CS60003 Algorithm Design and Analysis, Autumn 2010-11

Class test 1

Maximum marks: 40 Time: 07-08—-09-10 Duratidns € hour

Roll no: Name:

[ Write your answers in the question paper itself. Be brief pratise. Answer afjuestions,

In both the following exercises, you solve the same comjmutak problem which goes like this. You are
given n probabilitiespy, ps, ..., p, (S0 eachp; € [0,1]). You are also given an integér in the range

0 < k < n(sok = 0(n)). Assume thap; is the probability of obtaining a head in a random toss of a coi
C;. One toss is made of each of the coiig Cs, ..., C, in that order. Your task is to propose efficient
algorithms to compute the probabili#y(n, k) of obtaining exactlyt heads in these tosses. Of course, in
addition ton andk, the value ofP(n, k) depends also on the probabilities po, . . . , p,,. For simplicity, we
use the simplified notatiof(n, k) to actually stand fo(n, k, p1,p2, ..., pn).

Example: Letn = 3, p; = %, p» = 1, p3 = 2, andk = 2. Denote a head byf and a tail byZ". All
possible outcomes of three tosses with exactly two headd &fé', HT H andT H H. The probability to be
calculated is, therefore?(3,2) = x2x(1-3)+ix(1-3)x3+(1-)xix3 = L+ 24+ 0 =10 = 2

Suppose that we do arithmetic on floating-point numbers ofedfsize (likedoubl e in C), so the cost of
adding, subtracting or multiplying two floating-point vehkiis alway®(1). In particular, the probabilities
1, P2, - - -, Pn are supplied as floating-point values (not as rational nusnag in the above example).

If & = n/2, there are(n%) > 2/2 = (1/2)™ outcomes with exactly heads. Enumerating all possibilities
leads to fully exponential running time. Better algorithare needed to achieve polynomial running times.

1. First, design arp(n?)-time dynamic-programming algorithm to computén, k). Use the values(i, 5)
to stand for the probability of obtaining exactyheads in the tosses 6%, Cs, ..., C;.

(@) Fori > 1, expressP(i,j) interms of P(i — 1,5 — 1) and P(i — 1, j). Give brief justification. (5)

Solution There are two possibilities in thieth toss: H comes with probabilityp;, andT" with probability1 — p;. In
the first case, we require exacily- 1 heads in tossesthroughi — 1, whereas in the second case, we require
exactlyj heads in tosselsthroughi — 1. Therefore,

o [piPli—-1,—-1)+ (1 —p)Pli—1,5) ifj>1,
P(l’])_{l()l—pi)P(g—l,j) 3 ’ ifj‘:().

(b) Supply conditions to terminate the recursive definitiordt, ;). Give brief justification. (5)

Solution Basis caseé = 0: We haveP(0, ;) = { (1) gtﬁ:n/\(/)i'se If you toss zero coins, the only possible outcome for the
number of heads is zero. Singe< ¢, you may only éupply the conditioR(0,0) = 1.
You may also choose to start the definition froms 1, and use the inductive formula of Part 1(a) fop 2. If

. 1 — D1 if ] =
so, we have’(1,j) = g
(1,5) {pl ifj =

Whatever your basis case is, you should also supply anahairtating condition? (i, j) = 0 fori < j.

(1)’ Here again, we assumed thag i.
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(c) Convert the above formulas to &1n?)-time dynamic-programming algorithm to calculd®n, k). (5)

Solution In the following algorithm, we use a two-dimensional arfdji, j] with ¢ ranging from0 to », andj ranging
from 0 to k.

SetP[0,0] = 1.
Forj=1,2,...,k, setP[0,j] = 0.
Fori=1,2,...,n{
SetPli,0] = (1 —p;) x P[i —1,0].
Forj=1,2,...,k{
ComputePli, j] = p; x Pli — 1,5 — 1]+ (1 — p;) x P[i — 1, 7).
¥
}

ReturnP[n, k].

(d) Justify that your algorithm runs i®(n?) time. (5)

Solution Each element of thén + 1) x (k + 1) matrix P can be computed i@(1) time. So the running time i®(nk).
Sincek = O(n), this running time i (n?).
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2. Now, design am)(n log? n)-time divide-and-conquer (top-down) algorithm for comipgtP(n, k). Denote
by Q(i, j, k) the probability of obtaining exactly heads in tosses @f;, Ci. 1, ..., C;. (We haveP(n, k) =
Q(1,n,k).) Also, denote by; ;(x) the polynomial

Fij(z) =Y Qi j, k)"

k>0

Q(i,j,k) =0fork > j —i+ 1, soF; ;(x) is indeed a polynomial (not a non-terminating power seriks)
we can compute the polynomia} ;(x), we output its coefficient af* asQ(i, j, k). In particular,P(n, k)
is the coefficient ofc* in Fy ,,(x). So it suffices to computé ,,(z).

(a) Basis case: Lete {1,2,...,n}. Write the expression faF; ; (=) with justification. (5)

Solution We haveQ(i,i,0) = probability of 7" in thei-th toss= 1 — p;, Q(i,¢,1) = probability of H in thei-th toss=
pi, andQ(i, i, k) = probability of k. > 2 heads in the-th toss= 0. Therefore F; ;(z) = (1 — p;) + pix.

(b) Induction: Letl < i < m < j < n. Prove thatF; j(z) = Fj ,,(x) Fpg1,j(2). (5)

Solution The coefficient ofr* in F; ;(z) is the probability of obtaining exactly heads in tossesthroughj, that is,
Q(i, 7, k). This probability can be calculated in another way. kebe the number of heads in tossalrough
m, andk, the number of heads in tosses+ 1 throughyj. The probability of this event for a choice of the pair
(k1,k2) is Q(i,m, k1) x Q(m + 1,4, k2). Summing over all pairéky, ko) with k1 + ko = k gives

QUi.j. k)= Y Qi,m k1) x Qm+1,jky).

k1+ko=k

But the right side of this equality is the coefficientdf in the polynomial product’; ,,, (2) Fyq1, ().
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(c) Propose am(nlog? n)-time divide-and-conquer algorithm to compute,, (). (5)

Solution The pseudocode for computidg, ; (z) follows. The outermost call should be made with 1 andj = n.

If i = j, retunF, ;(z) = (1 — p;) + pi,
else{
Compute the middle index. = | (i + j)/2].
Recursively computé’; ,,, (x).
Recursively comput@,, 1 ;(z).
Return the produck; ., (z)F,,+1,;(z) (use FFT-based polynomial multiplication).

(d) Prove that your algorithm in Part 2(c) runs@(n log? n) time. (You may use without proof the result
that the solution of the recurren@n) = 27'(n/2) + O(nlogn) is T(n) = O(nlog? n). For a proof, look
at the solution of Exercise 1 in the Mid-Semester Test of Auti2008.) (5)

Solution The divide step takes onlyD(1) time. Thecombine step can be completed ib(nlogn) time using FFT-
based polynomial multiplication, since all polynomidls;(z) involved in the computation are of degrees
<j—i+1<n.

(Remark: Never ever underestimate the power of top-down programming
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ROUGH WORK

[You may also use this space for continuation of answerse @ainters from Pages 1-4.]
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ROUGH WORK

[You may also use this space for continuation of answerse @ainters from Pages 1-4.]
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