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Intuitive handling of recurrences

Section outline

recurrences

@ Simple linear recurrences

@ Departure form linear
recurrences

o Intuitive handling of
recurrences
@ Definition of linear
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Intuitive handling of recurrences Definition of linear recurrences

Definition of linear recurrences

Definition (Linear recurrence of order k with constant
coefficients)

Tn:a1 Tn—1 +32Tn—2+"'+aan_k+g(n) (11)

where k is fixed, ay, ao, . . ., ax # 0 are constants and g(n) is a real or
complex function of n
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Intuitive handling of recurrences Definition of linear recurrences

Definition of linear recurrences

Definition (Linear recurrence of order k with constant
coefficients)

Tn:a1 Tn—1 +32Tn—2+"'+akT”_k+g(n) (11)

where k is fixed, aq, as, .. ., ax # 0 are constants and g(n) is a real or
complex function of n

Definition (Homogenous linear recurrence of order k with
constant coefficients)

A linear recurrence with constant coefficients is homogenous when
g(n) = 0 and has the form

Th=aiTn1+aTno+...+akTh« (1.2))
p754
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions

Example (Recurrence for doing one at a time)

T(N) =1 for N =1
T(IN)=T(N—-1)+1 for N > 2

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions

Example (Recurrence for doing one at a time)

T(N) =1 for N =1
T(IN)=T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions

Example (Recurrence for doing one at a time)
T(N) =1 for N =1
T(IN)=T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1
@ Apply the method of iteration

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions

Example (Recurrence for doing one at a time)

T(N) =1 for N =1
T(IN)=T(N—-1)+1 for N > 2
@ Linear but not homogenous of order 1

@ Apply the method of iteration
e T(1)=1

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions

Example (Recurrence for doing one at a time)

T(N) =1 for N =1
T(IN)=T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1
@ Apply the method of iteration

e T(1)=1

eT(2)=T(1)+1=2

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions

Example (Recurrence for doing one at a time)

T(N) =1 for N =1
T(IN)=T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1
@ Apply the method of iteration

e T(1)=1

eT(2)=T(1)+1=2

@ T7(3)=T(2)+1=3

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions

Example (Recurrence for doing one at a time)

T(N) =1 for N =1
T(IN)=T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1
@ Apply the method of iteration

e T(1)=1

eT(2)=T(1)+1=2

@ T7(3)=T(2)+1=3

@ T(IN=(N-1)+1=NecO(N)

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions

Example (Recurrence for doing one at a time)

T(N) =1 for N =1
T(IN)=T(N—-1)+1 for N > 2

Linear but not homogenous of order 1

Apply the method of iteration

T(1) =1

T2)=T(1)+1=2

T(3)=T(2)+1=3

TIN)=(N-1)+1=Nec O(N)

Show that this recurrence captures the running time complexity of

determining the maximum element, searching in an unsorted array
=
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for doing one at a time with full sifting)

T(N) =1 for N =1
TINN=T(N-1)+ N for N > 2

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for doing one at a time with full sifting)

T(N)=1 for N =1
TIN=T(N-1)+N for N > 2

@ Linear but not homogenous of order 1
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for doing one at a time with full sifting)
T(N) =1 for N =1
TIN=T(N-1)+N for N > 2

@ Linear but not homogenous of order 1
@ Apply the method of iteration
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for doing one at a time with full sifting)

T(N)=1 for N =1
TIN=T(N-1)+N for N > 2

@ Linear but not homogenous of order 1
@ Apply the method of iteration
e T(1)=1
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for doing one at a time with full sifting)

T(N)=1 for N =1
TIN=T(N-1)+N for N > 2

@ Linear but not homogenous of order 1
@ Apply the method of iteration

e T(1)=1

e T(2)=T(1)+2=1+2=3

v
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Sample recurrences and their solutions (contd.)

Example (Recurrence for doing one at a time with full sifting)

T(N) =1 for N =1
TINN=T(N-1)+ N for N > 2

@ Linear but not homogenous of order 1
@ Apply the method of iteration

e T(1)=1

e T(2)=T(1)+2=1+2=3

@ 7(3)=T(2)+3=1+2+3=6

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for doing one at a time with full sifting)

T(N)=1 for N =1
TIN=T(N-1)+N for N > 2

Linear but not homogenous of order 1
Apply the method of iteration
(1) =1
T2)=T(1)+2=1+2=3
T(3)=T(2)+3=14+2+3=6
TIN)=T(N-1)+1=1+2+3+...+ N="F c 0(N?)

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for doing one at a time with full sifting)

T(N)=1 for N =1
TIN=T(N-1)+N for N > 2

Linear but not homogenous of order 1

Apply the method of iteration

T(1) =1

T2)=T(1)+2=1+2=3

T(3)=T(2)+3=1+2+3=6
TINy=T(N=1)+1=14+2+3+...+ N="YT c o (NR)
Show that this recurrence captures the running time complexity of
bubble/insertion/selection sort

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for a Herculean task)
°
T(N) =1 for N =1
T(N)=2T(N—-1) +1 for N > 2

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for a Herculean task)
°

T(N) =1 for N =1
T(N)=2T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for a Herculean task)
°
T(N) =1 for N =1
T(N)=2T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1
e T(1)=1

v
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Sample recurrences and their solutions (contd.)
Example (Recurrence for a Herculean task)
°
T(N) =1 for N =1
T(N)=2T(N—-1)+1 for N > 2
@ Linear but not homogenous of order 1
e T(1)=1
@ 7T(2)=2T(1)+1=2+1=3

v
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Sample recurrences and their solutions (contd.)

Example (Recurrence for a Herculean task)
°

T(N) =1 for N =1
T(N)=2T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1
e T(1)=1

@ T(2)=2T(1)+1=24+1=3

@ 7(3)=2T(2)+1=6+1=7
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Sample recurrences and their solutions (contd.)

Example (Recurrence for a Herculean task)

°
T(N) =1 for N =1
T(N)=2T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1

e T(1)=1

@ T(2)=2T(1)+1=24+1=3

@ 7(3)=2T(2)+1=6+1=7

@ T7(4)=2T(3)+1=14+1=15

v
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Sample recurrences and their solutions (contd.)

Example (Recurrence for a Herculean task)

T(N) =1 for N =1
T(N)=2T(N—-1)+1 for N > 2

Linear but not homogenous of order 1
T(1) =1

=2T(3)+1=14+1=15

o

o

° T(

@ T(3)=2T(2)+1=6+1=7
° T(4)

@ TIN)=2"—-1=T(N)e 0 (2V)

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for a Herculean task)

°
T(N) =1 for N =1
T(N)=2T(N—-1)+1 for N > 2

@ Linear but not homogenous of order 1

e T(1)=1

@ 7T(2)=2T(1)+1=2+1=3

@ 7T(3)=2T(2)+1=6+1=7

@ 7T(4)=2T3)+1=14+1=15

o T(N)=2N-1=T(N)eO(2V)

@ Show that this recurrence captures the running time complexity of

the towers of Hanoi problem

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for bank interest)

Ay =P

An = An_1 (1 = ﬁ)
-

constant

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for bank interest)

Ay =P

An=Ans (1+ ﬁ)
o100/

constant

@ linear homogeneous of order one

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for bank interest)

Ay =P

An=Ans (1+ ﬁ)
o100/

constant

@ linear homogeneous of order one
n
® A= (1+100)

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for bank interest)

Ay =P

An=Ans (1+ ﬁ)
o100/

constant

@ linear homogeneous of order one
(*) An = (1 + ﬁ)n
@ Exponential growth — not sustainable

v
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Intuitive handling of recurrences Simple linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for bank interest)

Ay =P

An=Ans (1+ &)
o100/

constant

@ linear homogeneous of order one

© An=(1+ 1fg)"

@ Exponential growth — not sustainable

@ All banks curtail fixed deposits to a certain period of time

v
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half at a time)

T(N) =1 for N =1
T(N)=T(N/2) +1 for N > 2

4
==

Chittaranjan Mandal (IIT Kharagpur) Algorithms August 28, 2021 8/67




Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half at a time)

T(N) =1 for N =1
T(N)=T(N/2) +1 for N > 2

@ Apply the method of iteration

4
==
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half at a time)

T(N) =1 for N =1
T(N)=T(N/2) +1 for N > 2

@ Apply the method of iteration
e T(1)=1

4
==
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half at a time)
T(N) =1 for N = 1

T(N) = T(N/2) + 1 for N > 2

@ Apply the method of iteration
e T(1)=1
eT(2)=T(1)+1=2

4
==
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half at a time)

T(N) =1 for N =1
T(N)=T(N/2) + 1 for N > 2

@ Apply the method of iteration
e T(1)=1
eT(2)=T(1)+1=2
0eT7T(4)=T(2)+1=3

4
==
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for eliminating half at a time)

T(N) =1 for N =1
T(N)=T(N/2) + 1 for N > 2
@ Apply the method of iteration
e T(1)=1
eT(2)=T(1)+1=2
0eT7T(4)=T(2)+1=3
@ TCYY=N+1=T(N)=IgN+1c0O(gN)

4
==
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half at a time)

T(N) =1 for N =1
T(N)=T(N/2) + 1 for N > 2

Apply the method of iteration

T(1) =1

T2)=T(1)+1=2

T4)=T2)+1=3
TCYY=N+1=T(N)=IgN+1c0O(gN)

Show that this recurrence captures the running time complexity of
binary search

4
==
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half with full sifting)

T(N) =1 for N =1
T(N)=T(N/2)+ N for N > 2

v
e
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half with full sifting)

T(N) =1 for N =1
T(N)=T(N/2)+ N for N > 2

@ Apply the method of iteration

v
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half with full sifting)

