares are 0.9174 and 0.4798 pixels, respectively, and the results show

significant aliasing. Note that (d) masquerades as a “‘normal” image.



Interpolation Techniques
S

® Nearest Neighbor Interpolation
® Bi-Linear Interpolation
® Bi-Cubic Interpolation



Interpolation & Re-sampling
S

® Zooming

- Over-sampling

— Pixel Replication / Row-Column Duplication
® Shrinking

— Under-sampling

- Row-Column Deletion

— Blur slightly before shrinking



FIGURE 4.17 Illustration of aliasing on resampled images. (a) A digital image with negligible visual aliasing.
(b) Result of resizing the image to 50% of its original size by pixel deletion. Aliasing is clearly visible.
(c) Result of blurring the image in (a) with a 3 X 3 averaging filter prior to resizing. The image is slightly
more blurred than (b), but aliasing is not longer objectionable. (Original image courtesy of the Signal
Compression Laboratory, University of California, Santa Barbara.)




Aliasing Artifact: Jaggies
S

® Block-like image component
® Common In iImages with string edge content



ahE

FIGURE 4.18 Illustration of jaggies. (a) A 1024 X 1024 digital image of a computer-generated scene with
negligible visible aliasing. (b) Result of reducing (a) to 25% of its original size using bilinear interpolation.
(c) Result of blurring the image in (a) with a 5 X 5 averaging filter prior to resizing it to 25% using bilinear
interpolation. (Original image courtesy of D. P. Mitchell, Mental Landscape, LLC.)




a b

FIGURE 4.19 Image zooming. (a) A 1024 X 1024 digital image generated by pixel
replication from a 256 X 256 image extracted from the middle of Fig. 4.18(a).
(b) Image generated using bi-linear interpolation, showing a significant reduction in

jaggies.



Aliasing Artifact: Moire Patterns
S

® Beat patterns produced between two gratings
of approximately equal spacing

® Common In iImages with periodic or nearly
periodic content
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1 FIGURE 4.21
' A newspaper

o image of size
246 X 168 pixels
““sampled at 75 dpi
showing a moiré
pattern. The ]
moiré€ pattern in
" this image is the

= interference

L
ik
i

e

)

.~ pattern created
' between the 1-45°
_ ::;_:::j: orientation of the
¢ [*** " halftone dots and
~__the north-south

i
LY

“% used to digitize
the image.
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FIGURE 4.22

A newspaper
image and an
enlargement
showing how
halftone dots are
arranged to
render shades of

gray.
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2-D DFT Pair
c

DFT
-1N-1
F(u V) ZZ f(X y)e j2m(ux/M+vy/N)
x=0 y=0
IDET

M-1N-1

X) =— F u,v e]2ﬂ(ux/M+vy/N)
f(x) =+ ZZO'Z:O' (u,v)



2-D: Separability
G

M-1N-1

F(u,v) =3 3 f(x,y)e s
x=0 y=0
M-1 N-1
:ZQ- jsz/MZ f(X y)e- j2nvy /N
x=0 y=0

M-1 .
:ZF(Xa v)e- Jj2maux/ M
x=0

N-1
where F(X, v) :Z f(X,y)e' j2avy /N

y=0



Properties of 2-D DFT:
Spatial & Frequency Intervals

Au = :
MAT
1
Ay =




Properties of 2-D DFT:
Translation & Rotation

j2m(ugx/ M+vyy/N)

F(u-uy,v-vy) e f(x,y)e
f(X' XO,J/' y0)© F(u,v)e-jZn(xOu/Mﬂ/Ov/N)
In polar coordinates :

X =rcosf) y =rsinf/ u =cos¢ v =sing
f(r,0+06,) = F(w,p+0,)



Properties of 2-D DFT:

Periodicity
...
F(U,V) f(xﬁy)
:F(u+k1M,V) :f(X+k1M,y)
=F(u,v+k,N) :f(x,y+k2N)
=F(u+kM,v+KkN)|=f(x+kM,y+k,N)




Periodicity: Centering the
Transform

Inl-D

f(x)erH(uox)/M PN F(u_ uo)

Foru, =M /2
f)(-1)" = F(u- M/2)
f(x,y)-1)"” < F(u- M/2,v- N/2)



F(u)

Two back-to-back
periods meet here.

