(CS21201 Discrete Structures
Tutorial 10

Abstract Algebraic Structures

1. Let R be a commutative ring with identity, and R[x] the set of univariate polynomials with coefficients from
R. Define addition and multiplication of polynomials in the usual way.

(a) Prove that R[x] is a ring.
Solution Straightforward verification.

(b) Prove that R[x] is an integral domain if and only if R is an integral domain.

Solution [=] Take non-zero elements a,b € R. Then a and b are non-zero (constant) polynomials. Since R[x] is an
integral domain, ab is not the zero polynomial. But ab is again a constant polynomial. It follows that ab # 0.

[«<] Suppose that there exist A(x),B(x) € R[x] such that A(x)B(x) =0, A(x) # 0, and B(x) # 0. Write
A(x) = ag +ajx + apx> + -+ agx? with ay # 0 and d > 0, and B(x) = by + byx + byx*> + - + bx¢ with
b. # 0 and e > 0. Since A(x)B(x) = 0, we have a,b, = 0. This implies that R is not an integral domain.

2. (a) Prove that Z[\/5] = {a+b/5 | a,b € Z} is an integral domain.

Solution Closure under subtraction and multiplication is easy to check. Since R is commutative, Z[+/5] is so too. Finally,
take a = 1 and b = 0 in the definition to conclude that Z[v/5] contains the multiplicative identity.

(b) Prove that Q[v/5] = {a+bV/5 | a,b € Q} is a field.
Solution Easy verification. Particularly, take a 4 b5 2 0, and show that

1 a—bV5 a —-b
) 2\ 2 )t 2 2 V5.
a+bV/5 a*>—5b a’—5b a’—5b
Since /5 is irrational, we cannot have a? — 5b% = 0 for rational numbers a,b. So every non-zero element of
QI[v/5] is a unit.
(¢) Argue that Z[v/5] contains infinitely many units.

Solution (24 \fS)(—Z + \6) =1, 50 2++/5 is a unit, and it is > 1. Therefore 2+ ﬂ)” are units for all n € N, distinct
from one another.

3. Define an operation o on G = R* X R as (a,b) o (¢,d) = (ac,bc +d). Prove that (G,o) is a non-Abelian
group.
Solution [Closure] Obvious.

[Associativity] We have (a,b) o ((c,d)o (e, f)) = (a,b) o (ce,de+ f) = (ace,bce+de+ ), and ((a,b) o (c,d)) o
(e,f) = (ac,bc+d)o (e, f) = (ace,bce +de + f).

[Identity] We have (1,0) o (a,b) = (a,b) and (a,b) o (1,0) = (a,b), so (1,0) is the identity in G.

[Inverse] We have (a,b)o (1,—2) = (1,0) and (1, —2)0(a,b) = (1,0). Since a € R*, 1 is defined.

)

[Non-Abelian] We have (1,2)0(2,3) = (2,7), whereas (2,3) o (1,2) = (2,5).

4. Let G be a (multiplicative) group, and H, K subgroups of G. Prove that:
(a) HNK is asubgroup of G.

Solution Let a,b € HNK. Since a,b € H and H is a subgroup, we have ab,a~! € H. Likewise, ab,a™' € K. That is,
ab,a”' € HNK.

(b) H UK need not be a subgroup of G.

Solution Take G = Zjs ={1,2,4,7,8,11,13,15}, H = {1,4}, and K = {1,11}. HUK = {1,4,11} is not closed under
multiplication: 4 x 11 = 14 (mod 15).

(¢) HUK is asubgroup of G if and only if H C K or K C H.
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Solution [If] Obvious.

[Only if] H UK is a subgroup of G. Suppose that H is not contained in K. Then, there exists 7 € H such that
h ¢ K. Take any k € K. Since h,k are both in HUK, and H UK is a subgroup, we have hk € H UK. Suppose
that ik € K. Since k € K, we have k! € K, so (hk)k_1 = h € K, a contradiction. Therefore hk € H. But h € H,
so h~! € H, and therefore h~! (hk) = k € H. Tt follows that K C H.

(d) Define HK = {hk | h € H, k € K}. Define KH analogously. Prove that HK is a subgroup of G if and
only if HK = KH.

Solution [If] Let h,hy,hy € H and k,k;,k; € K. We have (/’llkl)(hzkz) = hl(klhz)kz. Since KH = HK, kihy = hszk3 for

10.

11.

12.

some h3 € H and k3 € K. Therefore (hik;)(haky) = hy (hsks)ka = (hihs)(kska) € HK. Next, consider (hk)~! =
k~'h~!. Since KH = HK, we have k~'h™! = hyky for some hy € H and k4 € K, so (hk)™! = hyks € HK.

[Only if] Take hk € HK. Since HK is a subgroup, we have (hk)~! € HK, that is, there exist #; € H and k; € K
such that (hk) ™' = hik;. But then, hk = (hiki) ™' =k; 'h;' € KH. Thatis, HK C KH.

