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Abstract—Bacterial conjugation-based nanonetwork has
been recently proposed as a novel molecular communication
paradigm, in which the bacteria act as carriers. This is the
foundational work proposing the phenomenon of collision which
occurs in the form of multi-conjugation of multiple carrier
bacteria at the side of receiver nanodevice. We show the effect
of this conjugation-based collision on the maximum achievable
throughput of the network, using a simple graph-theoretic
approach, namely, Maximum Weight Bipartite Matching. One
of the several interesting results that emerges concerns the
maximum achievable throughput, which is bounded byΘ(n

p
)

in case of homogeneous nodes, wheren and p refer to the
total number of nodes, and the vertical layers in the network,
respectively.

Index Terms—Bacterial multi-conjugation collision, nanonet-
works, molecular communication, and throughput.

I. I NTRODUCTION

In bacterial conjugation-based communication nanonet-
works, bacteria are the carriers of information. Information
are encoded as sequences of four nucleotide bases (A, T, G,
C) of a plasmid, and plasmids are inserted into a bacterium
genome [1]. The exchange of these information is made
through the process ofconjugation between two bacteria.
Communication in bacterial conjugation-based nanonetworks
is of multi-hop fashion due to the limited resource capabilities
of nanodevices and carrier bacteria. At this juncture, the fol-
lowing questions motivate us to explore the effect of formation
of multi-conjugation with several bacteria.

1) Does the process of conjugation initiate when multiple
bacteria carrying different information come in the close
proximity of one another?

2) Does the information content of bacteria from multiple
different nanodevices change if unwanted conjugation
occurs at the receiver?

3) Is collision in traditional electromagnetic-based wireless
networks applicable in bacterial conjugation-based com-
munication?

4) How does bacterial multi-conjugation affect the perfor-
mance of these networks?

One of the interesting outcomes that emerges as a result of
exploration for the answers to these questions is the bacterial
multi-conjugation process affecting the maximum achievable
throughput in these networks. It is noted that nanodevice and
nodes are used interchangeably throughout this paper. The
major contributionsof this paper are summarized as follows:

1) Conceptualizing and modeling the collision phenomenon

in the form of multi-conjugation of multiple bacteria in
bacterial conjugation-based nanonetworks.

2) Developing an algorithm to determine the maximum
achievable throughput, which is based on a simple
graph-theoretic approach, namely Maximum Weight Bi-
partite Matching. The proposedMax Throughputalgo-
rithm runs inpolynomialtime.

3) Characterizing and analyzing the throughput of such
networks. The effect of various spatial distribution of
nanodevices on the maximum achievable throughput are
extensively analyzed and evaluated.

II. RELATED WORKS

The existing body of research literature on bacteria nanonet-
works is focussed mainly on the process of the communication
mechanisms such as encoding messages in plasmids, offload-
ing plasmids at receiver, and multi-hop routing through the
process of conjugation [1], [2]. For example, Cobo-Rus and
Akyildiz performed simulation-based studies on propagation
delay, and end-to-end capacity in bacteria-based molecular
communication [3]. On the other hand, various models for
channel, noise, delay, and information-theoretic capacity ex-
pressions were proposed indiffusion-basedmolecular com-
munication nanonetworks [4], [5]. However, our work is
distinct from all the mentioned works in two significant ways.
First, this is the first work to study and model the collision
phenomenon with the help of multi-conjugation in bacterial
conjugation-based nanonetworks. Second, we design a simple
algorithm to obtain the maximum achievable throughput, while
respecting the collision constraint.

On the other hand, there exists vast literature on maximum
throughput in electromagnetic communication-based wireless
networks, such as the seminal work of Gupta and Kumar [6],
followed by others such as [7], [8]. All these works either
concentrate on finding the tight asymptotic bounds on through-
put, or provide approximate solutions. However, the results
of these studies are inapplicable in our scenario, because
bacterial conjugation-based communication is fundamentally
different from electromagnetic communication in terms of
characteristics of the underlying communication mechanism.