Lo

pooct®-, .'.".'-."'-nn'.-"‘.' L - U
1 M 1
— M2 0 M/2—1—/\—M/2M—/;\—M
F(u)
)
s Two back-to-back
Cl periods meet here.
| ™ e -
0 M/2 M-1
[+— One period (M samples) —»|
| | | | |
B [ LI R E— -
| | | | | |
| | | | | |
| | | | | |
| t | | | |
| | | | | |
| | - l |
| | | | 0,0 IN/2—= N—1—|
R 1 0 ‘T""("l} - ——"
| | -
| | F(u, v) \I | | M2 —~
: :Four back-to-back: :
| Iperiods meet here.! |
| | | | g
R T 2l -
YU

| | = Periods of the DFT.

Four back-to-back
periods meet here.

= M X N data array, F(u, v).

/.

a
b

cd

FIGURE 4.23
Centering the
Fourier transform.
(a) A 1-D DFT
showing an infinite
number of periods.
(b) Shifted DFT
obtained by
multiplying f(x)
by (—1)* before
computing F(u).
(c) A2-D DFT
showing an infinite
number of periods.
The solid area is
the M X N data
array, F(u,v),
obtained with Eq.
(4.5-15). This array
consists of four
quarter periods.
(d) A Shifted DFT
obtained by
multiplying f(x, y)
by (—1)**

before computing
F(u,v). The data
now contains one
complete, centered
period, as in (b).




Properties of 2-D DFT:
Symmetry

w(x,y) =w,(x,y)+w,(x,y)
w(x,y)+ w(- X,- y)
2

w(X, y) - ZW(- X y) __ W (- X,- )

W (X,y) = =W, (- X, )

w,(X,y) =




Properties of 2-D DFT:
Symmetry

M-1N-1

X' Y w,(x, y)w,(x,y) =0

x=0 y=0

We(X,y) :We(M - X, N - y)

w,(x,y) =-w,(M - x,N - y)




Symmetry
.

Forreal f(x,y), FT is conjugate symmetric

F (u,v) =F(-u,-v)

For imaginary f(x, y), FT is conjugate anti - symmetric
F (u,v) =- F(-u,- v)



Spatial Domain'

Frequency Domain'

1)

= L 2

)
)
)

N

-1 >

o0

~

1

[a—
o]

1
2

[

)
)
)
)
9)
)
)
)
)

13

f(x,y)real
f(x.y)imaginary
f(x,y)real

f(x,y) imaginary
f(—x, —y) real
f(—x, —y) complex
f (x, y) complex
f(x,y)real and even

f(x, y)real and odd

f(x,y) imaginary and even

f(x, y)imaginary and odd
f(x,y)complex and even

f(x,y) complex and odd

S 1

)

F'(u,v) = F(—u, —v)
F'(—u, —v) = —F(u, v)
R(u,v) even; I(u, v) odd
R(u, v) odd: I(u, v) even
F'(u,v) complex

F(—u, —v) complex
F'(—u — v) complex

F(u, v)real and even

F(u, v) imaginary and odd

F(u, v) imaginary and even

F(u, v)real and odd
F(u, v) complex and even

F(u, v) complex and odd

"Recall that x. y, u, and v are discreie (integer) variables, with x and u in the range [0, M — 1], and y, and
vin the range [0. N — 1]. To say that a complex function is even means that its real and imaginary parts

are even, and similarly for an odd complex function.

TABLE 4.1 Some
symmetry
properties of the
2-D DFT and its
inverse. R(u, v)
and [(u,v) are the
real and imaginary
parts of F(u,v),
respectively. The
term complex
indicates that a
function has
nonzero real and
imaginary parts.



