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Section outline
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Discrete structures Sets

Sets
@ A set Aof elements: A
°
@ Integers: Z ={..., -3,
)
°

Set union: AU B

@ Set intersection: An B

={a,b,c}

Natural numbers: N = {0,1,2,3,...} or {1,2,3,...} = Z*
-2,-1,0,1,2,3,...}

Universal set: U Empty set: o = {}

S={X|X¢X} S € S§? [Russell’s paradox]

e

@ Complement: S

@U
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Discrete structures Sets

Sets
@ A set Aof elements: A
°
@ Integers: Z ={..., -3,
)
°

Set union: AU B

@ Set intersection: An B

={a,b,c}

Natural numbers: N = {0,1,2,3,...} or {1,2,3,...} = Z*
-2,-1,0,1,2,3,...}

Universal set: U Empty set: o = {}

S={X|X¢X} S € S§? [Russell’s paradox]

@ Complement: S

e
@ U

@ Set difference: A— B =
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Sets (contd.)

@ Complement of union (De Morgan): AUB=ANB

As)
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Sets (contd.)

@ Complement of union (De Morgan): AUB=ANB

As)

@ Complement of intersection (De Morgan): ANB=AUB

()"

@ Power set of A: P(A)
P({a> b}) = {®7 {a} ) {b} ) {aa b}}
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Sets (contd.)
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Sets (contd.)

@ Complement of union (De Morgan): AUB=ANB

As)

@ Complement of intersection (De Morgan): ANB=AUB

()"

@ Power set of A: P(A)

P({a b}) ={2,{a},{b},{a b}}
@ Non-empty Xi,..., X is a partition of Aif A= Xj U...U X and
XN Xy =D |z

AN B, BN A, An B and AU B constitute a partition of U
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Discrete structures Sets

Set algebra
Idempotence AUA=A ANA=A
Associativity (AuB)UC =AU (BUC) (AnB)UC=An(BUCQC)
Commutativity | AUB=BUA ANnB=BnNA
Distributivity AU(BNC)=(AuB)N(AUC) | An(BUC)=(ANB)U(ANC)
Identity Au{} =AALU=U An{}={}, AUU=A
Involution A=A
Complements | U={}, AUA=U {3=UAnA={}
DeMorgan AUB=ANB ANB=AUB
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Discrete structures Relations

Relations

@ Tuple: (a,b), (4,b,a)
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@ Binary relation R onsets Aand B: RC Ax B

1 if (a,b) e R

@ Characteristic function of R: yz(a, b) = { 0 if (ab)¢R
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Relations

@ Tuple: (a,b),(4,b,«)

@ Cartesian product: Ax B={(a,b) |ac A,be B}

{a.b.c} x {a, 8} = {{a,a).(b.a),{c,a),(aB).(bB).(c.5)}
NxN={(y) w521}

Binary relation R onsets Aand B: RC Ax B

Characteristic function of R: xr(a, b) = { :)
R C Ax Ais reflexive if Yx € A. XRx

R C Ax Aissymmetricif Vx,y € A. xRy = yRx

R C Ax Aistransitive if Vx,y,z € A. XRy ANyRz = xRz

R C Ax Ais antisymmetricif Vx,y €¢ A XRYy AyRXx =x=y
Equivalence relation: R is reflexive, symmetric and transitive

An equivalence relation induces a partition and vice versa

Partial order: R is reflexive, antisymmetric and transitive @
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Discrete structures Relations

Relations (contd.)
@ Connected relation: Vx, y € A, either xRy or yRx
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Relations (contd.)
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Discrete structures Relations

Relations (contd.)

@ Connected relation: Vx, y € A, either xRy or yRx

@ Total order: Connected partial order (eg < on R)

@ Irreflexive relation: Vx € A, (x,x) € R

@ Asymmetric relation: (x,y) e R = (y,x) € R

@ Strict order: R is irreflexive and transitive (.-. asymmetric)

o If<isaPOonAthen<:x<y=x=<yAx#yisaSOonA
o lf<isaSOonAthen=<:x<y=x<yVvVx=yisaPOonA

{0,1,2} Suppose (A, <) is a poset,

/ \ 36 MecAmeA,SCA

01 0.2 (L2 12/ \18 M (m) is a maximal (minimal)
VRN N ~ ~_ elementof Siff Mc S (me S)
/ AN 4 6 ° and Ax e SstM < x (x < m)
oo’ \2/ \3/ M (m) is a maximum (minimum)
\ / \1/ of Siff Mc S(me S) and
0 Divisors of 36 (60?) Vxe S, x <M (m=x) @

A PO can be embedded in a total order
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Discrete structures Relations

Relations (contd.)