III. B ACTERIAL CONJUGATION: THE FOCAL POINT

Bacterial conjugation is a cell-to-cell contact method by
which a donor bacterium delivers the genetic information
encapsulating in a plasmid molecule to another bacterium or
multiple bacteria [9]. Extensive experimentation [10], [11] on
bacterial conjugation in bothgram-positiveandgram-negative
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TABLE I: Few plasmid incompatibility groups

Bacteria type Incompatibility group Plasmid notation
Gram negative IncFI F, CollbP9

IncFII R100, R1
IncP RP4

Gram positive Inc18 pIP50

Fig. 1: Multiple conjugations.

bacteria reveals that it involves the following basic sequences:
constructing mating pair formation (mpf) between donor and
recipient bacteria, unfolding the Origin of Transfer (OriT)
region in plasmid of donor bacterium, and finally transferring
the single strand plasmid to a recipient bacterium. In bacteria
such asEscherichia coli (E.coli), the mpf, a multi-protein
complex, renders the donor bacterium to form extracellular
appendage, coined as pilus, and binds it with the recipient
bacterium. After binding, another multi-protein complex,DNA
relaxosomecuts at specific site, OriT, and passes the single
strand of plasmid to the recipient bacterium.

Experimentation on multi-conjugation done by several re-
searchers [12], [13] shows that concurrent multiple conjuga-
tions between a recipient bacterium with multiple donors is
possible. The recipient bacteria can take up genetic materi-
als from one donor followed by another. Fig. 1 illustrates
the multi-conjugation. However, the coexistence of multiple
plasmids inserted by multiple donor bacteria, at a recipient
bacterium depends on the incompatibility group to which the
plasmids belong. This is elaborated further in Section II-A.

IV. M ODELS AND ASSUMPTIONS

A. Plasmids and Incompatibility group
Plasmids, which are circular double-stranded DNA

molecules (distinct fromchromosomal DNA), can be used
to encoded data as sequences of its nucleotides (A, T,
G and C) with the help ofwatermarking mechanism, as
proposed by Gibson et al. [14]. The property of of holding
multiple plasmids by an bacterium such asE. Coli makes an
opportunity to increase network capacity, and reliabilityof
data in such conjugation-based nanonetworks [1]. However,
experimental study shows that different types of plasmids
cannot coexist [15], [16], and those that do not share the
communal residence are categorized as an incompatibility
group. For instance, we present few groups includingIncFI
group [16] in Table I. However, the coexistence between
such plasmids results in two possibilities—either one of
the coresidents will be lost with high probability, known as

TABLE II: Symbols and parameters used (⋆ indicates that the
value of parameters are adopted from [17]).

Parameters and Symbols Notations Remarks
Bacterial density η mmol/cm3

Density of chemo-attractant c 2× 10−4 mmol/cm3 ⋆

Chemotactic coefficient χ 3× 10−5 cm2/s ⋆

molility coefficient β 1.5× 10−5cm2/s ⋆

Consumption of attractant λ 1.4× 10−15mmol/cell.s
Average velocity of traveling band of bacteria v 1.1× 10−4 cm/s ⋆

Nodes in a vertical layer k Number
Total vertical layer p Number
Small time frame τ s
Maximum Throughput Υ KB/s
Radial distance ζ m
Data ϕ KB
Set of flow Ψ Number
Total nodes injth flow mj Number
Total flows l Number
Angle assumed byith flow θi Number
Flow of ith node fi Number
Active nodes in receive layer w2 Number
Active nodes in transmit layer w1 Number

vectoral event, or any one can be destabilized with equal
probability. Therefore, it is highly likely that the process of
multi-conjugation at recipient bacterium produces adverse
consequence—information encoded into plasmids, which are
sent through various source nanodevices, are lost. The process
resembles the phenomenon of collision in traditional wireless
networks.

B. Modeling of chemotactic bacteria propagation
Experimental works on bacterial motility reveals that bac-

teria move toward a favorable region usingrun and tumble
mechanical processes, which is known aschemotaxis[10],
[11], [17]. In this work, we adopt the Keller-Segal (K-S) model
of chemotaxis, a well established model to depict the motility
of chemotactic band of bacteria inside a capillary tube [17],
[18]. The generalized version of the model [17] is given as
follows:
∂η

∂t
= ∇. (β(c)∇η) −∇. (χ(c)η∇c) + g(η, c)− h(η, c), (1)

∂c

∂t
= D∇2c−f(η, c) (2)

where η = η(x, t) and c = c(x, t) refer to the bacterial
density, and concentration of the chemo-attractant at spatial
position x and timet, respectively. The termsβ(c) andχ(c)
denote the bacterial motility, and chemotacticcoefficient,
respectively. The functionsg(η, c), h(η, c), andf(η, c) express
the growth and death of bacterial cells, and the depletion
of chemo-attractants, respectively. In this work, we consider
β(c)=β as constant. The growth and death of bacteria cells
during the propagation of band is not considered. Moreover,
we assume the following characteristics: (1) The population
of bacteria is propelled by chemotactic strength and bacterial
diffusion; (2) Since the rate of diffusion of chemo-attractant is
comparatively small, the effect of chemo-attractant’s diffusion
is not considered (see [18]); (3) Single chemo-attractant is
considered with concentration level asc(x, t); and (4) Bacteria
consume the chemo-attractant at a constant rate ofλ.

