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Introduction

* Goal: Approximate some unknown ideal function f*: X - Y

|deal classifier: y = f*(x) for (x,y)

Feedforward Network: Define parametric mapping y = f(x; 0)

Learn parameters 0 to get a good approximation to f* from training data

Function f is a composition of many different functions e.g.

Feo) = £2(F2(F1(0)))

* Training: Optimize 6 to drive
f(x; 0) closer to f*(x)
* Only specifies the output of the output layers

e Qutput of intermediate layers is not specified
by D, hence the nomenclature hidden layers

* Neural: Choices of f ()’s and layered organization, loosely inspired by neuroscience



Beyond single layer
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* Train a Neural Network with gradient descent
e But most interesting loss functions are non-convex
e Unlike in convex optimization, no convergence guarantees

e To apply gradient descent: Need to specify cost function, and output
representation



e Define a distribution p(y|x; 8) and use principle of maximum
likelihood.

e We can just use cross entropy between training data and the model’s
predictions as the cost function:

J(08) = Ex,y~ﬁdata log Pmoder + (V%)

e Choice of output units is very important for choice of cost function



w = [w; wy ..wg]" and x = [xq x5 ... xq]"

d

X

Xj& Z=b+ z w;x; = [wlb] [1]
i=1

w Z —
L\ P ANTERE v =)
— b Terminologies
Wo = x: input, w: weights, b: bias
xd Wd Z: pre-activation (input activation)

g: activation function
y: activation for output units



Perceptron

x € R% and y € {0, 1} for Binary Classification




Common Activation Functions for Output

Name Function Gradient Graph
Binary sign(z) o 10, z#0
step 9@ = {NA, z=0
. . 1 ] — yegl
Sigmoid o(2) = g'(2) /
l+exp(-z) =g@)0A-g(2) ?

Tanh tanhz g'? =1-g%(2) AT /
B exp(z) — exp(—2z) ..
~ exp(z) + exp(—2z) . /




Output Units: Linear

Output Softmax Units

y=wla+b
Used to produce the mean of a conditional
Gaussian distribution:
ply |x) = N (y;y, o)
Maximizing log-likelihood = Minimizing
squared error

Output Units: Sigmoid

y=ocWwTa+b)

J(8) = —logp(y|x)
= —log g((2y — D(wla + b))

Need to produce a vector y with y; =
p(y = i|x)

exp(z;)
Y. exp(z))

softmax(z); =

log softmax(z); = z; — logz exp(z;)
J




Artificial Neuron — hidden unit

w = [w; wy ..wg]" and x = [xq x5 ... xq]"

d
z=b+ 2 w;x; = [wlb] [ﬂ
lzc: = g(2)

Terminologies
x: input, w: weights, b: bias
Z: pre-activation (input activation)

g: activation function
a: activation at hidden units



Activation Functions for Hidden Nodes

Name Function Gradient Graph
Sigmoid B 1 g'(2)
o(z) = 1+ exp(—2) =g(2)(1 - g(2))

Tanh _ exp(z) — exp(—z) 1(z) — 1 _ o2

tanh(z) = exp(2) T exp(=2) g 1 g (Z )
RelLU g(z) = max(0,2) N z=>0

9@ =1 z<o0

softplus g(z) =In(1 + e%)




More activation functions

Leaky Relu _az, z<0 . ’ <0 :Ln'::'.:““”
g(z)_{z' z=>0 g(Z):{?, EZO [——Reild
ELU Z) ’ ] L >0
‘i( Z, z>0 9(2) = {a(ez), 72<0
~ae*-1), z<0
swish g(z)=2z-0(B2) g'(2) >
= B9 (p2) + o (B2)(1 Ed e e
— Bg(B2)) EESssaessscinas




Rectified Linear Units

wx {0, =}

alz)

. Actiﬁ/ation function: g(z) = max{0, z} with
ZE

* Give large and consistent gradients when
active

e Good practice: Initialize b to a small positive
value J()e.g. 0.1) Ensures units are initially active
for most inputs and derivatives can pass
through

The Rectified Linear Activation Function ) Gradient = 1
' Gradient = 0
The Rectific

vl Linear Activation Funetion /
T

Positives:
« Gives large and consistent gradients
(does not saturate) when active
« Efficient to optimize, converges much
faster than sigmoid or tanh
Negatives:
» Non zero centered output
« Units “die” i.e. when inactive they will
never update