@ Connected relation: Vx, y € A, either xRy or yRx

@ Total order: Connected partial order (eg < on R)

@ Irreflexive relation: Vx € A, (x,x) € R

@ Asymmetric relation: <x,y> ER=(y,X)¢€R

@ Strict order: R is irreflexive and transitive (.-. asymmetric)

o If<isaPOonAthen<:x<y=x=<yAx#yisaSOonA
o lf<isaSOonAthen=<:x<y=x<yVvVx=yisaPOonA

{0,1,2} Suppose (A, <) is a poset,

/ \ //60\ MeAmeA,SCA
01 {02 {1,2) 20 12 M (m) is a maximal (minimal)
N 4//\ VG/ \ elementof Siff Mc S(me S)
/ AN 10 and Ax € SstM < x (x < m)
oo m 3 2//\\// M (m) is a maximum (minimum)
\ / \1// of Siff M e S (m e S) and
{} Divisors of 60 Vx € S’ xX=M (m = X) @

A PO can be embedded in a total order
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Discrete structures Lattices

Lattices

Let (A, <) be a poset, let x,y € A

@ The meet of x and y (x A y), is the maximum of all lower bounds
forxandy: xAy=max{weA:w=<x,w =<y}, glbforxand y

@ The join of x and y (x V y), is the minimum of all upper bounds for
xandy;xVy=min{ze A: x <z,y <z}, lubfor x and y

A poset (A, <) is a lattice iff every pair of elements in A have both a
meet and a join
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Lattices

Let (A, <) be a poset, let x,y € A

@ The meet of x and y (x A y), is the maximum of all lower bounds
forxandy: xAy=max{weA:w=<x,w =<y}, glbforxand y

@ The join of x and y (x V y), is the minimum of all upper bounds for
xandy;xVy=min{ze A: x <z,y <z}, lubfor x and y

A poset (A, <) is a lattice iff every pair of elements in A have both a
meet and a join

@@O@@@VQ@

Chittaranjan Mandal (lIT Kharagpur) SCLD January 21, 2020 8/23



Discrete structures Lattices

Lattices (contd.)
Basic order properties of meet and join
@ XAy {Xx,y} I xVy
o xXyiffxAny=x
e xXyiffxvy=y
o lfx<y,thenxAz<yAzandxVvz<yVz
olfx<yandz=<w,thenxAz<yAwandxVvz<yvw
Theorem
Ifx <y, thenxNz<yAzandxVz<yVz

Proof.
@ letv=xAzandu=yAz Yoy pz
@ By transitivity, vis a lb for y and z V
@ By definition of A, v < u (as v is the maximum X\
among all Ibs)
Similarly, the other clause may be proven O
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Lattices (contd.)

Commutativity x Ay =y AXx, XxXVy=yVvx

Associativity (X Ay)Az=xA(yANZ), (xVy)Vz=xV(yV2)
Absorption x A (xVy)=Xx, XV(XAy)=x
Idempotence x Ax=x, xVx=x

Associativity of meet.

@ (XAY)ANzZ=XxANy=x[xAy =<{x,y} applied twice]
@ (X Ay) A z < x [transitivity of <]

v
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Lattices (contd.)

Commutativity x Ay =y AXx, XxXVy=yVvx

Associativity (X Ay)Az=xA(yANZ), (xVy)Vz=xV(yV2)
Absorption x A (xVy)=Xx, XV(XAy)=x
Idempotence x Ax=x, xVx=x

Associativity of meet.
@ (XAY)ANzZ=XxANy=x[xAy =<{x,y} applied twice]
@ (X Ay) A z < x [transitivity of <]
o (xAy)=2ylxAny =2{x,y}]
@ (XxAY)ANz=yAz[lfx 2y, thenx Az <Yy]

v
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Lattices (contd.)