Considering the assumptions, the revised version of Equa-
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tions (1) and (2) for predicting the behavior of chemotactic
band of bacteria, is written as follows:

∂η

∂t
=

∂

∂x

(

β
∂η

∂x
− χ(c)η

∂c

∂x

)

, (3)

∂c

∂t
= λ(s)η (4)

To obtain solutions of Equations (3) and (4), the travelling
wave co-ordinate is taken as the new coordinate system as
follows:

z = x− vt, −∞ < z <∞ η(x, t) = η(z) c(x, t) = c(z)

where v denotes average velocity of the traveling band of
bacteria. The formation of band is the effect of biased random
walk due to the presence of gradient of chemo-attractant. It
is noted thatv determines the propagation time of the band
of bacteria to reach a node. Considering the following initial
conditions, and assuming the behavior of traveling band of
bacteria being closed inside a capillary tube of lengthL [18],

c(x, 0) = c0(x), η(x, 0) = η0(x), wheret > 0, 0 < x < L

∂b

∂x
=
∂s

∂x
= 0, whenx = 0, L.

Equations (3) and (4) reduce to the following:

v
dη

dz
= −β

d2η

dz2
+

d

dz

(

ηχ(s)
dc

dz

)

(5)

v
dc

dz
= −λη (6)

By solving differential equations (5) and (6), the closed form
for density of traveling band of bacteria and concentration
profile of chemo-attractant is given as follows:

η(z) =
v2c0

λ(χ− β)

(

c

c0

)χ/β

e−vz/β (7)

c(z) = c0

(

1 + e−vz/β
)

β
χ−β

(8)

C. Receiver-side Collision model

Concurrent transmissions from several nanodevices do not
necessarily result in collision. Collision occurs only when
information carrying bacteria from more than one source nan-
odevice arrive at a receiver nanodevice during the same time-
frame. As mentioned, the attractant capability of a receiver
nanodevice, which factually attracts bacteria, enables multi-
conjugation and, in turn, occur collision at the receiver side.
We term this as theReceiver-side Collision(ReSC) model.

D. Network model

Nanodevices are assumed to be distributed randomly in
R

2 space. Each nanodevice creates multiple concentric con-
centration gradient surfaces of different values with centers
located at position of the nanodevice. We assume that each
source node always has data to send, whereas each relay node
aids to forward data to a sink node which is always ready to
receive. An illustration of this network, as shown in Fig. 2.
Moreover, we assume that a receiver node takes certain time as
τ1 for extracting a message from the conjugation process, and

Fig. 2: Illustration of network architecture

decoding it, which is coined as theconjugation-and-decoding
time. Once the conjugation and decoding process completes,
the receiver nanodevice takes some time asτ2 (termed ascon-
figuration time) for creating concentric concentration surfaces
for further reception. Relay or source nodes are active for
transmission for fixed amount time asτ3. For simplicity,τ3 is
taken as equal toτ1. We also assume that scheduling among
nodes is precisely controlled by a central entity.

V. PROBLEM FORMULATION

We seek to study the effect of multi-conjugation-based
collision on maximum network throughput in bacterial
conjugation-based nanonetworks. In other words, how much
maximum data could be injected to the network such that
the injected flows reach the sinks, while respecting collision
constraint at the receivers – namely ReSC model, as discussed
in Section III-B. At this juncture, it may be clarified that the
flow or rate of flow from a source nanodevice to a receiver
nanodevice is determined by the amount of data carried by
the bacteria, and the time taken by the bacteria to reach
the receiver nanodevice. This can be obtained from using
the Equations (7) and (8), and the knowledge of velocity
of the traveling band of bacteria. Therefore, in bacterial
nanonetworks consisting of multiple source and sink nanode-
vices, the maximum achievable network throughput problem
is essentially a flow optimization problem.