Fourier Spectrum & Phase Angle
-

F(u,v) =R(u,v) + jI(u,v) =|F (u,v)e’"""

1/2

R*(u,v) +I°(u,v)

Phase Angle : e’*"" =arctany [(w,v)
1 R(u,v)[

Fourier Spectrum : ‘F (u, v)‘ =

Power Spectrum : P(u,v) Z‘F(U,V)‘Z

=R*(u,v) +I°(u,v)



Fourier Spectrum & Phase Angle
S

Forreal f(x,y), FT is conjugate symmetric

e Spectrum has even symmetry
‘F(u,v)‘ Z‘F(- u,-v)
* Phase Angle has odd symmetry
o(u,v) =-¢(- u,- v)

M-1N-1

¢ F(0,00=) Y f(x,y) =MN f(x,y)

x=0 y=0




f(x, )(- D™

— -

v

a b
cd

FIGURE 4.24

(a) Image.

(b) Spectrum
showing bright spots
in the four corners.
(c) Centered
spectrum. (d) Result
showing increased
detail after a log
transformation. The
zero crossings of the
spectrum are closer in
the vertical direction
because the rectangle
in (a) is longer in that
direction. The
coordinate
convention used
throughout the book
places the origin of
the spatial and
frequency domains at
the top left.




N
b
N
b
.
X ~
~
b,
»
b




a

FIGURE 4.26 Phase angle array corresponding (a) to the image of the centered rectangle
in Fig. 4.24(a), (b) to the translated image in Fig. 4.25(a), and (c) to the rotated image in
Fig. 4.25(c).



a bhe
de f

FIGURE 4.27 (a) Woman. (b) Phase angle. (¢c) Woman reconstructed using only the
phaqe angle. (d) Woman reconstructed using only the spectrum. (e) Recunauuut]un
using the phaae angle corresponding to the woman and the spectrum corresponding to
the Ieutangle in FIL, 4.24(a). (f) Reconstruction using the phase of the rectangle and the
spectrum of the woman.




2-D Convolution
]

f(x,y)®h(x,y)=

M-1N-1

> M f(m,n)h(x- m,y- n)

m= n=0

f(x,y)®h(x,y) = F(u)H(u)
f (X, y)h(x,y) < F(u)* H(u)



Effect of DFT on Convolution
]

399

f(x)*h(x) =, f(m)h(x- m)



f(m)
i
3
—4 m
0 200 400
h(m)
2
I — m
0 200 400
h(—m)
——— m
0 200 400
h(x —m)
A
— | X |-
—— - m
0 200 400
flx)*g(x)
1200
600
———————— x

f(m)

153 L L o
0 200 400
h(m)
. 2 p— .
0 200 400
h(—m)
L
0 200 400
h(x —m)

fx)*>g(x)

1200 |

» sEmes,
K & " &
o . & " -
> "% & ", .-'
K F -, #
& Sd Nemad Tanum

0 200 400
| Range of ™
Fourier transform

computation

(=Tl Wl gl -
il = =R

€ )

FIGURE 4.28 Left
column:
convolution of
two discrete
functions
obtained using the
approach -
discussed in
Section 3.4.2. The
result in (e) 1s
correct. Right

column: Wrap ar()und

Convolution of

thesame Frror needs
taking into .
Z.ero Padding

account the
periodicity
implied by the
DFT. Note in ()
how data from
adjacent periods
produce
wraparound error,
yielding an
incorrect
convolution
result. To obtain
the correct result,
function padding
must be used.



2-D: Separability
c

DFT
M-1N-1 |

F(uv) =3 3 f(xy)e e
x=0 y=0

M-1 N-1
:Ze- jZnux/MZ f(x,y)e' j2mvy /N
x=0 y=0

M-1 |
— ZF(X: v)e' j2mux/ M
x=0



Thank you
S
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