Commutativity x Ay =y AXx, XxXVy=yVvx

Associativity (X Ay)Az=xA(yANZ), (xVy)Vz=xV(yV2)
Absorption x A (xVy)=Xx, XV(XAy)=x
Idempotence x Ax=x, xVx=x

Associativity of meet.
@ (XAY)ANzZ=XxANy=x[xAy =<{x,y} applied twice]
@ (X Ay) A z < x [transitivity of <]
o (xAy)=2ylxAny =2{x,y}]
@ (XxAY)ANz=yAz[lfx 2y, thenx Az <Yy]
@ Thus (x Ay)Azisalbofboth xand y A z
T (xXAY)ANZ=xAN(yAZz)[glbof xand y A Z]

Chittaranjan Mandal (lIT Kharagpur) SCLD

January 21, 2020 10/23



Lattices (contd.)

Commutativity x Ay =y AXx, XxXVy=yVvx

Associativity (X Ay)Az=xA(yANZ), (xVy)Vz=xV(yV2)
Absorption x A (xVy)=Xx, XV(XAy)=x
Idempotence x Ax=x, xVx=x

Associativity of meet.
@ (XAY)ANzZ=XxANy=x[xAy =<{x,y} applied twice]
@ (X Ay) A z < x [transitivity of <]
o (xAy)=2ylxAny =2{x,y}]
@ (XxAY)ANz=yAz[lfx 2y, thenx Az <Yy]
@ Thus (x Ay)Azisalbofboth xand y A z
T (xXAY)ANZ=xAN(yAZz)[glbof xand y A Z]
@ Also, x A (y A z) 2 (X Ay) A z[on similar lines]

Chittaranjan Mandal (lIT Kharagpur) SCLD

January 21, 2020 10/23



Lattices (contd.)

Commutativity x Ay =y AXx, XxXVy=yVvx
Associativity (x Ay)Az=xA(y A 2),
Absorption x A (xVy)=Xx, XV(XAy)=x
Idempotence x Ax=x, xVx=x

Associativity of meet.
@ (XAY)ANzZ=XxANy=x[xAy=<{x,y} applied twice]
@ (X Ay) A z < x [transitivity of <]
o (xAy)=2ylxAny =2{x,y}]
@ (XxAY)ANz=yAz[lfx 2y, thenx Az <Yy]
@ Thus (x Ay)Azisalbofboth xand y A z
T (xXAY)ANZ=xAN(yAZz)[glbof xand y A Z]
@ Also, x A (y A z) 2 (X Ay) A z[on similar lines]
“(xAy)ANz=xAN(yAz)ifaxband b < athen a= b]

(xvVy)vz=xV(yV2z)
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Discrete structures Lattices

Lattices (contd.)

Absorbtion.
@ x XxVy[{x,y} =xVy]
CXAXVY)=x[x2yiffx Ay =X]
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Lattices (contd.)

Absorbtion.

o xXxVy[{x,y} =xVvyl

CXAXVY)=x[x2yiffx Ay =X] ]
Idempotence.

@ X AXx=XxA(xV(xAy)) = x[Absorbtion, applied twice] ]

Principle of Duality
The dual of any theorem in a lattice is also a theorem.
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Discrete structures Lattices (contd.)

Lattices (contd.)

Bounded lattice: It has a maximum
element (1) and a minimum element (0), in

which case identity properties hold:
@0VvXx=x=xV0, 1TAxX=x=xA1
@0AX=0=xA0, 1Tvx=1=xV1
Every finite lattice is bounded

@
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Discrete structures Lattices (contd.)

Lattices (contd.)

Bounded lattice: It has a maximum 1
. . 1 /
element (1) and a minimum element (0), in |~ a \
which case identity properties hold: a_ b ¢ ‘ ¢
N b /
@ 0Vx=x=xV0, TAx=x=xA1_ " . ~,

@ 0AX=0=xA0, Tvx=1=xVv1 @OVEr9=0 an(bvo -a

(anb)yv(anc)=b

Every finite lattice is bounded a
Distributive lattice: If Vx, y,z € A, /a\
@ xAN(yvz)=(xANy)V(xAz)and d\ /e °
@ xV(yAz)=(xVy)A(xV2) b\
Are these lattices distributive? an(bvo 2, (@anb)v(anc)=b
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Discrete structures Lattices (contd.)

Lattices (contd.)