Generalized Rectified Linear Units
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RelLU Leaky ReL.U/PReLU Randomized Leaky ReLU

* Get a non-zero slope when z; < 0

* g(z a)i = max{0, z} +a min{0, z}
« Absolute value rectification: a; = 1 gives g(z) = |z|
« Leaky RelLU: Fix a; to a small value e.g. 0.01
« Parametric RelLU: Learn g;

» Randomized RelLU: Sample a; from a fixed range during training, fix during testing



Exponential Linear Units (ELUs)

—ELU
= RelLlU
= RelU
== SRelU
‘ ///j

B xz, z>0
9(z) = a(e? — 1), z<0

e All the benefits of ReLU + does not get killed

* Problem: Need to exponentiate

f(x)




Universality and Depth

e First layer:

* How do we decide depth, width?
* In theory how many layers suffice?



e Theoretical result [Cybenko, 1989]: 2-layer net with linear output
with some squashing non-linearity in hidden units can approximate
any continuous function over compact domain to arbitrary accuracy
(given enough hidden units!)

* Implication: Regardless of function we are trying to learn, we know a
large MLP can represent this function

e But not guaranteed that our training algorithm will be able to learn
that function

e Gives no guidance on how large the network will be (exponential size
in worst case)



e (Montufar et al., 2014) Number of linear regions carved out by a
deep rectifier network with d inputs, depth [ and n units per hidden

layer is: oy
0 ((Z)d 1-1 nd>

* They showed functions representable with a deep rectifier network
can require an exponential number of hidden units with a shallow
network

e Exponential in depth!



Advantages of Depth

Test accuracy (percent)
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Multilayer Neural Network

x, = a,(» Q

b4 2) al[z) z|(3) 31(3)

~@ *O\.

" @
s=a0 @) .®
O

w2
;\7_2(3) 32(2) 32(3) a2(3)
(l)
w pD w® b w®
Input layer Hidden 1 layer Hidden 2 layer Output layer

https://towardsdatascience.com/understanding-backpropagation-algorithm-7bb3aa2f95fd



Basic Neural Units

4l

d
= b+ ) wiix = wibi] [T
=1

Cll—

(21)

X

[W11,1: W11,2» " Wll,d]

[x1 x5 ...

v T
Xq]



Notations

layer 1 layer 2 layer 3

wj—k is the weight from the &*" neuron

in the (I — 1)*" layer to the 7' neuron
in the I'" layer

b} : Bias for jth neuron in [th layer.

a} . Activation of the jth neuron in the [th layer.

al = g(zk whe a}l{ 1, bj) Vectorized f(zrm al l_ig(wlcz + b )
z'=wa""+b
al = g(2')



Presenter
Presentation Notes
http://neuralnetworksanddeeplearning.com/chap2.html


* Feedforward Propagation: Accept
input x(Y, pass through intermediate
stages and obtain output

e During Training: Compute scalar cost
J(6)

J©) = ) L(NN(x®;0),y®)

e Backpropagation allows information
to flow backwards from cost to
compute the gradient

Compare outputs with
correct answer to get
error s:gnal

Q Q +— outputs

// X ;Q D - hidden
\ O CB p. Q O ~— layers
O O <= inputvector |




Multilayer Neural Network

d
1 _ 1,1 1 —
Input Layer Hidden Layer Z1 = bl + E Wl,i Xi =
| i=1
X1

ai = g(z1)

—

wibil| 7]

[x1 x5 . xg]”



Multilayer Neural Network

Input Layer

Hidden Layer

d
z{ = bi + XL wi; x; = [wibi] _

d
zz =b; + Xi 4 W21,i x; = [w3b3] _

v
1

2o
1

a; = g(z1)

a; = g(z3)

zh = bl + T wh % = [Whbh] | 7] ak = gz




Multilayer Neural Network

Input Layer

Hidden Layer

7t = [wibi]| ]|

2
X 1
4 =winil[¥] | |7

zh = Whbil[ 7] |

aj 9(z1)
a; |_|g(z2
al '

gzl |

Wi bl
zq ] [wi pi
=[]

— ol = g(z®)

a(o) = X

a® = g(zV)

