CS60020: Foundations of
Algorithm Design and Machine
Learning



DIVIDE AND CONQUER



I\/Ierge sort

/\[.(i()leH\
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PRy

MERGE-SORT 4|1 . . 1]
1. If n=1, done.

2. Recursively sort A[ 1 .. [n2]]
and A[ ln2kH1. .11,

3. “Merge” the 2 sorted lists.

Key subroutine: MERGE
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ALGORITHMS

= < Merging two sorted arrays

:\\‘ \‘
20 12
13 11
7 9
2 1
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ALGORITHMS

= .~ Merging two sorted arrays
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13 11

7 9
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ALGORITHMS

S Merging two sorted arrays

wy Y \‘

20 12 20 12
13 11 13 11
7 9 7 9

2 2
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4+ Merging two sorted arrays

20 12 20 12
13 11 13 11
7 9 7 9

p|Q
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ALGORITHMS

= .~ Merging two sorted arrays
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20 12 20 12 20 12
13 11 13 11 13 11
7 9 7 9 7 9

p|Q
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4+ Merging two sorted arrays

20 12 20 12 20 12
13 11 13 11 13 11

7 9 799

p|Q
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ALGORITHMS

———
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20 12
13 11

-

Merging two sorted arrays

20 12
13 11
7 9

20 12
13 11

9

20 12
13 11
9
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20 12 20 12
13 11 13 11
7 9 7 9

p|Q

20 12
13 11

9

4+ Merging two sorted arrays

20 12
13 11
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ALGORITHMS
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Merging two sorted arrays

20 12
13 11
7 9

20 12
13 11

9

20 12
13 11
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13 11

Copyright © 2001-5 Erik D. Demaine and Charles E. Leiserson

September 7, 2005

Introduction to Algorithms

L1.34



20 12
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Merging two sorted arrays

20 12
13 11
7 9

20 12
13 11

9

20 12
13 11
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Merging two sorted arrays

20 12
13 11
7 9

20 12
13 11

9

20 12
13 11

20 12
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20 12

13 11
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Merging two sorted arrays

20 12
13 11
7 9

20 12
13 11

9
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13 11
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Merging two sorted arrays

20 12
13 11
7 9

2

20 12
13 11

9

20 12
13 11

20 12

13@

11

Time = ®(n) to merge a total
of n elements (linear time).
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Merge

MERGE(A, p,q,r)
ng=q—-p+1
Ny, =r—gq
let L[1..n; + 1] and R[1..n, + 1] be new arrays
fori = 1ton,

L[i] = A[p+i—1]
for j = 1ton,

R[j] = Alg + j]
Lln;+ 1] = o©
R[n, + 1] = o0
i =1
j =1
fork = ptor
13 if L[i] < R[/]
14 Alk] = LJi]
15 i =1i+1
16 else A[k] = R[j]
17 Jj=7J+1

[E—
SO0 H W -

o p—
N -



1(n) MERGE-SORT 4[| . . n]
/@(1) 1. If n= l,dOIlC.
27(n/2) | 2. Recursively sort A[ 1 .. [n2]
Abuse and A[ [n2k1. . n 1.
O(n)

3. “Merge” the 2 sorted lists

Sloppiness: Should be 7( |n2]) + 7( [n2]), but
it turns out not to matter asymptotically.
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“ 4+ Recurrence for merge sort

o [e)ifn=1;
(n>_{2T(n/2)+®(n) ifn>1.

» We shall usually omit stating the base
case when 7(n) = O(1) for sufficiently
small 7, but only when it has no effect on
the asymptotic solution to the recurrence.

* CLRS and Lecture 2 provide several ways
to find a good upper bound on 7(7).



Recursion tree

i =
-
WY s

Solve 7(n)=21(n/2) + cn, where ¢ > 0 1s constant.



=~ 4+ Recursion tree

Solve 7(n) = 21(n/2) + cn, where ¢ > 0 1s constant.

1(n)



=~ 4+ Recursion tree

Solve 7(n) = 21(n/2) + cn, where ¢ > 0 1s constant.

