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Intui2on	  

•  Many	  possible	  separa2ng	  lines.	  Which	  separa2ng	  line	  
is	  the	  best?	  	  

•  Margin:	  distance	  from	  the	  nearest	  example	  to	  the	  
separa2ng	  line	  



Nota2ons	  
•  Training	  set:	  (xj,	  yj),	  j	  =	  1,	  2,	  …,	  N,	  	  
– Each	  xj	  is	  a	  vector	  of	  d	  dimensions	  
– Each	  yj	  =	  +1	  or	  -‐1	  

•  Separa2ng	  plane:	  Σ	  wj	  xj	  =	  0	  where	  wj	  are	  the	  
parameters	  to	  learn	  

•  Vector	  nota2on	  for	  the	  plane:	  	  wTx	  =	  0	  	  
– Vector	  w	  =	  (w0,	  w1,	  …,	  wd)	  

•  Ques2on:	  Which	  w	  maximizes	  the	  margin?	  	  



Technicali2es	  

•  Let	  xn	  be	  the	  nearest	  data	  point	  to	  the	  plane	  
wTx	  =	  0	  	  	  

•  Normalizing	  w	  such	  that	  |	  wTxn	  |	  =	  1	  

•  Pull	  out	  w0,	  so	  that	  w	  =	  (w1,	  …,	  wd).	  Insert	  
constant	  b.	  Plane	  is	  now	  wTx	  +	  b	  =	  0,	  
normalized	  such	  that	  |	  wTxn	  +	  b|	  =	  1	  



Compu2ng	  the	  margin	  



Compu2ng	  the	  margin	  



Distance	  between	  xn	  and	  the	  plane	  



Distance	  between	  xn	  and	  the	  plane	  



The	  op2miza2on	  problem	  



Equivalent	  op2miza2on	  problem	  



Solving	  the	  op2miza2on	  

Inequality	  constraints	  handled	  by	  KKT	  condi2ons	  	  
(due	  to	  Karush	  and	  Kuhn-‐Tucker)	  



Lagrange	  formula2on	  



Lagrange	  formula2on	  

For	  the	  unconstrained	  case:	  



Lagrange	  formula2on	  

Subs2tu2ng	  

We	  get	  



Final	  constrained	  op2miza2on	  

Can	  be	  solved	  by	  Quadra2c	  Programming,	  which	  gives	  us	  	  



The	  solu2on	  



Support	  vectors	  

Hypothesis	  g(x)	  =	  sign(	  wTx	  +	  b	  )	  



#SV’s	  =	  #effec2ve	  parameters	  



Nonlinear	  transforms	  



Nonlinear	  transforms	  
•  Points	  transformed	  from	  X-‐space	  to	  Z-‐space	  
•  Op2miza2on	  problem	  formulated	  in	  Z-‐space	  

•  SVs	  found	  in	  Z-‐space	  (different	  Z-‐spaces	  can	  
give	  different	  SVs)	  

•  Complexity	  of	  op2miza2on	  problem	  is	  
independent	  of	  dimension	  of	  Z-‐space,	  only	  
depends	  on	  number	  of	  points	  (N)	  



What	  do	  we	  need	  from	  the	  Z-‐space?	  



What	  do	  we	  need	  from	  the	  Z-‐space?	  

Need	  only	  inner	  products	  of	  vectors	  in	  the	  Z-‐space	  



Inner	  products	  in	  Z-‐space	  

•  Given	  two	  vectors	  x	  and	  x’	  
•  Which	  is	  easier:	  
– Gecng	  the	  transformed	  vectors	  z	  and	  z’	  in	  Z-‐space	  
– Gecng	  the	  inner	  product	  of	  z	  and	  z’	  

•  Can	  we	  compute	  inner	  products	  in	  Z-‐space	  
without	  transforming	  vectors	  to	  Z-‐space?	  



Kernel	  func2on	  

•  Given	  two	  points	  x,	  x’	  ε	  X,	  let	  zTz’	  =	  K(x,	  x’)	  
•  A	  kernel	  func2on	  is	  an	  inner	  product	  of	  two	  
vectors	  in	  some	  Z-‐space	  



Can	  we	  compute	  K(x,	  x’)	  without	  
transforming	  x	  and	  x’?	  



The	  kernel	  trick	  
•  Get	  the	  classifica2on	  done	  in	  a	  high-‐dimensional	  
space,	  without	  paying	  much	  of	  a	  price	  in	  terms	  of	  
computa2onal	  complexity	  

•  Z-‐space	  can	  be	  very	  high	  dimensional,	  even	  of	  
infinite	  dimension	  



Several	  well-‐known	  kernels	  exist	  

•  Polynomial	  kernel	  
•  Exponen2al	  kernel	  
•  Radial	  Basis	  Func2on	  (RBF)	  kernel	  

•  You	  can	  design	  your	  own	  kernel,	  provided	  it	  
sa2sfies	  some	  condi2ons	  



Designing	  your	  own	  kernel	  