7 = @ g©®




Multilayer Neural Network

Input Layer

Hidden Layer

o B
zt = wibi]| 7| Z11  [wh b}
1 _ rwilnl1[ X A1 _ |wd  bi|[x
Z; = 17507 HENEIE S K
: 1 1 1
Zm w b
X m m
7z =whbil [ 7] | | |
z! = [Wlb!] [x]
1
a1 [9Gh] |
G [=[9@)| — al=g(z®)
am 1 lg(zp)] |
0 W1 :m X n matrix
al® = x bl :m X 1 column vector

7 = @ g©®
a® = g(z®)

X :d X 1 column vector
Z1 :m x 1 column vector

Al :m x 1 column vector




Multilayer Neural Network

Input Layer Hidden Layer Output Layer Output Layer Pre-actil/ation
= 22 = wi b1 |? |
Output Layer Activation
Y1 = O(Z%)

output

* Sigmoid for 2-class classification

e Softmax for multi-class classification
e Linear for regression




Multilayer Neural Network

Input Layer Hidden Layer Output Layer
1 — Yi\41J) —

Y.cexp(zé)

2

—> Y2 02(222) = eXp(ZZ 2
2cexp(z¢)

2

exp(z¢)

- Yc = Oc(Zg) =

Y. exp(zZ)



Training a Neural Network — Loss Function

Input Layer Hidden Layer Output Layer
Aim to maximize the
Probability probability corresponding to
that x the correct class for any
1 belongs to example x
class 1
Probability — rnszi %’lcogy )
Zy 4=> Y, thatx ¢
belongs to = min (—log y.)
class 2
. Can be equivalently expressed as
Probability - Zi Hi=c log(Yi)
that x known as cross-entropy loss
belongs to

class C



Multi layered network

AL

X=A" w1 71 |qgl| AL W2 72 |42 _A? ALl Wbt Zt gl
Z', |gl AL Z2, g g

2
wg Ws wit

layer1 layer 2 layer L



Forward Pass

w?t bl

g()

W2, b

18

>

>

Hidden layer pre-activation:

Forl=1,..,L; z® =w®al-D + p®

Hidden layer activation:
Forl=1,..,L—1; a® = g(zV)

Output layer activation:

Forl=1L; y=a® = 0(z®) = f(x,0)

0 is the collection
of all learnable
parametersi.e., all
W and b

L&

A=
1

F f(x,0)

layer 2

layer 3




Error back-propagation

— A0 _
X=A" w1 »n1 gll Al W2 72 | g2 A2~ AL-1l WL ZL |gL| AL

2 L
\.h%l y \hWD p \EV 0 s
s T T

layer1 layer 2 layer L

* We will train neural networks using gradient descent methods.

e To do SGD for a training example (x, y), we need to compute

VwLoss(NN (x; W), y)

where W represents all weights W, W} in all the layers [ = (1, ..., L).

dLoss  dLoss 0AL 9zt
L — L L L
ow dA ozt ow
Depends on gI/ AL-1

Loss function




Error back-propagation

X=A" w1 71 gl Al W2 72 |g2 A2~ AL-1 WL 7L |gL| Al
2 L
Wy Wo Wo

A= M

layer1 layer2 layer L

dLoss _ dLoss ,aAL VA
owL — QAL 6ZL 5WL

Depenas on

Loss function

dLoss 1 <6LOSS>T
= A

owL 97!
mtxnt mix1 1xn
So, in order to find the gradient of the loss with respec%ii%yswe weights in the other
layers of the network, we just need to be able to find

0zl



Backpropagation

e Compute derivatives per layer, utilizing previous derivatives
* Objective: Loss(w)
e Arbitrary layer: y = f(x, w)

* Need:
L9 _ 9]0y X > | Layer yzf(x,w)
0x dy 0x aJ a_y
— X
dx
Lol _djdy oy
ow dy ow a_w
w aJ



e Scalar: Multivariate: Multivariate:

*y=f(2) y = f(2) y = f(2)
*z=g(x) z=g(x) z=g(x)
.d_y:d_yg d_y:z:.ayazj dyizz.ayiaZj
ax dz dx dx J 0z 0x dxk J 0z 0xi



Backpropagation (layerwise)

e Compute derivatives per layer, utilizing previous derivatives
 Objective: J(w)
o Arbitrary layer: y = f(x,w)

* |nit:
o 9 _
ox
.ﬂz() x — ¥ |layer y=f(x,w)
* Compute: [ Ix
. dx x
L= 9y
ow
9] ,_ 99y
ow T dy ow T l
w )i



Informal Derivation: Application of Chain Rule

dLoss  dLoss 0AL ozl 9AL-1 0A% 077 .0A1
VA _\GAL 0ZL 9AL-1 gzL-1 " gz2 9Al 9zl

' dLoss \4
U \J
G

0A1

dLoss .

