CS60020: Foundations of
Algorithm Design and Machine
Learning



ALGORITHMS

Matrix multiplication

biy

Input: A= [aij], B = [bij], } .
Output: C=[c;]=4-B. Lj=1,2,...,n.
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ALGORITHMS

_— Standard algorithm

fori < 1ton
do for; < 1 ton
do c,-j<—0
for k< 1 ton
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ALGORITHMS

_— Standard algorithm

fori < 1ton
do for; < 1 ton
do c,-j<—0
for k< 1 ton

Running time = O(n?)
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Divide-and-conquer algorithm

IDEA:
nxn matrix = 2x2 matrix of (n/2)x(»n/2) submatrices:

rs| [ab]lel f
==t |- |

tu| |cd]lg h
C = A - B

r =ae+bg
s =af +bh Y 8 mults of (n/2)x(n/2) submatrices
t =ce+dg | 4 addsof (n/2)x(n/2) submatrices

u=cf +dh_
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Divide-and-conquer algorithm

IDEA:
nxn matrix = 2x2 matrix of (n/2)x(n/2) submatrices:

ris|_ab] e f
_tu___c:d_ g h
C = A - B

r =ae+bg ) recursive
s =af +bh . SLmults of (n/2)x(n/2) submatrices
t =ce+dh | 4 adds of (n/2)x(n/2) submatrices

u =cf +dg_
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Analysis of D&C algorithm

1(n) =8 T(n/2) +O(n?)

# submatrices / work adding
o submatrices
submatrix size
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*\‘ Analysis of D&C algorithm

1(n) =8 T(n/2) +O(n?)

# submatrices / work adding
o submatrices
submatrix size

nlogha = plogd=p3 — CASE1l = T(n)=0O[@3).
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Analysis of D&C algorithm

1(n) =8 T(n/2) +O(n?)

# submatrices / work adding
o submatrices
submatrix size

nlogha = plogd=p3 — CASE1l = T(n)=0O[@3).

No better than the ordinary algorithm.
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ALGO RiFH\l

‘~\‘ Strassen’s idea

\‘ \ P

o Multiply 2x2 matrices with only 7 recursive mults.
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Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f-h)
P,=(a+b) h
Pi=(c+d)-e
P,=d-(g—e)

Ps=(a+d)-(e+h)
Pe=(b—d)-(g+h)
P;=(a—-c)-(etf)
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Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f—h) r =Ps+ P,— Py,+ P
P,=(@+b)-h s =P+ P,
P;=(c+d)-e t =P;+ P,
P,=d-(g—e) u=Ps+ P —P;—P;

Ps=(a+d)-(eth)
Pe=(b—d)-(g+h)
P;=(a—-c)-(etf)
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Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f—h) r =Ps+ P,— Py,+ P
P,=(@+b)-h s =P+ P,
P;=(c+d)-e t =P;+ P,
P,=d-(g—e) u=Ps+ P —P;—P;

Ps=(a+d)-(eth)
P.=(b—d) - (g+h) 7 mults, 18 adds/subs.

Po=(a—c)-(e+f) Note: No Te.hance on
commutativity of mult!
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Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f—h) r =Ps+P,— P,+ P
P,=(a+b)-h =(a +d) (e +h)
Py=(c+d)-e td(g—e)—(a+Db)h
P,=d-(g—e) +(b—d)(g+h)
Ps=(a+d)-(e+h) =aqe + ah + de + dh
Pi=(b—-d)-(g+h) + dg —de — ah — bh
P.=(a—c) - (e+f) + bg + bh —dg —dh

=qae + bg
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Strassen’s algorithm

1. Divide: Partition 4 and B 1nto
(n/2)x(n/2) submatrices. Form terms
to be multiplied using + and —.

2. Conquer: Perform 7 multiplications of
(n/2)x(n/2) submatrices recursively.

3. Combine: Form C using + and — on
(n/2)x(n/2) submatrices.
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Strassen’s algorithm

1. Divide: Partition 4 and B 1nto
(n/2)x(n/2) submatrices. Form terms
to be multiplied using + and —.

2. Conquer: Perform 7 multiplications of
(n/2)x(n/2) submatrices recursively.

3. Combine: Form C using + and — on
(n/2)x(n/2) submatrices.

1(n) =17 T(n/2) + O(n?)
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Analysis of Strassen

T(n)="17 1(n/2) +O(n?)
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Analysis of Strassen

T(n)="17 1(n/2) +O(n?)

nloghd = plogr’ = p28l — CaSel = T(n)=0O(n'e7).
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Analysis of Strassen

I(n)="7 T(n/2) +O(n?)
nlogha = ploga’ = p28l — CASE1l = T(n) = O(n'e7).

