CS60020: Foundations of
Algorithm Design and Machine
Learning



Fibonacci numbers

Recursive definition:

(1] if n=0;

F=12 itn =1,
F .t F, , 1tn>2.

0O I 1 2 3 5 8 1321 34L
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Fibonacci numbers

Recursive definition:

0 it n =0;
F=141 itn =1,
\ Fl/l—l _I_Fn_z ifﬂZZ.

0O I 1 2 3 5 8 1321 34L

Naive recursive algorithm: Q(¢")
(exponential time), where ¢= (14++/5)/2
1s the golden ratio.
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w== Computing Fibonacci
S numbers

Bottom-up:

» Compute F, ', F5, ..., F, 1n order, forming
each number by summing the two previous.

* Running time: O(n).
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w== Computing Fibonacci
o numbers

Bottom-up:

» Compute F, ', F5, ..., F, 1n order, forming
each number by summing the two previous.

* Running time: ©O(n).
Naive recursive squaring:

F,= ¢/~ 5 rounded to the nearest integer.
* Recursive squaring: O(lg n) time.

 This method 1s unreliable, since floating-point
arithmetic 1s prone to round-off errors.
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ALGORITHMS

Recursive squaring

Theorem: e Er —Ili :
Fn Fn—l—
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Recursive squaring

F, 1
Theorem: r’m " e Ili ]7 .
Fn Fn—l— 0
Algorithm: Recursive squaring.
Time = O(lg n) .
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Recursive squaring

F, 1
Theorem: r’m " e Ili ]7 .
Fn Fn—l— 0
Algorithm: Recursive squaring.
Time = O(lg n) .

Proof of theorem. (Induction on 7.)

_n ! 1\1
Base (n = 1): tl FO]:Il o
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Recursive squaring

Inductive step (7 > 2):

G IS
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ALGORITHMS

Matrix multiplication

biy

Input: A= [aij], B = [bij], } .
Output: C=[c;]=4-B. Lj=1,2,...,n.
-Cll Clp Cln— _all ajy - aln_ _bll b12

September 14, 2005
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Cu1 Cn2 "

n
Cij = 2 ik by
k=1

Con Ayl Qpp - Aoy . by1 byy -

Conl | 9n1 GQu2 " Quy | _bnl bn2

b2n
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ALGORITHMS

_— Standard algorithm

fori < 1ton
do for; < 1 ton
do c,-j<—0
for k< 1 ton
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ALGORITHMS

_— Standard algorithm

fori < 1ton
do for; < 1 ton
do c,-j<—0
for k< 1 ton

Running time = O(n?)
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Divide-and-conquer algorithm

IDEA:
nxn matrix = 2x2 matrix of (n/2)x(»n/2) submatrices:

rs| [ab]lel f
==t |- |

tu| |cd]lg h
C = A - B

r =ae+bg
s =af +bh Y 8 mults of (n/2)x(n/2) submatrices
t =ce+dg | 4 addsof (n/2)x(n/2) submatrices

u=cf +dh_
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Divide-and-conquer algorithm

IDEA:
nxn matrix = 2x2 matrix of (n/2)x(n/2) submatrices:

ris|_ab] e f
_tu___c:d_ g h
C = A - B

r =ae+bg ) recursive
s =af +bh . SLmults of (n/2)x(n/2) submatrices
t =ce+dh | 4 adds of (n/2)x(n/2) submatrices

u =cf +dg_
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Analysis of D&C algorithm

1(n) =8 T(n/2) +O(n?)

# submatrices / work adding
o submatrices
submatrix size
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*\‘ Analysis of D&C algorithm

1(n) =8 T(n/2) +O(n?)

# submatrices / work adding
o submatrices
submatrix size

nlogha = plogd=p3 — CASE1l = T(n)=0O[@3).
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Analysis of D&C algorithm

1(n) =8 T(n/2) +O(n?)

# submatrices / work adding
o submatrices
submatrix size

nlogha = plogd=p3 — CASE1l = T(n)=0O[@3).

No better than the ordinary algorithm.
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ALGO RiFH\l

‘~\‘ Strassen’s idea

\‘ \ P

o Multiply 2x2 matrices with only 7 recursive mults.
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Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f-h)
P,=(a+b) h
Pi=(c+d)-e
P,=d-(g—e)

Ps=(a+d)-(e+h)
Pe=(b—d)-(g+h)
P;=(a—-c)-(etf)
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Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f—h) r =Ps+ P,— Py,+ P
P,=(@+b)-h s =P+ P,
P;=(c+d)-e t =P;+ P,
P,=d-(g—e) u=Ps+ P —P;—P;

Ps=(a+d)-(eth)
Pe=(b—d)-(g+h)
P;=(a—-c)-(etf)
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Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f—h) r =Ps+ P,— Py,+ P
P,=(@+b)-h s =P+ P,
P;=(c+d)-e t =P;+ P,
P,=d-(g—e) u=Ps+ P —P;—P;

Ps=(a+d)-(eth)
P.=(b—d) - (g+h) 7 mults, 18 adds/subs.

Po=(a—c)-(e+f) Note: No Te.hance on
commutativity of mult!
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Strassen’s idea

* Multiply 2x2 matrices with only 7 recursive mults.

Pi=a-(f—h) r =Ps+P,— P,+ P
P,=(a+b)-h =(a +d) (e +h)
Py=(c+d)-e td(g—e)—(a+Db)h
P,=d-(g—e) +(b—d)(g+h)
Ps=(a+d)-(e+h) =aqe + ah + de + dh
Pi=(b—-d)-(g+h) + dg —de — ah — bh
P.=(a—c) - (e+f) + bg + bh —dg —dh

=qae + bg
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Strassen’s algorithm

1. Divide: Partition 4 and B 1nto
(n/2)x(n/2) submatrices. Form terms
to be multiplied using + and —.

2. Conquer: Perform 7 multiplications of
(n/2)x(n/2) submatrices recursively.

3. Combine: Form C using + and — on
(n/2)x(n/2) submatrices.
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Strassen’s algorithm

1. Divide: Partition 4 and B 1nto
(n/2)x(n/2) submatrices. Form terms
to be multiplied using + and —.

2. Conquer: Perform 7 multiplications of
(n/2)x(n/2) submatrices recursively.

3. Combine: Form C using + and — on
(n/2)x(n/2) submatrices.

1(n) =17 T(n/2) + O(n?)
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