_— ! ~_
1(n/2) 1(n/2)



=~ 4+ Recursion tree

Solve 7(n) = 21(n/2) + cn, where ¢ > 0 1s constant.

cn

\
cn/2 cn/2

/7 N\ VRN
I(n/4) Tn/4) Tn/4) T(n/4)
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Recursion tree

{ e
C s
WY s

Solve 7(n) = 21(n/2) + cn, where ¢ > 0 1s constant.

cn

\
cn/2 cn/2

/ N\ /.
cn/4 cn/4 cn/4 cn/4
/

@(/1)
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Recursion tree

w \‘

Solve 7(n) = 21(n/2) + cn, where ¢ > 0 1s constant.

cn

\
cn/2 cn/2

B / N\ /.
h=lgn cn/4 cn/4 cn/4 cn/4
/

@(/1)
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Recursion tree

w \‘

Solve 7(n)=21(n/2) + cn, where ¢ > 0 1s constant.

cn/2 cn/2
/ N\ /.

h=lgn .4 cn/4 cn/4 cn/4
/

@(/1)
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Recursion tree

Cs
W

Solve 7(n)=21(n/2) + cn, where ¢ > 0 1s constant.

cn/2 Ty Y—
/. / AN

h=lgn .4 cn/4 cn/4 cn/4
/

@(/1)
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Recursion tree

Cs
W

Solve 7(n)=21(n/2) + cn, where ¢ > 0 1s constant.

cn Cn

cn/2 6 Y — cn

B /N /N
h=lgn cn/4 cn/4 cn/4 cn/4 cn
/

@(/1)
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o(1)

Recursion tree

cn/2 6/ Y — cn

/N VAN

h=lgn cn/4 cn/4 cn/4 cn/4 cH
/

-------- Hleaves = n l O(n)
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Recursion tree

cn Cn

cn/2 o — cn

B 7\ 7\

h=lgn .y cn/4 cn/4 cn/4 - cn
/

O(1)-------- #leaves = l O(n)

Total = ©(n 1g n)
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I\/Ierge sort

1. Divide: Trivial.
2. Congquer: Recursively sort 2 subarrays.

3. Combine: Linear-time merge.

1(n)=2 1T(n/2) +O(n)

\
# subproblems work dividing

subproblem size and combining
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Master theorem

I(n)=aTl(n/b) + f(n)

CASE 1: / (n) = O(n'ogre~¢), constant € >0
= T(n) = O(nlogra)

CASE 2: f(n) = O(nlogh9)

= 1(n) = O(nlogralgn) .

CASE 3: f(n) = CQ)(n'ogre &) constant € >0,
and regularity condition

= 1(n) =0O(f(n)) .
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Master theorem

I(n)=aT(n/b) + f(n)

CASE 1: / (n) = O(n'ogre~¢), constant € >0
= T(n) = O(nlogr?)

CASE 2: f(n) = O(nlogh)

= 1(n) = O(nlogralgn) .

CASE 3: f(n) = CQ(n'ogre 2 constant € >0,
and regularity condition

= 1(n) = 0O(f(n)) .
Merge sort: a =2, b =2 = nloghe= plog22=p
— CASE?2 = 1T(n)=0O(nlgn).
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ALGORITHMS

Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find S
3 5 7 8 9 12 15
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find S
35789 1215
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find 9
3 5 7 8 9 12 15
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find S
3 5 7 8 9 12 15
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find S
3 5 7 8 9 12 15
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Binary search

* Find an element in a sorted array:

1. Divide: Check middle element.

2. Conquer: Recursively search 1 subarray.
3. Combine: Trivial.

 Example: Find 9
35789 1215
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Recurrence for binary search

I(n)y=1Tm/?2)+06(1)

\
# subproblems work dividing

subproblem size and combining
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Recurrence for binary search

I(n)y=1Tm/?2)+06(1)

\
# subproblems work dividing

subproblem size and combining

nloghe = plogal =p0=1= CASE2 (k= 0)
= 1(n)=0gn).
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ALGORITHMS

Powering a number

Problem: Compute a”, where n € .

Naive algorithm: O(n).
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ALGORITHMS

Powering a number

Problem: Compute a”, where n € .
Naive algorithm: O(n).

Divide-and-conquer algorithm:

an?. qn? if 7 1s even;

aI/l — . .
a2 qn-D72.q4 1f n 1s odd.
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Powering a number

Problem: Compute a”, where n € .
Naive algorithm: O(n).

Divide-and-conquer algorithm:

an?. qn? 1f 7 1s even;
aI/l — . .
a2 qgn-D2.q4 1f n 1s odd.

I(n)y=1Tn/2)+0O(1) = T(n)=0(gn).
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