Conversely, take kh € KH. We have hleHandk 'eK,soh 'k~ ! € HK. Since HK is a subgroup, we have
(h~'k~1)~! = kh € HK. Therefore KH C HK.

Additional Exercises

The set of Gaussian integers is defined as Z[i] = {a+ib | a,b € Z}. Prove that Z[i] is an integral domain.
What are the units in this ring? Also define the set Q[i] = {a+1b | a,b € Q}. Prove that Q[i] is a field.

Prove that 7Z [#} = {a—i— (HT‘E) bla,be Z} is an integral domain. Argue that Z [#} contains
infinitely many units. Prove that QQ [HT\E} = {a—i— (#) bla,be Q} is a field. Prove/Disprove the
following equalities as sets: (a) Z[v/5] =7 [HT‘B] , (b QHV5]=Q [#}

Prove that Z[v/—5] = {a+bv/—5 | a,b € Z} is an integral domain. Find all the units in this ring. Prove that
Q[v-5]={a+bV-5]a,beQ} is afield.

Let n > 2, and let (R;,+;, X;) be rings for i = 1,2,3,...,n. Define two operations on the Cartesian
product R=R; X Ry X --- X R, as (al,az,. . .,an) + (bl,bz,. .. ,bn) = (a1 +1b1,a2 +2 by, ... a, —|—nbn) and
(a1,az,...,ay) - (b1,by,...,by) = (a1 X1 by,a3 X2 b, ... ,a, X, b,) (component-wise operations).

(a) Prove that (R,+,-) is aring.

(b) If each R; is commutative, prove that R is commutative too.

(c) If each R; is with identity, prove that R is with identity too. What are the units of R in this case?

(d) Prove/Disprove: If each R; is an integral domain, then R is also an integral domain.
(e) Prove/Disprove: If each R; is a field, then R is also a field.

Let R be the set of all functions Z — Z. For f,g € R, define (f+g)(n) = f(n)+g(n) and (fg)(n) = f(n)g(n)
forall n € Z.

(a) Prove that R is a commutative ring with identity under these two operations.
(b) What are the units of R?
(¢) Is R anintegral domain?

Let R be the set of all functions Z — Z. For f, g € R, define (f+g)(n) = f(n)+g(n) and (fg)(n) = f(g(n))
for all n € Z. Prove/Disprove: R is a ring under these two operations.

Let R be the set of all n-bit words for some n € N. Which of the following is/are ring(s)?

(a) R under bitwise OR and AND operations.
(b) R under bitwise XOR and AND operations.

Let R be a ring. Prove that the following conditions are equivalent.

(1) R is commutative.
(2) (a+b)>=a*>+2ab+b*forall a,b € R.
(3) (a+b)(a—b)=a*—b*foralla,b €R.
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13.

14.
15.
16.

17.

18.

19.

20.

Let R be a commutative ring with identity.

(a) Letn e N, n>2,be a fixed constant. Prove that the set R[x},xy,...,x,]| of n-variate polynomials with
coefficients from R is a commutative ring with identity.

(b) Prove that the set R[[x]] of all infinite power series expansions with coefficients from R is a commutative
ring with identity. What are the units of R[[x]]?
If R is an integral domain, which of the rings of the previous exercise is/are integral domain(s)?

Let R be aring, and S, 71,7, subrings of R. If S C T1 U T, prove that S C 77 or S C 7>.

Let G be a group. Suppose that there exists some n € N such that for all a,b € G, we have (ab)" = a"b" and
(ab)"! = a"*'b™!, Prove that G is Abelian.

Let H and K be two subgroups of a (multiplicative) group G. Suppose that HK = KH (so this is a subgroup),
and H N K = {e}. Prove that for every element a € HK, there exist a unique 4 € H and a unique k € K such
that a = hk.

Let G be a (multiplicative) group, and H a subgroup of G.

(a) Prove that the following conditions are equivalent.

(1) aH = bH.

(2)a'beH.
(b) Define a relation p on G as a p b if and only if aH = bH (or equivalently, a~'b € H). Prove that p is
an equivalence relation.

(c) What are the equivalence classes of p?

(d) Prove that the equivalence classes of p are equinumerous.

[Lagrange’s theorem] Let G be a finite group, and H a subgroup. Then, the order of H divides the order
of G. (The order of a group is the number of elements in it.)

Let I be a non-empty index set (not necessarily finite), and let a;, i € I, be symbols. Define G to be the set
of all symbolic sums of the form Zniai, where all n; € Z, and only finitely many n; are non-zero. Define
icl
addition on G as Zm,-a,- + Zn,-a,- = Z(ml +n;)a;. Prove that G is an Abelian group under this addition. G
i€l i€l iel
is called the free Abelian group generated by the symbols a;, i € 1.
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