Bounded lattice: It has a maximum 1 /1
element (1) and a minimum element (0), in |~ a \
which case identity properties hold: a\j’/° ! /°
@0VXx=x=xV0, 1AXxX=x=xAT1 aA(bgc):a \O
@ 0AX=0=xA0, TVvx=1=xVv1 @rovera=o arovo-a
Every finite lattice is bounded a
Distributive lattice: If Vx,y,z € A, /a\
@ xAN(yvz)=(xANy)V(xAz)and d\ /e °
@ xV(yAz)=(xVy)A(xV2) b\
Are these lattices distributive? an(bvo 2. (anb)v(anc)=b

Is P(A) for set A distributive?
?2xNnyuz)=(xny)u(xnz)and
?xU(ynz)=(xuUy)n(xuz)
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Discrete structures Lattices (contd.)

Complemented lattice

@ Complement in a bounded lattice: z is the complement of x iff
e xANz=0and
e xvVz=1
@ Bounded complemented lattice: every element has a
complement
@ In a bounded distributive lattice with minimum 0 and maximum 1,
the complements of elements are unique, provided they exist — let
x and z be complements of x ...
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Discrete structures Lattices (contd.)

Complemented lattice

@ Complement in a bounded lattice: z is the complement of x iff
e xANz=0and
e xvVz=1
@ Bounded complemented lattice: every element has a
complement
@ In a bounded distributive lattice with minimum 0 and maximum 1,
the complements of elements are unique, provided they exist — let

x and z be complements of x ... /1 \

o X=XA1=XA(xV2) i

o (XAX)V(XAZ)= /\ i /avc\
0o 0V (XAZ)= b / t\) / \
@ (XANZ)V(XANZ)= AN

o (XVX)ANz=1Nz=2Z ° (‘) \/

: il
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Discrete structures Boolean lattice

Boolean lattice

Boolean lattice: Bounded complemented distributive lattice
@ Extreme elements: Max: 1, Min: 0
@ Distributivity holds
@ Every element has unique complement
@ De Morgan’s laws apply
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Discrete structures Boolean lattice

Boolean lattice

Boolean lattice: Bounded complemented distributive lattice
@ Extreme elements: Max: 1, Min: 0
@ Distributivity holds
@ Every element has unique complement
@ De Morgan’s laws apply

De Morgan’s laws in a Boolean lattice (A, <,-,0,1)

><\ ><\

V
A\

< <l
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Discrete structures Boolean lattice

Boolean lattice

Boolean lattice: Bounded complemented distributive lattice
@ Extreme elements: Max: 1, Min: 0
@ Distributivity holds
@ Every element has unique complement
@ De Morgan’s laws apply

De Morgan’s laws in a Boolean lattice (A, <,-,0,1)
Q@ xAy=xVvy
Q xXVy=xAy
Meet of complements is 0
® (XAY)A(RVY)=
(XAYAX)V(XAYNY)
e=0v0=0

Chittaranjan Mandal (lIT Kharagpur) SCLD January 21, 2020 14/23




Discrete structures Boolean lattice

Boolean lattice

Boolean lattice: Bounded complemented distributive lattice
@ Extreme elements: Max: 1, Min: 0
@ Distributivity holds
@ Every element has unique complement
@ De Morgan’s laws apply

De Morgan’s laws in a Boolean lattice (A, <,-,0,1)
Join of complements is 1

O xhy=xuy ° (XANV(XVY) = (XA VI)VT
O xVy=xnry o = (xVX)A(YVR) VY
Meet of complements is 0 e =(1A(yVvXx)Vvy
@ (XAY)AN(XVY)= @ =(yvx)vy
(XAYAX)V(XAYNY) @ =XV (yVy)
©=0v0=0 @ =xVvi=1

v
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Discrete structures Boolean lattice structure

Boolean lattice structure

@ Let A be a lattice with min 0

@ ac Aisjoin irreducible if a /"‘\ a
a# xVyforx,y =< a, alternatively by b c
a=xVyimplesa=xora=y 0 \0/ b1/ \bz

@ 0 is join irreducible

@ If by < cand b, < ¢ (immediate preds) of cthen c = by VvV b
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Boolean lattice structure

@ Let A be a lattice with min 0

@ ac Aisjoinirreducible if a /a\ T
a= xVyforx, y= a,alternatively by by c
a=xVyimpliesa=xora=y 0 \0/ b1/ \bz