T(N) =1 for N =1
T(N)=T(N/2)+ N for N > 2

@ Apply the method of iteration
e T(1)=1

v
e
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half with full sifting)
T(N) =1 for N = 1
T(N)=T(N/2)+ N for N > 2

@ Apply the method of iteration
e T(1)=1
e T2)=T(1)+2=1+2=3

v
e
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half with full sifting)

T(N) =1 for N =1
T(N)=T(N/2)+ N for N > 2

@ Apply the method of iteration
e T(1) =1

e T2)=T(1)+2=1+2=3
@ T(4)=T(2)+4=3+4=7

v
e
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half with full sifting)

T(N) =1 for N =1
T(N)=T(N/2)+ N for N > 2

@ Apply the method of iteration

e T(1) =1

e T2)=T(1)+2=1+2=3

@ T(4)=T(2)+4=3+4=7

@ T7(8)=T(4)+8=7+8=15

v
e
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half with full sifting)

T(N) =1 for N =1
T(N)=T(N/2)+ N for N > 2

Apply the method of iteration

T(1) =1
2)=T(1)+2=1+2=3
4)=T(2)+4=3+4=7
)=T(4)+8=7+8=15

Ny=2Nt1 _ 1= T(N)=2N—-1€ O(N)

T(
T(
T(8
T(2

v
e
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)
Example (Recurrence for eliminating half with full sifting)

T(N) =1 for N =1
T(N)=T(N/2)+ N for N > 2

Apply the method of iteration
T(1) =1
2)=T(1)+2=1+2=3
)=T(2)+4=383+4=7
8)=T(4)+8=7+8=15
Ny=2Nt1 _ 1= T(N)=2N—-1€ O(N)
What procedure satisfies this recurrence?

T(
(4
T(
T(2

v
e
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for divide and conquer with full sifting)

T(N) =1 for N =1
T(N)=2T(N/2)+ N for N > 2

v
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for divide and conquer with full sifting)

T(N) =1 for N =1
T(N)=2T(N/2)+ N for N > 2

@ Apply the method of iteration

v
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for divide and conquer with full sifting)
T(N) =1 for N =1
T(N)=2T(N/2)+ N for N > 2

@ Apply the method of iteration
e T(1)=1

v
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for divide and conquer with full sifting)

T(N) =1 for N =1
T(N)=2T(N/2)+ N for N > 2

@ Apply the method of iteration
e T(1)=1
@ T(2)=2T(1)+2=2+2=4

v
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for divide and conquer with full sifting)

T(N) =1 for N =1
T(N)=2T(N/2)+ N for N > 2

@ Apply the method of iteration

e T(1)=1

@ T(2)=2T(1)+2=2+2=4
@ T(4)=2T(2)+4=8+4=12

v
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for divide and conquer with full sifting)

T(N) =1 for N =1
T(N)=2T(N/2)+ N for N > 2

@ Apply the method of iteration

° T(1)—1

° T(2) 2T(1)+2=2+2=4
T(4)=2T(2)+4=8+4=12
T(8)=2T(4)+8=24+8=32

v
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for divide and conquer with full sifting)

T(N) =1 for N =1
T(N)=2T(N/2)+ N for N > 2

@ Apply the method of iteration

e T(1)=

@ T(2)=2T(1)+2=2+2=4

@ T(4)=2T(2)+4=8+4=12

@ 7(8)=2T(4)+8=24+8=32

o T(2Vy=N2N = T(N) = N(1 +IgN) € O(NlgN)

v
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Intuitive handling of recurrences Departure form linear recurrences

Sample recurrences and their solutions (contd.)

Example (Recurrence for divide and conquer with full sifting)

T(2N) = N2N = T(N) = N(1 +IgN) € O (NlgN)
Show that this recurrence captures the running time complexity of
mergesort and quicksort

T(N) =1 for N =1
T(N)=2T(N/2)+ N for N > 2

@ Apply the method of iteration

° T(1):1

@ T(2)=2T(1)+2=2+2=4

@ T(4)=2T(2)+4=8+4=12

@ 7(8)=2T(4)+8=24+8=32

°

°

v
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Linear Recurrences

Section outline

9 Linear recurrences with
constant coefficients
@ Classification of some
recurrences
@ Solving linear homogenous
recurrences (LHR)
@ Combining satisfying

Chittaranjan Mandal (lIT Kharagpur) Algorithms

sequences of LHRs

Master theorem (MT) for
LHRs

Some applications of MT for
LHRs

LHR master theorem proof
More applications of MT for
LHRs

@
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Classification of some recurrences

Some recurrences for classification

@ Number of palindromes on the English alphabet:
Pn = 26P,,_2,n2 2, Po = 1, P1 =26
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Linear Recurrences Classification of some recurrences

Classification of some recurrences

Some recurrences for classification

@ Number of palindromes on the English alphabet:
Pn,=26P, o,n>2, Py =1, P; = 26 — linear homogeneous
recurrence of order two

@ Fibonacci sequence: Fp = Fp_1+ Fpp, Fo = F1 =1
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Linear Recurrences Classification of some recurrences

Classification of some recurrences

Some recurrences for classification
@ Number of palindromes on the English alphabet:
Pn,=26P, o,n>2, Py =1, P; = 26 — linear homogeneous
recurrence of order two
@ Fibonacci sequence: F, = Fp_1 + Fn_o, Fp = F1 =1 —linear
homogeneous recurrence of order two
@ Factorials: f, = nf,_1
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Linear Recurrences Classification of some recurrences

Classification of some recurrences

Some recurrences for classification

@ Number of palindromes on the English alphabet:
Pn,=26P, o,n>2, Py =1, P; = 26 — linear homogeneous
recurrence of order two

@ Fibonacci sequence: F, = Fp_1 + Fn_o, Fp = F1 =1 —linear
homogeneous recurrence of order two

@ Factorials: f, = nf,_{ — non-linear homogeneous recurrence of
order one
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Linear Recurrences Classification of some recurrences

Classification of some recurrences (contd.)

Some recurrences for classification (contd.)

@ Derangements: D, =(n—1)Dp_1+(n—1)Dy_2; D1 =0, D> =1
or Dy =1, Dy = 0 — homogeneous recurrence of order two with
non-constant coefficients

@ Catalan numbers: C, = CoCp_1 + C1Cp2+...+ Cp_2Cqy +
Cn—1 C0
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Classification of some recurrences
Classification of some recurrences (contd.)

Some recurrences for classification (contd.)

@ Derangements: D, =(n—1)Dp_1+(n—1)Dy_2; D1 =0, D> =1
or Dy =1, Dy = 0 — homogeneous recurrence of order two with
non-constant coefficients

@ Catalan numbers: C, = CoCp_1 + C1Cp2+...+ Cp_2Cqy +
Cp—1Cy — non-linear recurrence

e DC: T, = TL%J +T[g] +cn+d

@
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Linear Recurrences Classification of some recurrences

Classification of some recurrences (contd.)

Some recurrences for classification (contd.)

@ Derangements: D, =(n—1)Dp_1+(n—1)Dy_2; D1 =0, D> =1
or Dy =1, Dy = 0 — homogeneous recurrence of order two with
non-constant coefficients

@ Catalan numbers: C, = CoCp_1 + C1Cp2+...+ Cp_2Cqy +
Cp—1Cy — non-linear recurrence

e DC: T, = TL%J 4 T[g] 4 cn 4+ d — linear recurrence, but not of
constant order
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Solving linear homogenous recurrences (LHR)

@ Form: Tho=a1Th1+aTpo+...+a-1Th ki1 +akThk, a #0

Th a a ... 0 ax.1 a Th—1
Th_1 1 0 ... 0 0 0 Tho
o : = |: :
Tn_k+2 O 0 e 1 0 O Tn_k+1
Tokit 0 0 ... 0 1 0] T
A

@

August 28, 2021 14/67
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Solving linear homogenous recurrences (LHR)

@ Form: Tp,=a1Tp_1+aTho+...+ a8k 1 Tnfk+1 + ak Th—k, 8k #0

[ Tn i a a ... 0 ax_1 ak Tn,1
Th_1 1 0 ... 0 0 0 Th_o
° : = |: :
Tn_k+2 O 0 e 1 0 O Tn_k+1
| Th—k41] o o0 ... 0 1 0 Th_k
A
_ Tn ] 7-n71
7-n71 7-n72
o : =A :
Tn—k+2 Tn—k+1
_Tn—k+1_ Tn—k

@

August 28, 2021 14/67
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Linear Recurrences Solving linear homogenous recurrences (LHR)

Solving linear homogenous recurrences (LHR)

@ Form: Tp,=a1Tp_1+aTho+...+ a8k 1 Tnfk+1 + ak Th—k, 8k #0

[ Th a a 0 ak—1 ak Th—1
° : =1: :
Thokt2 0 0 10 0 |Thokst
L Tn—k+1 1 0 0 0 1 0 Tn_ k
A
[T, Th—1 Thik—1 Th—1
Th—1 Th2 Thik—2 T2
° : =A : = : =A"|
Thoky2 Th—k41 Ths T
L Tn—k+1 1 Tn—k 7-n TO

@ Note that Ty, T, ..

Chittaranjan Mandal (lIT Kharagpur)

., Tx_1 are (constant) initial values

@ Also, matrix A s invertible: |A| = (—=1)"" a (as ax # 0)
@ So, A has rank k and has one or more basis of k linearly independent

@
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Solving linear homogenous recurrences (contd.)

@ Evaluating A" is computationally cumbersome
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Solving linear homogenous recurrences (contd.)

@ Evaluating A" is computationally cumbersome

@ Suppose A can be expressed as A= PDP~" where D is a diagonal
matrix (only diagonal elements non-zero)
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Solving linear homogenous recurrences (contd.)

