CS60094 Computational Number Theory
Mid-Semester Test

Maximum marks; 30 February 26, 2010 Duration: 2 hours

Roll No Name

[ This test is open-notes. Answer all questions. Be brief aadige]

1 Suppose thagced(rg,r1) is computed by the repeated Euclidean division algorithnupp®se also that
ro > r1 > 0. Letr;y; denote the remainder obtained by thth division (that is, in the-th iteration of
the Euclidean loop). So the computation proceedscdérg, 1) = ged(ry,r2) = ged(re,r3) = -+ - with
rg>T1>T9 > > 1 > 1y = 0for somek > 1.

(@ If the computation ofged(rg, 1) requires exactlyc Euclidean divisions, show thaty > Fj.- and
r1 = Fy.1. Here,F,, is then-th Fibonacci numberty =0, Fy = 1,andF, = F,_1 + F,—oforn > 2. (4)

(b) Modify the Euclidean gcd algorithm slightly so as to ensinatt; < %ri_l for i > 2. Here,r; need
not be the remainder;_, rem r;_1. 4
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(c) Explain the speedup produced by the modified algorithm. Yay assume thaF,, ~ —-p", where
NG
p =15 — 16180339887 ... is the golden ratio. (4)

2 RepresenFg, = Fys asFy(#) with 66 + 63 + 1 = 0.

(a8 Find all the conjugates df (overFy as polynomials ir# of degrees< 6). 4)
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(b) Prove or disprovef is a primitive element oF ;. 4

(©) What is the minimal polynomial of overF,? 4
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3 Letp be a prime congruent & modulo4, anda the last four digits of your roll number. You may assume
thatp fa. Prove that the congrueng@ = =3 + ax (mod p) has exactly solutions for(z, y) modulop. (8

(Remark: Because of its usability in e-mails, this is an importantgraence for computer engineers.
Indeed, it is this number of solutions, that is the sourcdlatssaimportance :-)
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