@ 0 is join irreducible

@ If by < cand b, < ¢ (immediate preds) of cthen c = by VvV b
@ a # 0isjoinirreducible if and only if a has a unique immediate
predecessor
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Discrete structures Boolean lattice structure

Boolean lattice structure

Let A be a lattice with min O

a € Aisjoin irreducible if a /a\ T
a= xVyforx, y= a,alternatively by by c
a=xVyimpliesa=xora=y 0 0/ b1/ \bz

0 is join irreducible

If by < ¢ and b, < ¢ (immediate preds) of ¢ then ¢ = by VvV by

a # 0 is join irreducible if and only if a has a unique immediate
predecessor

Elements immediately succeeding 0 are atoms (join irreducible)

@
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Discrete structures Boolean lattice structure

Boolean lattice structure

Let A be a lattice with min 0

a € Aisjoin irreducible if a /a\ T
a= xVyforx, y= a,alternatively by by c
a=xVyimplesa=xora=y 0 0/ b1/ \bz

0 is join irreducible

If by < ¢ and b, < ¢ (immediate preds) of ¢ then ¢ = by VvV by

a # 0 is join irreducible if and only if a has a unique immediate
predecessor

Elements immediately succeeding 0 are atoms (join irreducible)

@ Any element a can be expressed as the join of a set of atoms

@
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Discrete structures Boolean lattice structure

Boolean lattice structure

Let A be a lattice with min 0

a € Aisjoin irreducible if a /a\ T
a= xVyforx, y= a,alternatively by by c
a=xVyimplesa=xora=y 0 0/ b1/ \bz

0 is join irreducible

If by < ¢ and b, < ¢ (immediate preds) of ¢ then ¢ = by VvV by

a # 0 is join irreducible if and only if a has a unique immediate
predecessor

Elements immediately succeeding 0 are atoms (join irreducible)
Any element a can be expressed as the join of a set of atoms
Not unique for non-distributive lattice (diamond lattice)

@
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Discrete structures Boolean lattice structure

Boolean lattice structure

Let A be a lattice with min 0

a € Aisjoin irreducible if a /a\ T
a= xVyforx, y= a,alternatively by by c
a=xVyimplesa=xora=y 0 0/ b1/ \bz

0 is join irreducible

If by < ¢ and b, < ¢ (immediate preds) of ¢ then ¢ = by VvV by

a # 0 is join irreducible if and only if a has a unique immediate
predecessor

Elements immediately succeeding 0 are atoms (join irreducible)
Any element a can be expressed as the join of a set of atoms
Not unique for non-distributive lattice (diamond lattice)

For finite lattice a= d; vV d> V... vV dj, g} are join irreducible

@

Chittaranjan Mandal (lIT Kharagpur) SCLD January 21, 2020 15/23



Discrete structures Boolean lattice structure

Boolean lattice structure

Let A be a lattice with min O

a € Aisjoin irreducible if a /a\ T
a= xVyforx, y= a,alternatively by by c
a=xVyimpliesa=xora=y 0 0/ b1/ \bz

0 is join irreducible

If by < ¢ and b, < ¢ (immediate preds) of ¢ then ¢ = by VvV by

a # 0 is join irreducible if and only if a has a unique immediate
predecessor

Elements immediately succeeding 0 are atoms (join irreducible)
Any element a can be expressed as the join of a set of atoms
Not unique for non-distributive lattice (diamond lattice)

For finite lattice a= d; vV d> V... vV dj, g} are join irreducible
di=d;vdford =<d

@
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Discrete structures Boolean lattice structure

Boolean lattice structure

Let A be a lattice with min O

a € Aisjoin irreducible if a /a\ T
a= xVyforx, y= a,alternatively by by c
a=xVyimpliesa=xora=y 0 0/ b1/ \bz

0 is join irreducible

If by < ¢ and b, < ¢ (immediate preds) of ¢ then ¢ = by VvV by

a # 0 is join irreducible if and only if a has a unique immediate
predecessor

Elements immediately succeeding 0 are atoms (join irreducible)
Any element a can be expressed as the join of a set of atoms
Not unique for non-distributive lattice (diamond lattice)

For finite lattice a= d; vV d> V... vV dj, g} are join irreducible
di=d;vdford =<d

Any d; < d; can be dropped to make the join irredundant
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Discrete structures Boolean lattice structure