@ Evaluating A" is computationally cumbersome

@ Suppose A can be expressed as A= PDP~" where D is a diagonal
matrix (only diagonal elements non-zero)

@ Then A" = (PDP~") (PDP~")...(PDP~') = PD"P~"

ntimes
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Linear Recurrences Solving linear homogenous recurrences (LHR)

Solving linear homogenous recurrences (contd.)

@ Evaluating A" is computationally cumbersome

@ Suppose A can be expressed as A= PDP~" where D is a diagonal
matrix (only diagonal elements non-zero)

@ Then A" = (PDP~') (PDP~1)...(PDP~') = PD"P~"

ntimes
AN 0 .00 A0 ... 0
0 X ... O 0 AN ... 0
e D= | . . ) | =D"=| . . . (nice property)
0 0 ... X 0 0 ... X\
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Linear Recurrences Solving linear homogenous recurrences (LHR)

Solving linear homogenous recurrences (contd.)

@ Evaluating A" is computationally cumbersome

@ Suppose A can be expressed as A= PDP~" where D is a diagonal
matrix (only diagonal elements non-zero)

@ Then A" = (PDP~') (PDP~1)...(PDP~') = PD"P~"

ntimes
AN 0 .00 A0 ... 0
0 X ... O 0 AN ... 0
e D= | . . ) | =D"=| . . . (nice property)
0 0 ... X 0 0 ... X\

@ How to find D?
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Solving linear homogenous recurrences (contd.)

@ Let ey, e,..., e be linearly independent eigen vectors of A (of rank k)
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Solving linear homogenous recurrences (contd.)

@ Let ey, e,..., e be linearly independent eigen vectors of A (of rank k)
@ Then Aex = Acex, where )i is the corresponding eigen value
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Solving linear homogenous recurrences (contd.)

@ Let ey, e,..., e be linearly independent eigen vectors of A (of rank k)
@ Then Aex = Acex, where )i is the corresponding eigen value

@ Define P=[e; e ... e (notethat|P|+# 0 as the vectors are
linearly independent)
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Solving linear homogenous recurrences (contd.)

@ Let ey, e,..., e be linearly independent eigen vectors of A (of rank k)
@ Then Aex = Acex, where )i is the corresponding eigen value

@ Define P=[e; e ... e (notethat|P|+# 0 as the vectors are
linearly independent)

A1 X282 ... AkBky

AMer2 A28 ... Ak€k2
@ Then AP = [/\161 o€ ... Akek] = .

M1k A28k ... Ak€rk
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Linear Recurrences Solving linear homogenous recurrences (LHR)

Solving linear homogenous recurrences (contd.)

@ Let ey, e,..., e be linearly independent eigen vectors of A (of rank k)
@ Then Aex = Acex, where )i is the corresponding eigen value

@ Define P=[e; e ... e (notethat|P|+# 0 as the vectors are
linearly independent)

A1 X282 ... AkBky
AMer2 A28 ... Ak€k2
@ Then AP = [/\161 o€ ... Akek] = .
M1k A28k ... Ak€rk
€11 €21 ... €K1 A 0 . 0
€12 €22 ... Ex2 0 X ... O
@ Now AP = {l. . . .|=PD
1k €2 ... Ekk 0 0 ... X
P D
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Linear Recurrences Solving linear homogenous recurrences (LHR)

Solving linear homogenous recurrences (contd.)

@ Let ey, e,..., e be linearly independent eigen vectors of A (of rank k)
@ Then Aex = Acex, where )i is the corresponding eigen value

@ Define P=[e; e ... e (notethat|P|+# 0 as the vectors are
linearly independent)

A1 X282 ... AkBky
AMer2 A28 ... Ak€k2
@ Then AP = [/\161 o€ ... Akek] = .
M1k A28k ... Ak€rk
€11 €21 ... €K1 A 0 . 0
€12 €22 ... Ex2 0 X ... O
@ Now AP = . . .| =PD
ek €2k ... Exk 0 0 ... X

P D
@ Thus A has been expressed as A = PDP~", but need to determine D @
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Solving linear homogenous recurrences (contd.)

@ Compute the eigenvalues of the matrix A by solving |A— X/| =0
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Solving linear homogenous recurrences (contd.)

@ Compute the eigenvalues of the matrix A by solving |A— X/| =0

a—A a& ... 0 ak_q ag
1 -2 ... 0 O 0
o =0
0 0 1 0
0 0 0 1 -
|[A=XI|
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Solving linear homogenous recurrences (contd.)

@ Compute the eigenvalues of the matrix A by solving |A— X/| =0

a—A a& ... 0 ak_q ag
1 -2 ... 0 O 0
o =0
0 0 1 0
0 0 0 1 -
|[A=XI|
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Solving linear homogenous recurrences (contd.)

@ Compute the eigenvalues of the matrix A by solving |A— X/| =0

a—A a& ... 0 ak_q ag

1 -2 ... 0 O 0
° : =0

0 0 1 0

0 0 0 1 -

|A— |

0 (a — (N1 —a (-2 ra(- k23— 4+ (-1 a =0
o (*)\)k + 61(*)\)1(71 — ag(*A)k72 +...4+ (*1 )"*1ak =0
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Solving linear homogenous recurrences (contd.)

@ Compute the eigenvalues of the matrix A by solving |A— X/| =0

a—A a& ... 0 ak_q ag
1 -2 ... 0 O 0
o =0
0 0 1 0
0 0 0 1 -
|[A=XI|

0 (a — (N1 —a (-2 ra(- k23— 4+ (-1 a =0
o (*)\)k + 31(*)\)1(71 — ag(*A)k72 +...4+ (*1 )"*1ak =0
[+ )\k—a1)\k_‘ —32)\’(_2—...—3;(:0

characteristic polynomial xa(\)
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Solving linear homogenous recurrences (contd.)

@ Compute the eigenvalues of the matrix A by solving |A— X/| =0

a—A a& ... 0 ak_q ag
1 -2 ... 0 O 0
o =0
0 0 1 0
0 0 0 1 -
|[A=XI|

0 (a — (N1 —a (-2 ra(- k23— 4+ (-1 a =0
o (*)\)k + 31(*)\)1(71 — ag(*A)k72 +...4+ (*1 )"*1ak =0
[+ )\k—a1)\k_‘ —32)\’(_2—...—3;(:0

characteristic polynomial xa(\)

@ Roots of x4()) are the eigen values of A @
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Solving linear homogenous recurrences (LHR)
Solving linear homogenous recurrences (contd.)

Thik Tk—1
T n: . )\?611 /\2621 . )\26/(1 Tk »
k= )\?612 )\gegz .. )\Qekg N
: 1
° = . ) . © | where
Thid ' : ' ' T
Ae e ... Me
Tn 1C1k 2 G2k k Ckk TO
PD"
Ar=(PD)P—1
1
€11 61 ... €k diy  doy ... g
] 2 €2 ... &k diz O ... dk
P~ = =1 . . . .| (say)
€1k €% ... Ekk ik ok ... Ok

@
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Solving linear homogenous recurrences (LHR)
Solving linear homogenous recurrences (contd.)

Thik Tk—1
T n: . )\?611 /\2621 . )\26/(1 Tk »
k= )\?612 )\gegz .. )\Qekg N
: 1
° = . ) . © | where
Thid ' : ' ' T
Ae e ... Me
Tn 1C1k 2 G2k k Ckk TO
PD"
Ar=(PD)P—1
1
€11 61 ... €k diy  doy ... g
] 2 €2 ... &k diz O ... dk
P=t=1. . . . =1 . . (say)
€1k €% ... Ekk ik ok ... Ok

@ Thus, T, will be a linear combination of A7, 1 <7 < k

@
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Solving linear homogenous recurrences (LHR)
Solving linear homogenous recurrences (contd.)

Thik Tk—1
T n: . )\?611 /\2621 . )\26/(1 Tk »
k= )\?612 )\gegz .. )\Qekg N
: 1
° = . ) . © | where
Thid ' : ' ' T
Ae e ... Me
Tn 1C1k 2 G2k k Ckk TO
PD"
Ar=(PD)P—1
1
€11 61 ... €k diy  doy ... g
] 2 €2 ... &k diz O ... dk
P=t=1. . . . =1 . . (say)
€1k €% ... Ekk ik ok ... Ok

@ Thus, T, will be a linear combination of A7, 1 <7 < k

] (e1kdit) + AJ (eaxli2) + ... + AL (exkdik)] Tkt +
@ T, =[N (e1kOe1) + A\] (€ bo2) + ... + A (€kkCok)] Tk + ... +
[)\q7 (e1kdk1) + /\é7 (ezkdkg) + ...+ )\Z (ekkdkk)] To @
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Combining satisfying sequences of LHRs

@ It's important to compute the roots of the characteristic equation!
@ Note that \" satisfies the recurrence

@ We shall use this observation to derive the solution without computing
the eigen vectors

@ If sequences p(n) and g(n) are both satisfy the LHR
Tn=a1To-1+aTp2+...+akThk then r(n) = bp(n) + cq(n) is also
satisfies the LHR for all b,c € R
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Combining satisfying sequences of LHRs
@ It's important to compute the roots of the characteristic equation!
@ Note that \" satisfies the recurrence
@ We shall use this observation to derive the solution without computing
the eigen vectors

@ If sequences p(n) and g(n) are both satisfy the LHR
Tn=a1To-1+aTp2+...+akThk then r(n) = bp(n) + cq(n) is also
satisfies the LHR for all b,c € R

@ r(n) = bp(n) + cq(n) — prove by substitution
=b(aip(n—1)+ap(n—2)+... + ap(n—k))+
claig(n—1)+ aq(n—2) + ...+ akq(n— k))

v

==

Chittaranjan Mandal (IIT Kharagpur) Algorithms August 28, 2021 19/67




Combining satisfying sequences of LHRs
@ It's important to compute the roots of the characteristic equation!
@ Note that \" satisfies the recurrence
@ We shall use this observation to derive the solution without computing
the eigen vectors