The network is modeled with a graphG = (V,E), whereV
is the set of vertices representing the nodes of the network,E

is set of edges representing the communication links between
the nanodevices, each having capacityC(u, v). If f jk

i is the
flow for commodityi, which is produced for the source and
destination pair(j, k), then the optimization problem can be
formulated asmulti-commodity flowproblem given as follows:

max
n
∑

i=1

f
jk
i , j ∈ S(V ), k ∈ T (V ) (9)

subject to
n
∑

i=1

fi(u, v) ≤ C(u, v), ∀i ∈ n

f in
i (u) = fout

i (u), u ∈ (V − S(V ) ∪ T (V )

with an additional constraint that concurrent flows at any
intermediate node is not permitted. The notationsS(V ) and
T (V ) denote the set of source and sink nodes, respectively,
whereasf in

i (u) and fout
i (v) refer to the total input and

output flows at any intermediate node, respectively. The quality
of solution produced bymulti-commodityis intractable [7].
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Therefore, we propose a simple graph-theoretic approach,
namely Maximum Weighted Bipartite Matching[19], which
is not only tractable and but also able to provide sufficient
analytical insights on the maximum throughput problem. It is
noteworthy that the collision model, ReSC, is well-fitted with
the graph-theoreticmatchingproblem.

Fig. 3: Mapping to bipartite weighted graph.

A. Mapping to maximum weighted bipartite matching
The maximum throughput problem in bacterial conjugation-

based nanonetwork is modeled as multiple bipartite weighted
graphs connected serially, and then finding matchings of
maximum weights in these graphs. The logical partitioning
of the network into several bipartite graphs is shown in
Fig. 3, where data are transferred from one bipartite graph
to another until the data reach the sink nodes. In adopting
this transformation, we do not strip the complexity of the
problem, because, generally in sensor networks, sensor data
produced in some locations are transmitted, via relay nodes,
to sinks, which are situated at distant locations [7]. Therefore,
we assume that the source nodes are located on the left side
of the networks, and sink nodes on the right side, as shown
in Fig. 3. The parameterweight represents the amount of
flow to be transmitted form one node to another. Formally,
the maximum throughput problem reduces to the problem of
finding amatching vectorM = [M1,M2, · · ·Mn−1] such that
the following condition holds:

argmax
M

Υ =
∑

Z

(w1(e1) + w2(e2) + · · ·+ wn(en))

Z ≡ e1 ∈M1, ee ∈M2, · · · , en ∈Mn

(10)

Definition 1. Bipartite graph: The setV (G) can be parti-
tioned into two independent setsX and Y such that edges
follow the ruleE(G) : X → Y .

Definition 2. A matching is a set of non-loop edges in a graph
G = (V,E), in which no two edges share a common vertex.

Definition 3. Maximum weight Bipartite matching refers to
the problem of finding maximum weight of a matching of a
given bipartite graphG(V,E) with two bipartition(X,Y ), and
the weight function defined asw : E → R. Further, aperfect
matching render every vertex saturated by that matching.

B. Flow assignment
The termweight in Bipartite matching graph refers to flow

of a link in bacterial nanonetworks. Let us consider a node
i in the partite setX containing source nodes. From nodei,

the amount of flow destined to a nodej belonging to other
partite setY (where the setY consists of receiving nodes)
depends on the Euclidean distance, and the amount of bacteria
in the traveling band, which, in turn, is determined by using
Equations (7) and (8). If the attractant capability of all nodes
of setY is the same, then Euclidean distance and velocity of
traveling band of bacteria are the key determinants of the total
amount of flow reachable at nodej. To obtain a closed formula
for the amount of data reachable at nodej in a partite setY ,
having Euclidean distance asζ =

√

x2 + y2 (where (x, y)
is co-ordinates of the node j) from a nodei in partite set
X , we adopt the logical deduction as follows. If we consider
ϕ amount of data (e.g., in the order of KB) being encoded
in η amount of bacteria, which is to be transmitted by the
source nodei, the net amount of flow reachable to nodej
in the conjugation-and-decoding timeτ1 is governed by the
following equation:

f =
ϕ

τ
× τ1 =

ϕ
τ
τ1

(11)

whereτ = ζ
v is the time required byη amount of bacteria,

as a whole, to reach to nodej, and τ
τ1

= ι refers to theflow-
reductioncoefficient.