The number 2.81 may not seem much smaller than
3, but because the difference is in the exponent, the
impact on running time 1s significant. In fact,
Strassen’s algorithm beats the ordinary algorithm
on today’s machines for n > 32 or so.
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Analysis of Strassen

1(n) =17 T(n/2) +O(n?)
nloght = ploga’~ p28l = CASE1l = T(n)= O(n'g7).
The number 2.8 1 may not seem much smaller than
3, but because the difference 1s in the exponent, the
impact on running time 1s significant. In fact,

Strassen’s algorithm beats the ordinary algorithm
on today’s machines for n > 32 or so.

Best to date (of theoretical interest only): ®(n2-376L),
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Asymptotic Notation

c28(n)

/fn)

~cg(n)
v—-‘/-- o

n : n . n

R Ro no

f(n) = ©(g(n)) f(n) = 0(g(®)) f(m) = Q(g(n))



Asymptotic Notation

Reflexive

Transitive

Theta is symmetric.

O and Omega are anti-symmetric.



Master theorem

I(n)y=aT(n/b)+ f(n)

CASE 1: f(n) = O(n'oghe - ), constant € > ()
= T(n) = O(nlogm)

CASE 2: f(n) = O(nloghe)

= 1(n) = O(n'ore1gn) .

CASE 3: f(n) = Q(n'oge * ) constant € >0,
and regularity condition

= 1(n)=06(f(n)) .

L2.5



Proof of Master theorem

A ) R ———————— - f(n)
/@\
f(ny) f(ny) J(1y)  emeeeerenserssnesesnncs - af(n,)
|log, 7|
f(na)  fna) - f(na)  f(na) f(nz) -~ f(n) fna) f(na) - f(ny) =i a®f(ny)
Y @(1) @(1) @(1) @(1) @(1) @(i) @(1) @(1) @(1) @{1) @(1) @(1) @(1) i @(nlo% @)
@(nlogba)
[logp n]—1

Total: ©(n'°&» %) + Z a’ f(n;)

Jj=0



Proof of Master theorem

Lemma 4.3

Leta > 1 and b > 1 be constants, and let f(n) be a nonnegative function defined
on exact powers of . A function g(n) defined over exact powers of b by

logy n—1

gn)y= ) d f(n/b’) (4.22)

Jj=0

has the following asymptotic bounds for exact powers of b:

1. If f(n) = O(n'>?~¢) for some constant € > 0, then g(n) = O(n'°¢>2).
2. If f(n) = ©(n'°8r9), then g(n) = O(n'°e» % 1gn).

3. Ifaf(n/b) < cf(n) for some constant ¢ < 1 and for all sufficiently large =,
then g(n) = O(f(n)).



Proof of Master theorem

* Case 1:
logy n—1 . n N\ logy a—e logy n—1 ab€
J [ — log a—e
> d(5) = e Y (5
= bJ = blogpa
logy n—1

—  plogpa—e Z (be)j
j=0

€ logy n
nlogb a—e beoer™ —1
be —1




Proof of Master theorem

e Case 2:
logy n—1 2\ logy a logp n—1 a j
Z bJ Z plogp a
J= J=0



Proof of Master theorem

e Case 3:

g(n)

A

A

log; n—1

a’ f(n/b’)

]

~
I
=

lo

3
I

b 1

Y ¢ fm)+ 0

J=0

f(n) ch +0()

o

10) (=) + 0w
O(f@).
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Conclusion

“\‘ _

 D1ivide and conquer 1s just one of several
powerful techniques for algorithm design.

* Divide-and-conquer algorithms can be
analyzed using recurrences and the master
method (so practice this math).

* The divide-and-conquer strategy often leads
to efficient algorithms.
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