@ If sequences p(n) and g(n) are both satisfy the LHR
Tn=a1To-1+aTp2+...+akThk then r(n) = bp(n) + cq(n) is also
satisfies the LHR for all b,c € R

@ r(n) = bp(n) + cq(n) — prove by substitution
=b(aip(n—1)+ap(n—2)+... + ap(n—k))+
claig(n—1)+ aq(n—2)+ ...+ akg(n — k))
= ay(bp(n—1) + cq(n— 1)) + ax(bp(n - 2) + cq(n - 2))
+...+ao(bp(n— k) + cq(n— k))

v

==
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Combining satisfying sequences of LHRs
@ It's important to compute the roots of the characteristic equation!
@ Note that \" satisfies the recurrence
@ We shall use this observation to derive the solution without computing
the eigen vectors

@ If sequences p(n) and g(n) are both satisfy the LHR
Tn=a1To-1+aTp2+...+akThk then r(n) = bp(n) + cq(n) is also
satisfies the LHR for all b,c € R

@ r(n) = bp(n) + cq(n) — prove by substitution
=b(aip(n—1)+ap(n—2)+... + ap(n—k))+
claig(n—1)+ aq(n—2) + ...+ akq(n— k))
= a(bp(n — 1) + cq(n — 1)) + ax(bp(n — 2) + cq(n — 2))
+...+ao(bp(n— k) + cq(n— k))
=air(n—1)+ar(n—2)+ ...+ axr(n— k)

v

==
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Combining satisfying sequences of LHRs
@ It's important to compute the roots of the characteristic equation!
@ Note that \" satisfies the recurrence
@ We shall use this observation to derive the solution without computing
the eigen vectors

@ If sequences p(n) and g(n) are both satisfy the LHR
Tn=a1To-1+aTp2+...+akThk then r(n) = bp(n) + cq(n) is also
satisfies the LHR for all b,c € R

@ r(n) = bp(n) + cq(n) — prove by substitution
=b(aip(n—1)+ap(n—2)+... + ap(n—k))+
claig(n—1)+ aq(n—2) + ...+ akq(n— k))
= a(bp(n — 1) + cq(n — 1)) + ax(bp(n — 2) + cq(n — 2))
+...+ao(bp(n— k) + cq(n— k))
=air(n—1)+ar(n—2)+ ...+ axr(n— k)

v

==

@ From now p will denote the roots instead of A
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Testing and combining sequences

Example (A recurrence of order 2)
Consider F, = F,_1 + Fp_o

1++5
2

n
@ Does T, = ( ) satisfy this recurrence?

v
PN
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Testing and combining sequences

Example (A recurrence of order 2)
Consider F, = F,_1 + Fp_o

11v5\"
@ Does T, = ( +2 ) satisfy this recurrence?
n n—1 n—2
1 5 1 5 1 5
LHS:( +2f> ’RHS:< +2f> +< +2f)

v
PN
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Testing and combining sequences

Example (A recurrence of order 2)
Consider F, = F,_1 + Fp_o

1++5
2

1+v5\" 1+v5\" [(1+v5\"
o () e () (05

_1+£n4
N 2

n
@ Does T, = ( ) satisfy this recurrence?

S

v
PN
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Testing and combining sequences

Example (A recurrence of order 2)
Consider F, = F,_1 + Fp_o

1++5
2

@ Does T, = (

o 5
e
(5 ,,;

Chittaranjan Mandal (IIT Kharagpur) Algorithms August 28, 2021 20/67

n
) satisfy this recurrence?
-2
<1+\f > ( +\/5)n
+
2
1] _

1+2\f+5 <1+\/5>n
2

)
°) 1
“)




Combining satisfying sequences of LHRs
Testing and combining sequences (contd.)
Example (A recurrence of order 2 (contd.))

Consider F, = Fr_1 + Fpo

1- V6
2

n
@ Does F, = ( ) satisfy this recurrence?

v
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Combining satisfying sequences of LHRs
Testing and combining sequences (contd.)

Example (A recurrence of order 2 (contd.))
Consider F, = Fp_1 + Fr_»

1-5\"

5 ) satisfy this recurrence?

1_\/5n 1_\/5 n—1 1_\/5 n-2
oo (158 e (1) 15

@ Does F, = (

v
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Combining satisfying sequences of LHRs
Testing and combining sequences (contd.)

Example (A recurrence of order 2 (contd.))
Consider F, = Fp_1 + Fr_»

1-5\"

5 ) satisfy this recurrence?
n n—1 n—2
1—-+/5 1—-+/5 1—-+/5
LHS= ( 2\[> , RHS= ( 2\[> I ( 2f>

(1-vB\"[1- V5
() )

@ Does F, = (

v
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Combining satisfying sequences of LHRs
Testing and combining sequences (contd.)

Example (A recurrence of order 2 (contd.))
Consider F, = Fp_1 + Fr_»

1- V6

n
5 ) satisfy this recurrence?

n—1 n-2
- (156) e ( =) (")

()
() e 59

2 2

@ Fh=cy <1+2\£> +02<

Chittaranjan Mandal (IIT Kharagpur) Algorithms August 28, 2021 21/67

@ Does F, = (

n
) will be a solution to the LHR




Testing and combining sequences (contd.)

Example (A recurrence of order 2 (contd.))
@ Determine ¢y and ¢, so that Fp =0, F =1
@ ci+c=0,s0c1 =—c[forn=0]

c <1+\/§> + ¢ (1 _2\@) = ¢1v/5 =1 [for n = 1]

@ C = and ¢ = —

1
V5

Sl
a1 V)
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Testing and combining sequences (contd.)

Example (A recurrence of order 2 (contd.))
@ Determine ¢y and ¢, so that Fp =0, F =1
@ ci+¢ =0,s0c =—c[for n=0]

e <1 +2\@> + 0 (1 _2\@) = ¢1v/5 =1 [for n = 1]

@ = Ll and ¢, = 1
@ What if Fp = 0 and F> = 1 had been provided instead?
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Testing and combining sequences (contd.)

Example (Another recurrence of order 2)
Consider T, = 2aT,_1 — & Th_»
@ Does T, = a" satisfy this recurrence?
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Testing and combining sequences (contd.)

Example (Another recurrence of order 2)
Consider T, = 2aT,_1 — & Th_»
@ Does T, = a" satisfy this recurrence?
@ LHS= 2", RHS=2aa" ' — 823" 2 = &"
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Testing and combining sequences (contd.)

Example (Another recurrence of order 2)
Consider T, = 2aT,_1 — & Th_»
@ Does T, = a" satisfy this recurrence?
@ LHS= a", RHS=2aa" ' — g2a" 2 = &"
@ Does T, = na" satisfy this recurrence?
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Testing and combining sequences (contd.)

Example (Another recurrence of order 2)
Consider T, = 2aT,_1 — & Th_»
@ Does T, = a" satisfy this recurrence?
LHS= &, RHS= 2aa™ ! — 225" 2 = g"
Does T, = na" satisfy this recurrence?
LHS= na", RHS= 2ana" ' — a°na" 2 = na"
T, = ¢1@" + cona” will be the solution
¢1 and ¢, can be determined from the initial conditions
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Master theorem (MT) for LHRs
Theorem (Master theorem (MT) for LHRS)

@ Consider the LHR with constant coefficients ag, a, . . . , ax_1

Th=a1Th_1+aTno+...+akTh_k (41)

v
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Master theorem (MT) for LHRs
Theorem (Master theorem (MT) for LHRS)

@ Consider the LHR with constant coefficients ag, a, . . . , ax_1
Th=aiTp1+aTy2+...+akThk (4.1)
@ [ts characteristic polynomial has k roots (some may have multiplicity):

XA(X) :Xk—¢’:1-|Xk_lI —agxk_z— ... — ag (4.2)

v
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Master theorem (MT) for LHRs
Theorem (Master theorem (MT) for LHRS)

@ Consider the LHR with constant coefficients ag, a, . . . , ax_1
Th=a1Th_1+aTno+...+akTh_k (41)

@ [ts characteristic polynomial has k roots (some may have multiplicity):

1

XA(X) :xk—a1xk_ —agxk_z— ... — ag (4.2)

@ Let the roots be py with multiplicity my, po with multiplicity mo, .. ., p; with
multiplicity m;, so thatmy +me + ...+ m; = k

v
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Master theorem (MT) for LHRs
Theorem (Master theorem (MT) for LHRS)

@ Consider the LHR with constant coefficients ag, a, . . . , ax_1
Th=a1Th_1+aTno+...+akTh_k (41)

@ [ts characteristic polynomial has k roots (some may have multiplicity):

XA(X):XK—{:th_1 —agxk_z—...—ak (4.2)
@ Let the roots be p1 with multiplicity my, po with multiplicity mo, .. ., p; with
multiplicity m;, so that my + mp + . + my =k
m,—1

@ Recurrence 4.1 is satisfied by T, = Z Z c,p? (c,, being constants)
=0

@ Elaborated as: T, = (Cio+ C1aN+ ...+ Cim—_1n™=1 ) pl+

Coo+ CoN+ ...+ Com_1n™ 1 ) pl+ ..+

Cto+ CtaN+ ...+ Com—1n™" ) Pt

v
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Some applications of MT for LHRs
Some applications of MT for LHRs

Example
o Tn — aTn_‘]
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Some applications of MT for LHRs
Some applications of MT for LHRs

Example
@ Th=al, XA(X) =x—a=0,c= To, Th = Toa"'
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Some applications of MT for LHRs
Some applications of MT for LHRs

Example
@ Th=al, 1, xa(x)=x—a=0,c=Ty, T, = Tod"
@ Pp=26P, 5, xa(X)=x%>—-26=0, {p} : +V/26,
Pn = 01(\/%)n o CQ(-\/%)”
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Some applications of MT for LHRs

Example
° Tn: aTnfh XA(X) :X_azog Cc= TO, Tn: Toa”
@ Pp=26P, 5, xa(X)=x%>—-26=0, {p} : +V/26,
Pn = c1(v26)" + c2(—Vv/26)"
1+ 26 1-26
2 )

Using Pp =1 and Py = 26, ¢ = Co = 5
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Some applications of MT for LHRs

Example
@ Th=aTp_1,xax)=x—a=0,c=Ty, Th= Tha"
@ Pp=26P, 5, xa(X)=x%>—-26=0, {p} : +V/26,
Pn = 01(\/%)n + 02(_\/%)'7
1+26 1-26

Using Pp =1 and Py = 26, ¢ = 5 , Co = 5
1 26 1—+v26
P,,:( +2F>(@)n+< f)(—m)n
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Some applications of MT for LHRs
Some applications of MT for LHRs (contd.)