Fig. 4: Diagram of layers of sending and receiving nodes

VI. M AXIMUM ACHIEVABLE THROUGHPUT

Theorem 1. The Complexity of the Max Throughput algorithm
is bounded byO

(

n3

p2

)

Proof. The algorithmMax Throughput, as presented in Al-
gorithm 1, to determine the maximum achievable throughput
reveals that it is basically theHungarian Methodfor finding a
matching of maximum weight in Bipartite graph, which runs
for multiple times in multi-stages. For each stage, a bipartite
graph of maximum nodes2np is given as input. The Hungarian
Method runs inO(n3) time, wheren is the number of nodes
in a Bipartite graph [19]. Therefore, each stage of the Max
Throughput algorithm requires time complexity asO

(

(np )
3
)

.
The process of weight assignment in Line no.3 of Algorithm
1 requiresO

(

(np )
2
)

time, as it involves each node in a partite
setX to visit every node in other partite setY . So, in every
stage the time complexity is bounded byO

(

(np )
3
)

. Since, the

number of stages is bounded by(p − 1) stages, so the time

complexity is bounded byO
(

n3

p2

)

.
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Algorithm 1 Max Throughput

Require: 1. Set of source nodes S, sink nodes T.
2. Given the network as ak × P grid.

Ensure: Maximum throughput,Υ.
1: Υ← 0, X1 ← |S|
2: for i← 2, p do
3: W|Xi−1|×|Yi| ← wij ⊲ Assigning weights to links
4: w(M) ← HUNGARIAN(Xi−1, Yi,W|Xi−1|×|Yi|)
5: Υ = Υ+ w(M)
6: Xi−1 ← Yi
7: end for
8: Υ
9: procedure HUNGARIAN(X,Y,W|X|×|Y |)

10: Generate an initial feasible labellingl in Gl

⊲ Gl is equality subgraph1

11: Find a matchingM in El

⊲ El = {(x, y) : l(x) + l(y) = w(x, y)},
⊲ l : (X ∪ Y )→ R

1

12: if M is perfectmatchingthen
13: Stop andreturn

∑

e∈M w(e)
14: else
15: Choose a free vertexu ∈ X
16: R← {u}, Q← ∅
17: end if
18: if Nl(R) = Q then
19: ǫ = minx∈R,y∈Q{l(x) + l(y)− w(x, y)}

20: lnewv =







l(v)− ǫ if v ∈ R
l(v)− ǫ if v ∈ Q
l(v) otherwise

⊲ Update labels

21: end if
22: if Nl(R) 6= Q then
23: Choosey ∈ Nl(R)−Q
24: if y is free then
25: Reportu− y as aaugmentingpath 1

26: AugmentM andgo to 12
27: else if y is matched to aw ∈ X then
28: R← R ∪ {w}, Q← Q ∪ {w}
29: go to 18
30: end if
31: end if
32: end procedure

VII. A NALYSIS

A. Nodes in concentric concentration gradient surfaces
Let us consider a nodej in a layeri, having data to inject

into the next layer (i+ 1) (layer is synonymously referred to
as partite set). Evidently, the maximum data rate achievable
in the (i + 1)th layer, lies around its perpendicular distance
(since this is the shortest among all distances measured from
the node). Therefore, nodes in the(i+ 1)th layer, which are
covered by the angleθ0, as shown in Fig. 4, get the maximum
flow (data and flow are used here synonymously). We term
this flow as theψ1 flow. Similarly, the nodes falling inθi+1

individually get flow which is less than that ofψi, because
of the increasing distances. Therefore, from a nodej, in a

1For maintaining brevity of the paper, we refer [19]

vertical layeri (alignment of the position of nodes in a partite
set resembles the vertical layer), the flows that can be injected
into the next layer (i + 1) can be partitioned into a set ofl
discrete flows, as given below:

Ψj = {ψ1, ψ2, ψ3, ... ψl}

whereψ1 > ψ2 > ψ3, ... > ψl

(12)

whereψj corresponds to the flow that each of themj
ih nodes

in layer (i+1) gets from a nodeh of the ith layer. It may be
noted thatmj

ih nodes lie either on the line segment subtending
the angleθi or spread on two line segments, one subtending
the angleθi, and the other subtending the angle−θi, as shown
in Fig. 4. Importantly, angles−θi’s may not be existed, if the
nodes are assumed to take the position in the end of a vertical
layer. Let us consider the nodes lying in an annular space of
width ∆r bounded with the inner radius (r + i∆r) and outer
radius (r+(i+1)∆r), as shown in Fig. 4 ismj (for the purpose
of generality, we use notationmj instead ofmj

ih). The length
of the line segment subtending the angleθi is given as follows:

s ≈

√

(∆r)2 + ((r + i∆r) sin θi)
2 (13)

where ∆s is the spatial distance between two nodes in a
vertical layer. Therefore, the total number of nodes lying in
the line segment, denoted asmθi, is given as follows:

mθi =
⌊ s

∆s

⌋

=

⌊

√

(∆r)2 + ((r + i∆r) sin θi)2

∆s

⌋

(14)

