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Phase transition 

This node does not belong
to GCC , if k neighbors do not 

participate 
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General degree distribution
Configuration model
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Powers 
If the distribution of a property (degree) k of an object is generated by a given generating 

function, then the distribution of the total of k summed over m independent realizations

of the object is generated by the mth power of that generating function. 

For example, if we choose m vertices at random from a large graph, then the distribution 

of the sum of the degrees of those vertices is generated by [G_0(x)]^m. 

To see why this is so, consider the simple case of just two vertices

The square [G0(x)]^2 of the generating function for a single vertex can be expanded as

ka

kb

ka+kb
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Degree distribution through 
randomly chosen edge

degree k

Distribution of the degree of the vertices that we 

arrive at by following a randomly chosen edge. 

Such an edge arrives at a vertex with probability 

proportional to the degree of that vertex, 

the vertex therefore has a probability distribution

of degree proportional to kpk



Distribution of outgoing edges of 
neighbors

Excess degree k-1



Excess degree-revisit

degree k Excess degree k-1
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Excess degree-revisit



Probability distribution of the 
number of second neighbors 

degree k

The generating function for the probability 

distribution of the number of second neighbors of 

the original vertex can be written as

Average number of second neighbors 

No cycle

z
G0’(G1(x))G1’(x)



Component size

• First let us consider the distribution of the sizes (si) of 
connected components in the graph

• Let H1(x) be the generating function for the distribution of the 
sizes of components that are reached by choosing a random 
edge and following it to one of its ends. 

• We explicitly exclude from H1(x) the giant component, if there 
is one; the giant component is dealt with separately.

Si



This means that the distribution of components generated by H1(x) 
can be represented graphically as

Each component is treelike in structure, consisting of the single node 
we reach by following our initial edge, plus any number of other 
treelike clusters, 

Recursively follow the same size distribution, 

If we denote by qk the probability that the initial node has k edges 
coming out of it other than the edge we came in along 

qk (excess degree)

like recursion

Component size
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pk

Ho(x) generates the probability sk that a randomly 
chosen node belongs to a component of size k 



Avg component 
size 



Phase transition-Giant component 
formation  

Indeed, since this sum increases monotonically as edges are added to the graph, it 
follows that the giant component exists if and only if this sum is positive. 



ER graph – Phase transition  
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