Boolean lattice structure

Let A be a lattice with min O

a € Aisjoin irreducible if a /a\ T
a= xVyforx, y= a,alternatively by by c
a=xVyimpliesa=xora=y 0 0/ b1/ \bz

0 is join irreducible

If by < ¢ and b, < ¢ (immediate preds) of ¢ then ¢ = by VvV by

a # 0 is join irreducible if and only if a has a unique immediate
predecessor

Elements immediately succeeding 0 are atoms (join irreducible)
Any element a can be expressed as the join of a set of atoms
Not unique for non-distributive lattice (diamond lattice)

For finite lattice a= d; vV d> V... vV dj, g} are join irreducible
di=d;vdford =<d

Any d; < d; can be dropped to make the join irredundant
Unique (up to permutation) for distributive lattice
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Discrete structures Boolean lattice structure

Boolean lattice representation (contd.)

Unique irredundant irreducible sum representation
@ leta=civeV...Vep=di Vo V...Vds
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Discrete structures Boolean lattice structure

Boolean lattice representation (contd.)

Unique irredundant irreducible sum representation
@ leta=civeV...Vep=di Vo V...Vds
@ Now, C,',dij1 VeV..VCp=diVadV...Vd,
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Discrete structures Boolean lattice structure

Boolean lattice representation (contd.)

Unique irredundant irreducible sum representation
@ leta=civeV...Vep=di Vo V...Vds
@ Now, ¢;,dj 2 ¢cyVeeV...Vep=0diVdV...Vd,
LCG=CiN(divVdaVv...vVdy)=(ciANd)V(ciAda) V...V (CiAdp)

v
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Discrete structures Boolean lattice structure

Boolean lattice representation (contd.)

Unique irredundant irreducible sum representation
@ leta=civeV...Vep=di Vo V...Vds
@ Now, ¢;,dj 2 ¢cyVeeV...Vep=0diVdV...Vd,
LCG=CiN(divVdaVv...vVdy)=(ciANd)V(ciAda) V...V (CiAdp)
@ Since ¢; is join irreducible, 3d;|c; = ¢; A d}, so that ¢; < d
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Discrete structures Boolean lattice structure

Boolean lattice representation (contd.)

Unique irredundant irreducible sum representation
@ leta=civeV...Vep=di Vo V...Vds
@ Now, ¢;,dj 2 ¢cyVeeV...Vep=0diVdV...Vd,
LCG=CiN(divVdaVv...vVdy)=(ciANd)V(ciAda) V...V (CiAdp)
@ Since ¢; is join irreducible, 3d;|c; = ¢; A d}, so that ¢; < d
@ But similar working, d; < ¢, so that ¢; < d; < ¢k

v
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Discrete structures Boolean lattice structure

Boolean lattice representation (contd.)

Unique irredundant irreducible sum representation
@ leta=civeV...Vep=di Vo V...Vds
@ Now, ¢;,dj 2 ¢cyVeeV...Vep=0diVdV...Vd,
LCG=CiN(divVdaVv...vVdy)=(ciANd)V(ciAda) V...V (CiAdp)
@ Since ¢; is join irreducible, 3d;|c; = ¢; A d}, so that ¢; < d
@ But similar working, d; < ¢, so that ¢; < d; < ¢k
@ This requires ¢; = ¢, since these are irredundant
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Discrete structures Boolean lattice structure

Boolean lattice representation (contd.)

Unique irredundant irreducible sum representation
@ leta=civeV...Vep=di Vo V...Vds
@ Now, C,',dij1 VeV..VCp=diVadV...Vd,

" C,':C,'/\(d1\/dg\/...\/dn):(C,'/\d1)\/(C,'/\d2)\/...\/(C,'/\dn)

@ Since ¢; is join irreducible, 3d;|c; = ¢; A d}, so that ¢; < d
@ But similar working, d; < ¢, so that ¢; < d; < ¢k

@ This requires ¢; = ¢, since these are irredundant

@ Thus, ¢; < djand d; = ¢, ¢; = d],
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Discrete structures Boolean lattice structure

Boolean lattice representation (contd.)