Example

o Fn:Fn_1+Fn_2,X(X):X2—X—1:0
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Some applications of MT for LHRs
Some applications of MT for LHRs (contd.)

Example

() Fn:Fn_1+Fn_2,X(X):X2—X—1:0,p1:
145

po =~ Fn = 019 + 020}
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Some applications of MT for LHRs
Some applications of MT for LHRs (contd.)

Example
1 5
© Fn="Fn1+Frox(X)=x*—x-1=0,p1 = +2\/—’
1-V5
P2:Tan:C1P?+CZPI27

Using Fp=0and F{ =1, ¢y =

&l

1
—, C
NCG
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Some applications of MT for LHRs
Some applications of MT for LHRs (contd.)

Example
1 5
°Fn:Fn—1+Fn_2,X(X):X2—X—1:O,p1: +2f,
1- 5
PZZT,Fn:Qp?—i-Cng
1 1
Using p=0and F{=1,¢ci= —,C0= ———
g o 1 1 NG > NG
F_ [(1xvB)"_(1=v5)"
n—\/g 2 2

@
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LHR master theorem proof

@ As xa(x) = xK —a;xk" —axk=2 — ... —a, =0hasasaroot p
with multiplicity m, we may express xa(x) as
Xa(X) = (x = p)"u(x), u(x) #0 (6.1)

@ xa(x) (in eq 6.1) may be differentiated repeatedly
© X4(x) = m(x — p)™ " u(x) + (x — p)™i (x)

Chittaranjan Mandal (IIT Kharagpur) Algorithms August 28, 2021 27/67



LHR master theorem proof

@ As xa(x) = xK —a;xk" —axk=2 — ... —a, =0hasasaroot p
with multiplicity m, we may express xa(x) as
Xa(X) = (x = p)"u(x), u(x) #0 (6.1)

@ xa(x) (in eq 6.1) may be differentiated repeatedly
© Xu(X) = m(x — p)™ u(x) + (x = p)™1! (x), Xa(p) = O
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LHR master theorem proof

@ As xa(x) = xK —a;xk" —axk=2 — ... —a, =0hasasaroot p
with multiplicity m, we may express xa(x) as
Xa(X) = (x = p)"u(x), u(x) #0 (6.1)

@ xa(x) (in eq 6.1) may be differentiated repeatedly

© Xu(X) = m(x — p)™ u(x) + (x = p)™1! (x), Xa(p) = O

o Likewise, v4(p) = ... = x\" (p) =0

@ Now, for n > k we have by multiplying x4(x) [eq 4.2] by x"—*:

n—k

x"Kxa(x) = x" — a;x"1

— agx”_Z — .= aan_k (6.2)
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LHR master theorem proof

@ As xa(x) = xK —a;xk" —axk=2 — ... —a, =0hasasaroot p
with multiplicity m, we may express xa(x) as
Xa(x) = (x = p)"u(x), p(x) #0 (6.1)

@ xa(x) (in eq 6.1) may be differentiated repeatedly

© Xa(x) = m(x — p)™ " pu(x) + (x = p)"1 (x), Xa(p) = O
o Likewise, v4(p) = ... = x\" (p) =0
@ Now, for n > k we have by multiplying x4(x) [eq 4.2] by x"—*:

n 1 2

X"Kxa(x) = x" —aix"N —apx"? — . — gpx"K (6.2)

@ On differentiating eq 6.2 wrt x and then multiplying with x, we get:
(n—= k)X Kxa(x) + X" (x) =
nx" — a;(n—1)x"1 — apy(n—2)x" 1 — ... —a(n—Kkx"k &
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LHR master theorem proof (contd.)

@ Differentiating again wrt x and then multiplying with x, we get:
(N=K)PPX" X a() +[(n=K)+(n—k+1)]X" KX () + XK\ (x) =
(1 — K)PX"Hxa(X) + (20 — 2k + 1)x" Ky, (x) + XK+ (x) =
mPx" —a;(n—1)2x""1 — ax(n —2)°x"2 — ... — ax(n — k)?x"k

@ Repeating this process of differentiating wrt x and then multiplying
by x, s times we get:

R ()XA() + HEONAX) + ..+ B (x) =

nSx" —ap(n—1)Sx"1 — ap(n —2)Sx"2 — ... — ag(n — k)Sx"K,
where fy, ..., fs, are all polynomials in x
@ Now, substituting x = p and knowing that
Xa(p) = Xalp) = ... = x$(p) = 0, we get
nSp" —ay(n—1)$p" 1 —ap(n—2)%p"2 — ... —ak(n—k)Sp" K =0
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LHR master theorem proof (contd.)

@ This establishes that T, = n®p"”, s=0,...,m— 1, mbeing the
multiplicity of p, satisfies eq 4.1 [LHR]
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LHR master theorem proof (contd.)

@ This establishes that T, = n®p"”, s=0,...,m— 1, mbeing the
multiplicity of p, satisfies eq 4.1 [LHR]

@ Let there t distinct roots with multiplicities my, mo, ..., m;
@ So does any linear combination of n*pf, sy = 0,...,my — 1,
n%2py, 8= 0,....mp—1,..., n%p! 5= 0,....,m — 1

@ Values of the coeefficients may be derived from the initial
conditions
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LHR master theorem proof (contd.)

@ The initial conditions Ty, T1,. .., Tx_1

may be equated with the solutions
t m—1

obtained as: wp = > > ¢,np),
1=1 3=0
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LHR master theorem proof (contd.)

@ The initial conditions Ty, T1,. .., Tx_1
may be equated with the solutions
t m—1
obtained as: wp = > > ¢,np),
1=1 5=0
@ Leads to a system of linear equations
for the t distinct roots with
multiplicities my, Mo, ... Mg
m,—1

E Z Cljn]pz = TO

S% Gyl - T

t

Z Z CUanf = Tk @

n=k—1
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LHR master theorem proof (contd.)

@ The initial conditions Ty, T1,. .., Tx_1 @ For the coefficient
may be equated with the solutions matrix for this system of
. t m-1 linear equations
obtained as: wp = > > ¢,np), ! quatl
=1 =0 @ Number of rows: k
@ Leads to a system of linear equations @ Number of columns on
for the t distinct roots with the LHS:
muItipIicities my, Mo, ..., M m+me+...+m=Kk
m,—1 . . .
E Z cympl — T ° The cpefﬁment matrix is
0 invertible, so the
t mH constants can be
> 2 Cylp] = T uniquely determined
=1 7=0 n—1
i mi1 n T
Cylp = Tk
1 =1 y=0 N ’ ne—K—1 @
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More applications of MT for LHRs
More applications of MT for LHRs

Example

Consider T, =2T,_1+ Tpo — 2T, 3With Tg =0, T4 =1, T, =2
@ Characteristic equation: x(x) = x3 —2x?> — x +2 =0,
@ x(x)=(x—1)(x+1)(x —2) = 0; form of general solution is:

v

Chittaranjan Mandal (IIT Kharagpur) Algorithms August 28, 2021 31/67




More applications of MT for LHRs
More applications of MT for LHRs

Example

Consider T, =2T,_1+ Tpo — 2T, 3With Tg =0, T4 =1, T, =2
@ Characteristic equation: x(x) = x3 —2x?> — x +2 =0,
@ x(x)=(x—1)(x+1)(x —2) = 0; form of general solution is:
@ T,=0c2"+ c1(—1)" + cp; applying initial conditions we get:

v
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More applications of MT for LHRs
More applications of MT for LHRs

Example

Consider T, =2T,_1+ Tpo — 2T, 3With Tg =0, T4 =1, T, =2
@ Characteristic equation: x(x) = x3 —2x?> — x +2 =0,
@ x(x)=(x—1)(x+1)(x —2) = 0; form of general solution is:
@ T,=0c2"+ c1(—1)" + cp; applying initial conditions we get:

@c+tCci+cg=0,200—ci+cp=1,4c0+cCci+cp=2

2 1 1 .
it =—=,C0=—=,S0 Tpis:

=73 6 2
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More applications of MT for LHRs
More applications of MT for LHRs

Example

Consider T, =2T,_1+ Tpo — 2T, 3With Tg =0, T4 =1, T, =2
@ Characteristic equation: x(x) = x3 —2x?> — x +2 =0,
@ x(x)=(x—1)(x+1)(x —2) = 0; form of general solution is:
@ T,=0c2"+ c1(—1)" + cp; applying initial conditions we get:
@c+tCci+cg=0,200—ci+cp=1,4c0+cCci+cp=2

oc—gc—1 —1SOTiS'
2_3’1__6’00__2, n 1S
2 1 1 2ntt (—1)’”r1 1
Tn==2"— —(—1)"— = = - =
e T, 3 6( ) 5 3 + 5 2,VneNo

v

@
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example
Consider T, = Tp_1 +4T,_3wWith Tg =0, T1 =1, T, =2
@ Characteristic equation: x(x) = x3 — x> —4 =0,

o x(x) = (X B)(X2 + x+2) =0, {p} :
PO = 27P1 = _1—;Z\ﬁ7p2 = _1_2“ﬁ

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example

Consider Tp = Tp—1 + 4T3 With To=0,T1 =1, T, =2
@ Characteristic equation: x(x) = x3 — x2 —4 =0,
o x(x)=(x=3)(x* +x+2) =0, {p}:

PO = 27P1 = _1—;Z\ﬁ7p§ = _1_2“ﬁ i
w7 1 4w/T7
e Tp,= Co (22\/>> + Cq <—;,L\/>> = 002n

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example
Consider Tp =Ty, 1 +4T, 3wWith Tp=0,T1 =1, T, =2

@ Characteristic equation: x(x) = x3 — x> —4 =0,
0 x(X)=(x=3)(x*+x+2)=0, {p}:

Po:2,p1:_1%ﬁvpﬁf_1 T i
o Th=c0o <_1_2Mﬁ> + ¢ <_12“ﬁ> 1 2"
@ Co+Ci+6C=0, 02_1 ;Zﬁ+c1_1 _zlﬁ+2co_1,

C _Szlﬁ + ¢ _3_22\5+4co = 2, applying initial conditions
@ Co=— 16f<3f+1) —W@\f ) g

V.
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example
Consider Tp =Ty, 1 +4T, 3wWith Tp=0,T1 =1, T, =2

@ Characteristic equation: x(x) = x3 — x> —4 =0,
0 x(X)=(x=3)(x*+x+2)=0, {p}:

Po:2,p1:_1%ﬁvpﬁf_1 T i
o Th=c0o <_1_2Mﬁ> + ¢ <_12“ﬁ> 1 2"
@ Co+Ci+6C=0, 02_1 ;Zﬁ+c1_1 _zlﬁ+2co_1,

C =3 ;Zﬁ + ¢ =3 _zzﬁ + 4¢y = 2, applying initial conditions
° = _W (38v7+1) e _W (38v7-1) . g

@ Th=copy + C1p] + c2pg, Vn € Ny

V.
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Strings with no consecutive vowels {a, e, i, 0, u}) (NCV))

How many NCV strings (Sy,) of n characters over the alphabet {a, b, ...,z}?
@ Let V, be the number of NCVs of length n ending in a vowel
@ Let C, be the number of NCVs of length n ending in a consonant
@ S,=V,+C,,

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Strings with no consecutive vowels {a, e, i, 0, u}) (NCV))

How many NCV strings (Sy,) of n characters over the alphabet {a, b, ...,z}?
@ Let V, be the number of NCVs of length n ending in a vowel
@ Let C, be the number of NCVs of length n ending in a consonant
@ S, =Vy+ Cp, Vi1 =5C,,

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Strings with no consecutive vowels {a, e, i, 0, u}) (NCV))

How many NCV strings (Sy,) of n characters over the alphabet {a, b, ...,z}?
@ Let V, be the number of NCVs of length n ending in a vowel
@ Let C, be the number of NCVs of length n ending in a consonant
@ S, =V,+ Cp, Vi1 =5C,, Crp1 =21(V, + Cp)

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Strings with no consecutive vowels {a, e, i, 0, u}) (NCV))
How many NCV strings (Sy,) of n characters over the alphabet {a, b, ...,z}?
@ Let V, be the number of NCVs of length n ending in a vowel
@ Let C, be the number of NCVs of length n ending in a consonant
@ S, =V,+ Cp, Vi1 =5C,, Crp1 =21(V, + Cp)
@ Cpio=21(Vpi1 + Cpy1) =21(5C, + Cpiq) = 21Che1 +105C,

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Strings with no consecutive vowels {a, e, i, 0, u}) (NCV))
How many NCV strings (Sy,) of n characters over the alphabet {a, b, ...,z}?
@ Let V, be the number of NCVs of length n ending in a vowel
@ Let C, be the number of NCVs of length n ending in a consonant
@ S, =V,+ Cp, Vi1 =5C,, Crp1 =21(V, + Cp)
@ Cpio=21(Vpi1 + Cpy1) =21(5C, + Cpiq) = 21Che1 +105C,
@ C,=21C, 1 +105C, 2 — x(x) = x> —21x - 105 =0

oy =11 (214 vE87)}, € =21,0=1,C, = 546
2

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Strings with no consecutive vowels {a, e, i, 0, u}) (NCV))
How many NCV strings (Sy,) of n characters over the alphabet {a, b, ...,z}?
@ Let V, be the number of NCVs of length n ending in a vowel
@ Let C, be the number of NCVs of length n ending in a consonant
@ S, =V,+ Cp, Vi1 =5C,, Crp1 =21(V, + Cp)
@ Cpio=21(Vpi1 + Cpy1) =21(5C, + Cpiq) = 21Che1 +105C,
@ C,=21C, 1 +105C, 2 — x(x) = x> —21x - 105 =0

oy =11 (214 vE87)}, € =21,0=1,C, = 546
2

Vi =5, Vp =0, C_{ =0-inconsistency between Cy and V;

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Strings with no consecutive vowels {a, e, i, 0, u}) (NCV))

How many NCV strings (Sy,) of n characters over the alphabet {a, b, ...,z}?

@ Let V, be the number of NCVs of length n ending in a vowel

Let C, be the number of NCVs of length n ending in a consonant
Sn=Vo+ Cp, Vi1 =5C;, Crp1 =21(Va + Cp)

Cni2 =21 (Vps1 + Cpi1) = 21(5C, + Cpy1) = 21Cp41 + 105C,
Ch=21Cp_1+105C, 2 — x(x) =x2 —21x —105=0

oy =11 (214 vE87)}, € =21,0=1,C, = 546
2

Vi =5, Vp =0, C_{ =0-inconsistency between Cy and V;
n n
°C,= 214+/861 (21+\/861) 4 =214/B61 (21—x/861)

~ 2861 2 2./861 2

v

Chittaranjan Mandal (IIT Kharagpur) Algorithms August 28, 2021

33/67



More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Strings with no consecutive vowels {a, e, i, 0, u}) (NCV))
How many NCV strings (Sy,) of n characters over the alphabet {a, b, ...,z}?

Let V, be the number of NCVs of length n ending in a vowel

Let C, be the number of NCVs of length n ending in a consonant

Sn = Vn aF Cn, Vn+1 = SCn, CrH:] = 21(Vn T Cn)
Cn+2 = 21(Vn+1 + Cn+1) = 21 (5Cn + Cn+1) = 21 Cn+1 + 105Cn
Ch=21Cp_1+105C, 2 — x(x) =x2 —21x —105=0

oy =11 (214 vE87)}, € =21,0=1,C, = 546
2

Vi =5, Vp =0, C_{ =0-inconsistency between Cy and V;

2./861 2 2./861 2

@ C, — 21+VEs (21+\/861)n+ —214 /861 (21—\/861)"

(*] Sn:Cn+ Vn:Cn+50n71,S2:651,s1 :26, 80:1

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Strings with no consecutive vowels {a, e, i, 0, u}) (NCV))
How many NCV strings (Sy,) of n characters over the alphabet {a, b, . . .,

Let V, be the number of NCVs of length n ending in a vowel

Let C, be the number of NCVs of length n ending in a consonant

Sn = Vn+ Cn, Vn+1 = SCn, CrH:] = 21(Vn+ Cn)

Cn+2 = 21(Vn+1 + Cn+1) = 21 (5Cn + Cn+1) = 21 Cn+1 + 105Cn
Ch=21Cp_1+105C, 2 — x(x) =x2 —21x —105=0
{p}—{ <21i\/86)},01:21,0021,02:546

Vi =5, Vp =0, C_{ =0-inconsistency between Cy and V;
C, = 21+ve6l (21+\/ﬁ>"+ —21+/861 (21—@)"

2v861 2 21/861 2
Sn:Cn+ Vn:Cn+50n 1,82:651 81:26 80:1

S, — 378+13861 (21+\/86) 1+ —378+13+/861 (21 \/86)
- /861 V861

z}?

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Number of NCVs for the English alphabet (contd.))
(*) Tn:2Tn_1 —4Tn_2+8Tn_3, n>3, To = 1,T1 = 1,T2 =1

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Number of NCVs for the English alphabet (contd.))
o Tn:2Tn_1 —4Tn_2+8Tn_3, n23, To = 1,T1 = 1,T2 =1
@ x(x)=x%-2x2+4x - 8= (x—-2)(x>+4) =0,

{p} ={2, 20,20} Ty = 12" + c2(21)" + c3(—22)"

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Number of NCVs for the English alphabet (contd.))
(*) Tn:2Tn_1 —4Tn_2+8Tn_3, n>3, To = 1,T1 = 1,T2 =1
@ x(x)=x%-2x2+4x - 8= (x—-2)(x>+4) =0,

{p} =1{2,21,—21} T = 12" + c2(2:)" + c3(—22)"
@ Using the initial conditions we get:
e ag=1:024+0c(20)° +c3(-20)° =¢ci + o+ 3 =1
0 a=1:¢2"+c(20)" + c3(—21)" =261 + 2100 — 2163 =0
@ & =1:0122+c(20)° + c3(—21)2 = 4c1 —4Co + 403 = 1

v
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More applications of MT for LHRs
Some application of MT for LHRs (contd.)