Hence, if−θi is present,mj can be written in following form:

mj = 2mθi =

⌊

√

(∆r)2 + ((r + i∆r) sin θi)2

∆s

⌋

(15)

Theorem 2. If the sufficient condition for maximum achievable
throughput is to choose the flowf j

i by an active nodei in a
receiving layerj such that

f
j
i = max(Ψj), (16)

then the maximum achievable throughput is given by

Υ =

p−1
∑

j=1

m
∑

i=1

f
j
i (17)

wherep is the total number of vertical layers, andm the total
number of active nodes in thejth receiving end, which get
flows from the immediately previous sending layer.

Proof. Let us consider a sender nodesi in the ith sending
layer. The total number of distinct flows from the node can be
categorized into a set ofl flows. Sincel flows follow the order
ψ1 > ψ2 > ψ3, ... > ψl, as governed by Equation (12), a node
rj at the receiving end must lie on the shortest distance line
from the nodesi to get the maximum flow. As we assumed
that each node in the receiving end is active (which means it
is ready to receive incoming data), only those nodes lying in
the region in which each point is either of shortest or of nearly
shortest distance from nodesi, will be selected. Clearly, the
selected flow isf j

i = max(Ψi). This is true for all nodes in the
sending layer. Since, there existsp layers, then the maximum
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achievable throughput (flow) is the summation of all flows of
the (p− 1) sending layers.

Theorem 3. For the homogeneous case, where each receiver
has the same attractant capability, the upper bound on the
maximum achievable throughput is bounded byΘ(np ), where
p is the total number of vertical layers.

Proof. As we know that the maximum number of nodes in a
vertical layer isn

p , and each of those nodes is active in the
homogeneous case, then all the flows of any layeri can be
injected into the next(i+1)th layer. Therefore, the achievable
maximum throughput is bounded byΘ(np ).

B. Vulnerable layers
It is observed that the value of the aggregate throughput

depends on the number of active nodes and their position
in each layer. Let us suppose that there existsw number of
active nodes in each layer. Among all

(

k
w

)

possible groups of
active nodes, there might exist some group of nodes in two
consecutive layers in such way that the injected flows from one
layer to the other layer reduce abruptly. We term this type of
existence of spatial distribution of nodes between two partite
sets as thevulnerablelayer. The impact of vulnerable layers on
maximum network throughput is discussed in the following.

C. Active nodes are uniformly distributed
Let us consider thatw1 andw2 active nodes are uniformly

distributed in the transmitting and receiving ends of a vul-
nerable layer, respectively. If spatial distribution ofw1 nodes
teams withw2 nodes, according to the respective perpendicular
distances, each of thew2 nodes gets maximum flow, which is
termed as thelobe-1flow. It represents the maximum flow as
ψ1, as given in Equation (12), and the namelobe resembles
the front, and back lobeof electromagnetic antennas. The
sufficient condition of Theorem 2 satisfies whenw1 nodes
individually align along lobe-1 flows, i.e., aninjective mapping
from the setw1 to w2, based on the respective perpendicular
distances among the nodes is constructed. LetE be the event
of mapping of distinct lobe-1 flows. The probability of this
event can be formulated as follows:

P =

z1
∑

1

P(E|Yj)P(Yj) (18)

whereYj is a random variable denoting the possible orienta-
tion of active nodes in the receiving layer, andz1 =

(

k
w2

)

is the
total number of possible waysw2 nodes take the orientation
in the receiving layer. Since, the distribution of active nodes in
both the transmitting and the receiving layers is independent
and each of the possible orientations is equally probable, for
eachj, P(Ez2 |Yj)P(Yj) can be expressed as:

P(E|Yj)P(Yj) =

(

w2

w1

)

z2l
.
1

z1
(19)

wherez2 =
(

k
w1

)

is the total number of possible waysw1 can
assume orientations in the sending layer, whereasl is defined
earlier as the total number of flows a node can assume. From

Equations (18) and (19), we have the following form:

P = z1 ·

(

w2

w1

)

z2l
·
1

z1

=
1

l
·
w2.w2(1 −

1
w2

) · · ·w2(1−
w1−1
w2

)

k.k(1− 1
k ) · · · k(1−

w1−1
k )

(20)

Applying first order approximation of Taylor series expansion
of ex as, ex = 1 + x whenx << 1 , Equation (20) can be
written as follows:

P ≈
1

l
·
ww1

2 .e
− 1

w2 .e
− 1

w2 · · · e−
w1−1

w2

kw1 .e−
1

k .e−
2

k · · · e−
w1−1

k

=
1

l
·
(w2

k

)w1

· e−
w1

2k
·(w1−1)( k

w2
−1) (21)
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Fig. 5: Probability of matching with distinct lobe-1 flows

Proposition 1. For certain realization ofw2, probability P
assumes the maximum value whenw1 assumes as follows:

w1 =
2k log(w2

k ) + k
w2

− 1

2( k
w2

− 1)

Proof. Taking the logarithm of Equation (21), we have:

log(P) = log l + w1 log(
w2

k
)−

w1

2k
(w1 − 1)(

k

w2
− 1) (22)

After differentiating Equation (22) w.r.t.w1, and subsequently
setting the derived equation to zero, the critical value is

w1 =
2k log(w2

k ) + k
w2

− 1

2( k
w2

− 1)
(23)

By double differentiating Equation (22) w.r.t.w1, we get:

d2

dw2
1

(logP) = −
1

k
(
k

w2
− 1) < 0 (24)

Sincek > w2, the second derivative is less than zero. So, the

maximum value is achieved atw1 =
2k log(

w2

k
)+ k

w2
−1

2( k
w2

−1)
.

Fig. 5 shows the relationship between parameters such as
the distinct flow,l, the number of nodes in the sending layer,
w1, and the number of nodes in the receiving layer,w2,
and reveals that as the distinct flows supported by each node
increase, the probability values decrease. It is due to the fact
that the probability describes the deviation from satisfying the
sufficient condition constraint, which is outlined in the first
part of Theorem 1.
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Fig. 6: Various combinations of means, standard deviation,and number of nodes between two sets of nodes.

D. Active nodes are Gaussian distributed
Let us consider thatwi−1 andwi are the number of nodes

in the (i− 1)th andith layers, and are spatially Gaussian dis-
tributed with means and variances(µi−1, σ

2
i−1) and (µi, σ

2
i ),

respectively. Gaussian distribution is chosen because it is a
naturally occurring probability distribution, and all theother
distributions may converge to it, according to thecentral-limit
theorem [20]. We are interested in the distribution of distance
of a randomly selected active node. The Euclidean distance
between a node in the(i − 1)th layer and another in theith

layer is given as follows:

d =
√

(xi−1 − xi)2 + κ2 =
√

∆x2 + κ2 (25)

where (xi−1, 0), and (xi, κ) are the coordinates of nodes in
the(i−1)th andith layers, respectively. The origin ofX−axis
of the reference system is chosen at one end of the(i− 1)th

layer, andκ is the perpendicular distance between two layers.
Since the distribution of nodes of two layers is an indepen-
dent Gaussian distribution, the distribution of∆x follows as
∆X ∼ N

(

µi−1 − µi, σ
2
i−1 + σ2

i

)

. According to the sampling
theory [20], the distribution of two means follows the Gaussian

distribution, asXµi−1−µi ∼ N
(

µi−1 − µi,
σ2

i−1

wi−1

+
σ2

i

wi

)

.

1) Some insights

Evidently, a randomly chosen node falls in the lobe-1 flows,
if d is minimum. Since∆x assumes probabilistic distribution,
the probability ofd being in lobe-1 flows can be calculated by
considering|∆x| ≤ ε, whereε is a small, positive quantity.
Moreover, several interesting facts emerge from Fig. 6, such
as: (1) Even if having the same mean and standard deviation
for both sets of nodes, more number ofw2 nodes is likely
to include more occurrence of the event of falling into lobe-1
flows, and (2) High variation in mean and standard deviation
contributes key role to determine vulnerable layers, as shown
in Figs 6(a), and 6(c).

VIII. R ESULTS

A. Simulation Design
Nodes are assumed to be distributed in a grid topology

with width and height taken as10 mm. For each of the 10
vertical layers,100 nodes are assumed. For each simulation
iteration, each source node of the leftmost layer, as indicated
in Fig. 3, independently generates random traffic (between50
and 100 units), calculates the distance for each node of the
second layer, and assigns flow to it according to Equation (11).
Then the maximum weighted bipartite matching is executed
to obtain the net injected flow reachable to the second layer.
Similar process continues upto the last layer of nodes to
finally determine the aggregate throughput. As simulations
were repeated more than 40 times, we take the99% confidence
interval of several parameters when the cases arise.