Unique irredundant irreducible sum representation
@ leta=civeV...Vep=di Vo V...Vds
@ Now, ¢;,dj 2 ¢cyVeeV...Vep=0diVdV...Vd,
LCG=CiN(divVdaVv...vVdy)=(ciANd)V(ciAda) V...V (CiAdp)
@ Since ¢; is join irreducible, 3d;|c; = ¢; A d}, so that ¢; < d
@ But similar working, d; < ¢, so that ¢; < d; < ¢k
@ This requires ¢; = ¢, since these are irredundant
@ Thus, ¢; < djand d; = ¢, ¢; = d],
@ This way, all the ¢;s may to paired off with the djs,
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Discrete structures Boolean lattice structure

Boolean lattice representation (contd.)

Unique irredundant irreducible sum representation
@ leta=civeV...Vep=di Vo V...Vds
@ Now, ¢;,dj 2 ¢cyVeeV...Vep=0diVdV...Vd,
LCG=CiN(divVdaVv...vVdy)=(ciANd)V(ciAda) V...V (CiAdp)
@ Since ¢; is join irreducible, 3d;|c; = ¢; A d}, so that ¢; < d
@ But similar working, d; < ¢, so that ¢; < d; < ¢
@ This requires ¢; = ¢, since these are irredundant
@ Thus, ¢; < djand d; = ¢, ¢; = d],
@ This way, all the ¢;s may to paired off with the djs,
making the representation unique (up to permutation)
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Boolean lattice structure (contd.)

@ Let z be the complement of a in a lattice as shown

@ Suppose a has b as a unique predecessor a
@ So,avz=1andanz=0 z£1
@ Now,bvz=avz=1andbrnz=anrz=0asbisthe b#0

immediate predecessor of a
@ So, bis also a complement of z
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Boolean lattice structure (contd.)

@ Let z be the complement of a in a lattice as shown
@ Suppose a has b as a unique predecessor a
@ So,avz=1andaAnz=0
o

Now,bvz=avz=1andbAz=aAnz=0asbisthe b#£0
immediate predecessor of a

@ So, bis also a complement of z

z#1

Join irreducible elements in a Boolean lattice

1

N

@ A lattice with having a non-zero join irreducible /"”C\
element will not have unique complements

@ In a Boolean lattice all non-zero join irreducible

/ \
elements are atoms \ /
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Discrete structures Boolean lattice structure

Stone representation of Boolean lattices

1

/ \ @ Atom of a Boolean lattice: Non-trivial
/‘WC\ pve minimal element of A\ {0}

/ \ @ |A| = 2" for some n for a Boolean lattice
@ Its structure is that of the power set of the
\ / atomic elements

0
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Discrete structures Boolean lattice structure

Stone representation of Boolean lattices

1

/ \ @ Atom of a Boolean lattice: Non-trivial
/‘WC\ pve minimal element of A\ {0}

/ \ @ |A| = 2" for some n for a Boolean lattice
@ Its structure is that of the power set of the
\ / atomic elements

@ Non-trivial atomic elements are present for |A| > 1 directly above
level O, let those be S ={ay,...,an}, akinto {a1},{ax},... {an}
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Discrete structures Boolean lattice structure

Stone representation of Boolean lattices

1

/ \ @ Atom of a Boolean lattice: Non-trivial
/‘WC\ pve minimal element of A\ {0}

/ \ @ |A| = 2" for some n for a Boolean lattice
@ Its structure is that of the power set of the
\ / atomic elements

@ Non-trivial atomic elements are present for |A| > 1 directly above
level O, let those be S ={ay,...,an}, akinto {a1},{ax},... {an}
@ Join of pairs of elements Yj, Yo atlevel i (n > i > 1) st
|Y1 — Yg’ = |Y2— Y1| =t1atlevel:+1isY=YiUY>
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Stone representation of Boolean lattices

1

/ \ @ Atom of a Boolean lattice: Non-trivial
/‘WC\ pve minimal element of A\ {0}

/ \ @ |A| = 2" for some n for a Boolean lattice
@ Its structure is that of the power set of the
\ / atomic elements

° Non—tr|V|aI atomic elements are present for |A| > 1 directly above
level O, let those be S ={ay,...,an}, akinto {a1},{ax},... {an}
@ Join of pairs of elements Yj, Yo atlevel i (n > i > 1) st
|Y1 — Yg’ = |Y2— Y1| =t1atlevel:+1isY=YiUY>
@ Meet of pairs of elements Xi, X atlevel i (n> i > 1) st
’X1 —Xg’ = |X2—X1’ =t1atlevel:—1isY=YiNnY>
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Stone representation of Boolean lattices