Example (Number of NCVs for the English alphabet (contd.))
(*) Tn:2Tn_1 —4Tn_2+8Tn_3, n>3, To = 1,T1 = 1,T2 =1
@ x(x)=x3-2x2 +4x-8=(x-2)(x2+4)=0

{p} =1{2,21,—21} T = 12" + c2(2:)" + c3(—22)"
@ Using the initial conditions we get:
@ ay=1:012°+ c(21)° + c3(—22)°

=Cci+eCc+c=1
e a1 =1: C121 aF 02(22)1 ( 2)1 =2¢1 + 2100 —21c3 =0
e a»=1: C122 + 02(21)2 ( Z)2 =4ci —4c +4c3 =1

® C1=3,00= 15 +175:03 = 15 — 175
1
© Th=32"+ (& +175) (20" + (5 — 1) (—20)"

v

@
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Linear non-homogeneous recurrences

Section outline

@ LNHR examples
@ Solving LNHRs via LHRs

9 Linear non-homogeneous and a particular solution

recurrences
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LNHR examples

Example (Strings with vowels in consecutive positions)

How many strings are there of length n over the alphabet {a, b, ..., z},
in which two vowels occur in some consecutive positions?

@ The string can start with a consonant, in that case we would only

be interested in a string of length n — 1 containing two consecutive
vowels to follow, contribution
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LNHR examples

Example (Strings with vowels in consecutive positions)

How many strings are there of length n over the alphabet {a, b, ..., z},
in which two vowels occur in some consecutive positions?

@ The string can start with a consonant, in that case we would only
be interested in a string of length n — 1 containing two consecutive
vowels to follow, contribution (26 —5)T,,_1 =21T,_1

@ The string can start with vowel followed by a consonant, in that
case we would only be interested in a string of length n — 2
containing two consecutive vowels to follow, contribution

v
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LNHR examples

Example (Strings with vowels in consecutive positions)

How many strings are there of length n over the alphabet {a, b, ..., z},
in which two vowels occur in some consecutive positions?

@ The string can start with a consonant, in that case we would only
be interested in a string of length n — 1 containing two consecutive
vowels to follow, contribution (26 —5)T,,_1 =21T,_1

@ The string can start with vowel followed by a consonant, in that
case we would only be interested in a string of length n — 2

containing two consecutive vowels to follow, contribution
5(21 Tn_2)

v
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LNHR examples

Example (Strings with vowels in consecutive positions)

How many strings are there of length n over the alphabet {a, b, ..., z},
in which two vowels occur in some consecutive positions?

@ The string can start with a consonant, in that case we would only
be interested in a string of length n — 1 containing two consecutive
vowels to follow, contribution (26 —5)T,,_1 =21T,_1

@ The string can start with vowel followed by a consonant, in that
case we would only be interested in a string of length n — 2
containing two consecutive vowels to follow, contribution
5(21T,-2)

@ The string can start with two vowels, in that case the follwing
string of length n — 2 is unrestricted, contribution
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LNHR examples

Example (Strings with vowels in consecutive positions)

How many strings are there of length n over the alphabet {a, b, ..., z},
in which two vowels occur in some consecutive positions?

@ The string can start with a consonant, in that case we would only
be interested in a string of length n — 1 containing two consecutive
vowels to follow, contribution (26 —5)T,,_1 =21T,_1

@ The string can start with vowel followed by a consonant, in that
case we would only be interested in a string of length n — 2
containing two consecutive vowels to follow, contribution
5(21 Tn_2)

@ The string can start with two vowels, in that case the follwing
string of length n — 2 is unrestricted, contribution 5 - 5 - 26" 2

@ T,=21T,_1 +105T,_o + 25 - 26" 2 — LNHR of order 2
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LNHR example (contd.)

Example (Strings with vowels in consecutive positions (contd.))

Converting to LHR
@ T,=21T,_1+105T,,_o + 25 .26" 2
@ T,_1=21T,_»+105T,_3 +25.26"3
. 26T,_1=21-26T,_»+105-26T,_3 + 25 - 26"2, subtracting,
© T,—47T, {—441T, »—105T, 3, To=0,T; =0, T = 25
@ x(x) = x® — 47x? + 441x + 2730 = 0 — this is an LHR
@ Note that x(26) = 0, so x(x) = (x — 26)p(x)
@ Dividing x(x) by x — 26, p(x) = x> — 21x — 105, so
x(X) = (x — 26) (x® — 21x — 105)

A trick solution utilising T, + S, = 26"

_ 314861 (21+v861)"  —314v861 (21—v861 )"
So, Ty = 26" S5t (21401 — =gt (M) ,
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Solving LNHRs via LHRs and a particular solution

@ Let T, = U, be a general solution of LNHR eq 1.1
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Solving LNHRs via LHRs and a particular solution

@ Let T, = U, be a general solution of LNHR eq 1.1
@ Let T, = V, be a particular solution (PS) LNHR eq 1.1
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Solving LNHRs via LHRs and a particular solution

@ Let T, = U, be a general solution of LNHR eq 1.1
@ Let T, = V, be a particular solution (PS) LNHR eq 1.1
@ Up=ajUp1 +@aUpo+... +axU,—x +9(n)
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Solving LNHRs via LHRs and a particular solution
Solving LNHRs via LHRs and a particular solution

@ Let T, = U, be a general solution of LNHR eq 1.1

@ Let T, = V, be a particular solution (PS) LNHR eq 1.1
@ Up=ajUp1 +@aUpo+... +axU,—x +9(n)

@ Vn=a1Vp1+aVho+...+aVog+9(n)

@
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Solving LNHRs via LHRs and a particular solution

Let T, = U, be a general solution of LNHR eq 1.1

Let T, = V,, be a particular solution (PS) LNHR eq 1.1
Un=aiUp_1 + @aUp2+ ... +axU,—x +9(n)
Vo=aiVo1+aVho+...+aVok+g(n)

Now W, = U, - V, =

ak—1(Vn—1 — Un—1) + @k—2(Vn2 — Up_2) + ... + ao(Vp—x — Un—k)
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Solving LNHRs via LHRs and a particular solution

Let T, = U, be a general solution of LNHR eq 1.1

Let T, = V,, be a particular solution (PS) LNHR eq 1.1
Un=aiUp_1 + @aUp2+ ... +axU,—x +9(n)
Vo=aiVo1+aVho+...+aVok+g(n)

Now W, = U, - V, =

ak—1(Vn—1 — Un—1) + @k—2(Vn2 — Up_2) + ... + ao(Vp—x — Un—k)
e SoW,=aWhp_1+aW,o+...+a W, «
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Linear non-homogeneous recurrences Solving LNHRs via LHRs and a particular solution

Solving LNHRs via LHRs and a particular solution

@ Let T, = U, be a general solution of LNHR eq 1.1

Let T, = V,, be a particular solution (PS) LNHR eq 1.1
Un=aiUp_1 + @aUp2+ ... +axU,—x +9(n)
Vo=aiVo1+aVho+...+aVok+g(n)

Now W, = U, - V, =

ak—1(Vn—1 — Un—1) + @k—2(Vn2 — Up_2) + ... + ao(Vp—x — Un—k)
e SoW,=aWhp_1+aW,o+...+a W, «

Now, W, is an LHR, its solution can be used to determine U, as
Vo + W,

e
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Linear non-homogeneous recurrences Solving LNHRs via LHRs and a particular solution

Solving LNHRs via LHRs and a particular solution

@ Let T, = U, be a general solution of LNHR eq 1.1

Let T, = V,, be a particular solution (PS) LNHR eq 1.1
Un=aiUp_1 + @aUp2+ ... +axU,—x +9(n)
Vo=aiVo1+aVho+...+aVok+g(n)

Now W, = U, - V, =

ak—1(Vn—1 — Un—1) + @k—2(Vn2 — Up_2) + ... + ao(Vp—x — Un—k)
e SoW,=aWhp_1+aW,o+...+a W, «

@ Now, W, is an LHR, its solution can be used to determine U, as
Vi + Wh

@ The initial conditions {T, = t,} for T, may be used to obtain initial
conditions {W, = t, — g(2)} for W,

e
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Solving LNHRs via LHRs and a particular solution
PS of LNHR, g(n) = (b;n" + ...+ byn+ by)o"

oeInT,=aiTp1+aTpo+t...+aTsrk+9(n) (eqi.1), let

g(n) = (b0 + b0+ ...+ bin+ bg)o" = q(n)o",
where b, and ¢ are real numbers and degree of q(n) is r € Ny
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Solving LNHRs via LHRs and a particular solution
PS of LNHR, g(n) = (b;n" + ...+ byn+ by)o"

oeInT,=aiTp1+aTpo+t...+aTsrk+9(n) (eqi.1), let

g(n) = (b0 + b0+ ...+ bin+ bg)o" = q(n)o",
where b, and ¢ are real numbers and degree of q(n) is r € Ny

@ (byn" + ...+ bin+ by)c" is a sum of geometric forcing functions
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Solving LNHRs via LHRs and a particular solution
PS of LNHR, g(n) = (b;n" + ...+ byn+ by)o"
@InTy,=aiTp1+aTp2+...+aThk+9(n) (eq1.1), let

g(n) = (b0 + b0+ ...+ bin+ bg)o" = q(n)o",
where b, and ¢ are real numbers and degree of q(n) is r € Ny

@ (byn" + ...+ bin+ by)c" is a sum of geometric forcing functions
@ Let xa(x) be the characteristic equation; define

| 0 oisnotarootof ya(x)
=13 m oisaroot of multiplicity m of xa(x)
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Solving LNHRs via LHRs and a particular solution
PS of LNHR, g(n) = (b;n" + ...+ byn+ by)o"
@InTy,=aiTp1+aTp2+...+aThk+9(n) (eq1.1), let

g(n) = (b0 + b0+ ...+ bin+ bg)o" = q(n)o",
where b, and ¢ are real numbers and degree of q(n) is r € Ny