B. Each layer contains certain percentage of active nodes
In case of uniform distribution of active nodes’ positions,

we observe that as active nodes increases20% in each step
from 10% upto 90% in each layer, the value of the aggregate
throughput also increases, as shown in Fig 7(a). However, the
injected flow from one layer to another increases substantially
when an increase of20% in active nodes occurs from70% to
90% slab. This is attributed to the fact that active nodes are
encountered in more number of lobe-1 flows. We also observed
that the variation was not so noticeable in case of Gaussian
distribution, as reflected in Fig. 7(b), in which the median
throughputs for both the cases were compared.

C. Few layers contain certain percentage of active nodes
Up to 30% of all the layers is considered to be vulnerable.

In the simulation, the vulnerable layers are chosen in the
following manner: (1) First 3 layers, (2) Middle 3 layers, and
(3) Last 3 layers. The variation of active nodes is chosen
similarly as described in the previous Subsection B. An
important observation is that the position of a vulnerable layer
does not affect the aggregate throughput reachable at the end
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Fig. 7: Throughput for different distributions of active nodes, and Convergence of throughputs.
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Fig. 8: Vulnerable layers in different locations, and corresponding throughputs.

layers, as shown in Figs. 7(c) and 8.

D. Every layer contains random active nodes
As we do not knowa priori the exact pattern of active nodes

in each layer. So, we vary the number of active nodes from
10% to 90%, randomly, in each layer multiple times. Fig. 9
shows that the throughput decreases exponentially from one
layer to another, which conforms with the analytical results
presented in Section VII-C.
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Fig. 9: Active nodes are randomly distributed.

IX. D ISCUSSION

The analysis of this work is based on grid topology.
However, this restricted model does not limit the significance
of our work. Rather it provides us profound insights on the
achievable maximum throughput for other topologies. Since
the grid topology is simple, systematic topology, the computed
maximum throughput will serve as the upper bound for other
more complex network topologies such as random, scale-free.
Further, we considered nodes lying on different concentric
concentration gradients from a receiving node. However, the
impact on throughput by considering these factors such as
heterogeneous concentration surface, gradient types suchas
linear, andstep, and multipath routing is left as future works.

Furthermore, it is a challenging work to determine the through-
put, while honoring fairness parameter of each node.

A. BNR: The Bacterial count to Noise Ratio
Like the Signal-to-Noise Ratio (SNR) in traditional elec-

tromagnetic wireless networks, we argue that bacterial cell
counts above a threshold limit could be used to decode a
message in bacterial conjugation-based nanonetworks. This is
due to two facts: (a) random motilities of bacteria, which
cause some bacteria to diffuse to unintended receiver, and
(b) exponential decay of bacterial cell density, as governed
by Equation (7). We coin the termBacterial count to Noise
ratio (BNR) to signify SNR in such nanonetworks. Here,Noise
includes all types of unintended cells that contribute to the
bacterial count. However, SNR depends mainly on the distance
between receiver and sender, whereas BNR relies on primarily
the strength ofchemotacticcapability of a receiver nanodevice.
In a traditional wireless network, neighbors within commu-
nication range of a transmitter receive the same messages,
whereas in bacterial nanonetworks, the neighbors with high
attractant capability get the maximum chunk of data.

B. Design of receiver module
We advocate the use ofbiofilm-interfacedreceiver mod-

ule [1], as it facilitates more bacterial conjugations. However,
the cumulative replication of plasmids across a biofilm [21]
poses a detrimental effect when bacteria from one of the
competing source nanodevices might occupy the biofilm and
capture its whole surface of the receiving module. Therefore,
we envisagemicrofluidics-based microchannels [22] to be
embedded in the receiving module of the nanodevice so that
the development of biofilm is limited to each microchannel.

X. CONCLUSION

In this work, we show that the process of multi-
conjugation plays the role ofcollisionphenomenon in bacterial
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conjugation-based nanonetworks and analyze the effect of
multi-conjugation on maximum achievable throughput on such
networks using a simple graph-theoretic approach, namely
Maximum Weight Bipartite Matching. We proposeSNR-like
metric such asBNR as a prime metric to decode message
at a receiver nanodevice. Thorough analysis indicates several
insightful information to the quest of implementing different
facets of these networks, such as the design of receiver module,
efficient routing protocols, and coordination of multiple con-
current nodes. It is envisioned that nanodevices harvest energy
from its environment. Therefore, how this energy-constrained
environment affects the maximum achievable throughput,
which is left as our future works.
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