1

/ \ @ Atom of a Boolean lattice: Non-trivial
/‘WC\ pve minimal element of A\ {0}

/ \ @ |A| = 2" for some n for a Boolean lattice
@ Its structure is that of the power set of the
\ / atomic elements

° Non—tr|V|aI atomic elements are present for |A| > 1 directly above
level O, let those be S ={ay,...,an}, akinto {a1},{ax},... {an}

@ Join of pairs of elements Yj, Yo atlevel i (n > i > 1) st
|Y1 — Yg’ = |Y2— Y1| =t1atlevel:+1isY=YiUY>

@ Meet of pairs of elements Xi, X atlevel i (n> i > 1) st
’X1 —Xg’ = |X2—X1’ =t1atlevel:—1isY=YiNnY>

@ There will be (7) such sets in level , totaling to ¢ (7) = 2" i
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Discrete structures Boolean algebra

Boolean algebra from Boolean lattice

@ For the Boolean lattice (A, <, 0, 1) consider the algebraic system

(A,+,-,7,0,1) where V s +, A — - and Vx € A,
X—Zlx+z=1,x-2z=0

@ This system satisfies the Huntington’s postulates for a Boolean algebra

B1: Commutative Laws
Q x+y=y+x
Qx-y=y-x
B2: Distributive Laws
Q@ x (y+2)=x-y+x-z
Q x+(y-2)=(x+y) (x+2)
B3: Identity Laws
Q x+0=x=0+x
Q x 1=x=1-x
B4: Complementation Laws
Q x+x=1=X+x
Q x x=0=Xx-x
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Additional Boolean algebra properties

@ These properties carry over from the Boolean lattice
@ May be proven independently from the Huntington’s postulates
Idempotence:
Axiomatic proof
Q@ x+x=x @ X+Xx=(X+x)-1
Q x - x=x ° = (X+X) (X+X)
@ =x+(x-X)
@ =x+0=x

Absorption:
Axiomatic proof
Q x+xy=x @ X+xy=(x-1)+xy
Q x- (x+y)=x o =x(1+y)=x(y+1)
Q x+Xxy=x+y e =x-1=x
Q x (X+y)=xy @
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Discrete structures Additional BA properties

Boolean algebra (contd.)

Boundedness/annihilation:
Axiomatic proof

Q@ x+1=1 e x+1=1-(x+1)
Q@ x-0=0 0 =(x+X) (x+1)
e =x+(x-1)
@ =x+Xx=1
X Y| X|x-y|x+y
0 01 0 0
Truth table for Boolean AND, OR,NOT: 0 1 | 1 0 1
1 0[O0 0 1
1 10 1 1

Associativity:

Q@ (x+y)+tz=x+(y+2)
Q@ (x-y) z=x(y 2 &

Chittaranjan Mandal (lIT Kharagpur) SCLD January 21, 2020 21/23



Discrete structures Additional BA properties

Boolean algebra (contd.)

Axiomatic proof of associativity of Boolean +
@ letx=a+(b+c)andy=(a+b)+c
@ ax=aa+alb+c)=a+alb+c)=a
@ bx =ba+b(b+c)=ba+(bb+bc)=ba+(b+bc)=ba+b=>b
@ Similarly, cx =canday =a, by =bandcy =c¢
@ yx = ((a+b)+c)x = (a+b)x+cx = (ax+bx)+cx = (a+b)+c=y
@ xy = (a+(b+c))y = ay+(b+c)y = ay+(by+cy) = a+(b+c) = x
@ Thus, x=xy=yx=y

v
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Discrete structures Additional BA properties

Additional Boolean algebra properties (contd.)

Uniqueness of Complement:

If (a+x)=1and (a-x)=0,thenx =2a.
Involution:

(@ =a
Complements of extreme elements:

Axiomatic proof
1 @ 1+ 0 =1 [identity]
0 @ 1.0 = 0[boundedness]
*. 0 is the complement of 1

—*\ O\
I

DeMorgan’s laws:
@ (x+y)=Xx-
° (x-y)=Xx+y
@ Lleta<bifa-b=aora+b=>bthen-— Aand + — Vv
@ Properties from axiomatic proofs allow Boolean algebras to be @
expressed as Boolean lattices — they are equivalent
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