Sl isntx1
l

ism! x n! and is just W

aAl—l
l

94 at .
o7 1S n! x n! . Each element a! = g'(z}) . This means that —; = 0 wheneveri # j. So,
Zj

aat
the off-diagonal elements all 0, and the diagonal elements are —; Py gl'(zl)



Rewrite the equation

dLoss _ dLoss 0AL o9zt 9AL1 042 072 0A?
0Z1 — 9AL  9zL 9AL-1 gzL-1 072 0AL" 971

dLoss 0A ATt L, 0AF1 AL OLoss
— =" e e W . — - Wwk. .
WA YA 0Z!+1 0zZL-1 0ZL QAL

ly

X = A0 w1 71 gl Al W?2 72 g2 A2 AL-1 WL 7L gt AL Loss
_— Wl Em— Em— WZ Em— —_— i — WL _ _

~_ — ~_ — ~_ — ~_ ~_ ~_ ~_ —
dLoss dLoss dLoss dLoss OLoss dLoss dLoss
0Z1 AL 072 0A? 0AL-1 YA 0AL



Presenter
Presentation Notes
I like to think of this as “blame propagation”. You can think of loss as how mad we are about the prediction that    the network just made.  Then ∂loss/∂AL               is how much we blame
AL  for the loss.  The last module has to take in
∂loss/∂AL  and compute ∂loss/∂ZL , which is how much we blame ZL  for the loss.  The next module (work- ing backwards) takes
in ∂loss/∂ZL  and computes ∂loss/∂AL−1 .  So every module is accepting its blame for the loss, computing how much of it to allocate to each of its inputs, and passing the blame back to them.



SGD-NEURAL-NET(Dy, T, L, (ml,...,mb), (f1,..., )
1 forl=1toL

2 W}:j ~ Gaussian(0,1/m')
3 Wéj ~ Gaussian(0, 1)
4 fort=1toT
5 i = random sample from {1,...,n}
6 AL (®)
7 // forward pass to compute the output A
8 forl = 1toL
9 Zl _ WITAl—l e W(}
10 Al = f4(ZY
11 loss = Loss(AL,y®)
12 forl = [to1:
13 // error back-propagation
14 dloss/dA' = if l < L then dloss/0Z't! . 3711 /DAl else dloss/dAT
15 dloss/dZ' = dloss/dA'- dAl /a7
16 // compute gradient with respect to weights
17 dloss/OW!' = dloss/dZ' - dZ' /oW
18 dloss/dW} = dloss/dZ' - dZ'/oW}
19 // stochastic gradient descent update
20 Wb = W' —n(t) - dloss/ oW

21 Wt =W} —n(t) - dloss/dW}




e Practical considerations
e Large number of neurons —> Danger for overfitting
e Gradient descent can easily get stuck local optima

e Universal Approximation Theorem:

= A two-layer neural network with a sufficient number of neurons can
approximate any continuous function to any desired accuracy.



Universal
Approximation

Theorem



A visual proof that neural nets can compute any function

e http://neuralnetworksanddeeplearning.com/chap4.html



http://neuralnetworksanddeeplearning.com/chap4.html

Training Multilayer Neural Network for non-linearly Separable Data
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Learned Decision Boundary with Single Hidden Layer

# of hiadeno neu;ons - 2 #wof hi-adenoneursons - 4 #wof hiadenoneursons = 8 #wof hiadenoneurz)ns = 16

#?of hisddeno neuFons = 32 #wof hi'adenoneursons - 64 #wof hiadenoneursons - 128 # of hsiddeFl neusronsm: 256



Learned Decision Boundary with Two Hidden Layers

# of neurons in each hidden layer =2  # of neurons in each hidden layer = 4 # of neurons in each hidden layer = 8

# of neurons in éach hidden layer = 16  # of neurons in each hidden layer = 32
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