@ (byn" + ...+ bin+ by)c" is a sum of geometric forcing functions
@ Let xa(x) be the characteristic equation; define

| 0 oisnotarootof ya(x)
=1 m oisaroot of multiplicity m of xa(x)

@ Then V,=n"(d:n"+d,_ 10" "+...+din+ dy)c” may be determined
as a particular solution (PS) of LNHR eqn 1.1, d, are complex (or real)
constants which have to be determined
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Solving LNHRs via LHRs and a particular solution
PS of LNHR, g(n) = (b;n" + ...+ byn+ by)o"
@InTy,=aiTp1+aTp2+...+aThk+9(n) (eq1.1), let

g(n) = (b0 + b0+ ...+ bin+ bg)o" = q(n)o",
where b, and ¢ are real numbers and degree of q(n) is r € Ny

@ (byn" + ...+ bin+ by)c" is a sum of geometric forcing functions
@ Let xa(x) be the characteristic equation; define

| 0 oisnotarootof ya(x)
=1 m oisaroot of multiplicity m of xa(x)

@ Then V,=n"(d:n"+d,_ 10" "+...+din+ dy)c” may be determined
as a particular solution (PS) of LNHR eqn 1.1, d, are complex (or real)
constants which have to be determined

@ Substitute V, for T, in 1.1 and cancel out the highest power of o

@ In the resulting polynomial equation in n, equate the coefficients of the
various powers of nto get a system of linear equations to zero
determine the unknown constants @,
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Solving LNHRs via LHRs and a particular solution
LNHR for strings with consecutive vowels

Example (Solving LNHR via PS for strings with consecutive
vowels)

® Tp=21T, 1 +105Ty o +25.26"2, Ty =0, T; =0
® x(x)=x2—21x —105=0, {p} = {; (21 i\/861>}

@ g(n) = 25 -26"2, comparing with
g(n) = (ben" + b0~ + ...+ bin+ by)a™, o =26, 0 & {p},
V, = d - 26" (other factors gets absorbed in d)

@ Substituting Vj, in T,
d-26"=21-d-26""+105-d-26"2 +25.26"2

@ Factoring out 26" 2, d - 262 = 21d - 26 + 105d + 25, so d=1

@ Withd =1, so V, = 26"

0 T Wy 267, Wy — oy (254851)" 1 o (21y81)

v
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LNHR solution for strings with consecutive vowels
(contd.)

Example (Solving LNHR via PS for strings with consecutive
vowels (contd.))

@ Obtaining initial conditions for W, as
W, =T, -9()} = {Wo = -1, Wy = -26}
® o1+ =1, 0 (BLyBL) 4 o, (2861 — 26

-] C1:_<M),CZ:<M)

2./861 2./861
o T.— opn_ 31+V861 21+\/861)n_ —31+/861 (21—\/861),7
n 2861 2 21/861 2
v
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Solving LNHRs via LHRs and a particular solution
LNHR where o is a root of x(x)
Example (g(n) with o as root of y(x))

o Tn:Tn,2+(n2+1),n22, To=0,T1 =1

V.
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Solving LNHRs via LHRs and a particular solution
LNHR where o is a root of x(x)
Example (g(n) with o as root of y(x))

o Tn:Tn,2+(n2+1),n22, T():O, T1 =1
Y g:1,g(n):(n2+1)1”,x(x):X2—1 =0,{p}={1,-1}

V.
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Solving LNHRs via LHRs and a particular solution
LNHR where o is a root of x(x)
Example (g(n) with o as root of y(x))

o Tp= Tn,2+(n2+1),n22, T():O, T1 =1
@o=1,9(n = +1)1" x(x)=x2-1=0, {p} = {1,-1}
@ V,=n"(dbor? +din+ dy), as o is a root of x(x)

@ Substituting, V2 for T, in the recurrence equation

® n(dhn?+din+ay) =

(n—2) (dg(n—2)2+d1(n—2)+do> + (P +1)

= d2n3+d1n2+d0n:
(n—2)(db (P —4n+4) + di(n—2) + do) + (" + 1)

= d2n3 + dy n? + agn = d2n3 = 4d2n2 +4don — 2d2n2 +8don—8adb +
din? —2dyn—2din + 4d; + don — 2do + (NP + 1)

= n?(dy +4d>+20d> —dy — 1)+
n(dy —4d> —8ds +2d; +2d; — ay) = (—80> +4d; —2dy + 1)

= n2(6d2—1)+n(—12d2+4d1):(—8d2+4d1 —2dy + 1)

SN————— ~

/

0 0 0

V.
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Solving LNHRs via LHRs and a particular solution
LNHR where ¢ is a root of x(x) (contd.)

Example (g(n) with o as root of x(x) (contd.))

v
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Solving LNHRs via LHRs and a particular solution
LNHR where ¢ is a root of x(x) (contd.)

Example (g(n) with o as root of y(x) (contd.))
@ 60, =1, 120, +4d; =0, 8d> — 4d; +2dy = 1, so
odb=4d =% =8 Voa=Lnr?+3n+5),
n=c1"+c(=1)"+ Zn(n? +3n+5)¥n e Ny

N——— 6
Wh

Vn

v
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Linear non-homogeneous recurrences Solving LNHRs via LHRs and a particular solution

LNHR where ¢ is a root of x(x) (contd.)

Example (g(n) with o as root of y(x) (contd.))

° 6d2:1,—12d2—|—4d1 =0, 8d2—4d1+2d0:1 (Yo

Odgzl di :1 do =

=c1"+c(-1)"+ =

N———
Wh

@ Ty =0, T1:1:>c—

@ Th=—1+3(-1)"+¢n
l2[2n3+6n2+10n 3+3(—

2, Vo= {n(n? +3n+5),
+3n+5)VneNo

1 ¢ =
+3n+5)=

1)"]

Vn

-N—‘

v
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Solving LNHRs via LHRs and a particular solution
Example of LHNR (roots with multiplicity 2)

Example (LNHR with repeated roots in y)
0 Tn:6Tn72_9Tn+5'3n7n225 T0: 1’ T1 :2

v
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Solving LNHRs via LHRs and a particular solution
Example of LHNR (roots with multiplicity 2)

Example (LNHR with repeated roots in y)
@ 7,=6T, 2—-97T,+5-3"'n>2,Tp=1,T1 =2
@ 0=23,9(n) =53"), x(x) =x>-6x+9=(x—-3)2=0,
{n} ={3,3}

v
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Solving LNHRs via LHRs and a particular solution
Example of LHNR (roots with multiplicity 2)

Example (LNHR with repeated roots in y)
@ T,=6T, 2-9T,+5-3"n>2,Ty=1,T1 =2
@ 0 =3,9(n) =5(3"), x(x) =x> —6x+9=(x-3)2=0,
{p} ={3,3}
@ u =2, V,=dn?3", substituting,
@5.3"=V,—-6V,_1+9V,, so

v
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Solving LNHRs via LHRs and a particular solution
Example of LHNR (roots with multiplicity 2)

Example (LNHR with repeated roots in y)
@ T,=6T, 2-9T,+5-3"n>2,Ty=1,T1 =2
@ 0 =3,9(n) =5(3"), x(x) =x> —6x+9=(x-3)2=0,
{p} ={3,3}
@ u =2, V,=dn?3", substituting,
@5.3"=V,—-6V,_1+9V,, so

5
® dy =5 Vo= m3" Th=(c1 + can)3" + ﬁ”23na vn e No
—_———
Wh
Va

(*] T0:1,T1:2:>C1:1,C2:—%

@ T,=(1—-Hn+ 353"

v
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Solving LNHRs via LHRs and a particular solution
_ , n
PS of LNHR, g(n) = " p;(n)o’
J

@ Let the non-homogeneous term be of the form
p1(n)of + pa(n)og + ... 4+ pm(N)op,, o, are mutually distinct
@ Thereis a PSofthe form V, = Vi p+ Voo + ...+ Vinn

V,'7n is a PS of the LNHR
Th=aiTpq1+aTno+...+axTh i+ p,(n)s”
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Solving LNHRs via LHRs and a particular solution
LNHR where g(n) = g1(n) + g=(n)

Example

@ T,=2T,1+2"—nforn>1, Ty =1 g(n) = g1(n) + g=(n) where
g1(n) =2"and g»(n) = —n(1")

v

p254
Chittaranjan Mandal (IIT Kharagpur) Algorithms August 28, 2021 46/67




Solving LNHRs via LHRs and a particular solution
LNHR where g(n) = g1(n) + g=(n)

Example
@ T,=2T,1+2"—nforn>1, Ty =1 g(n) = g1(n) + g=(n) where
g1(n) =2"and g»(n) = —n(1")
@ x(x)=x—-2=0, {p}=1{2} Vy,for T, =2T,_1 + 2" is of the
form Vi , = nd2"

v
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Solving LNHRs via LHRs and a particular solution
LNHR where g(n) = g1(n) + g=(n)

Example
@ 7,=2T,1+2"—nforn>1, To =1 g(n) = g1(n) + g=(n) where
g1(n) =2"and g»(n) = —n(1")
@ x(x)=x—-2=0, {p}=1{2} Vy,for T, =2T,_1 + 2" is of the
form Vi , = nd2"
@ Substituting, nd2" =2(n—1)d2"1 +2" ,sod =1, V; , = n2"
Vo,for T, =2T, 1 —nisofthe form V-2, n=dn+ d'

v
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Solving LNHRs via LHRs and a particular solution
LNHR where g(n) = g1(n) + g=(n)

Example

@ 7,=2T,1+2"—nforn>1, To =1 g(n) = g1(n) + g=(n) where
g1(n) =2"and g»(n) = —n(1")

@ x(x)=x—-2=0, {p}=1{2} Vy,for T, =2T,_1 + 2" is of the
form Vi , = nd2"

@ Substituting, nd2" =2(n—1)d2"1 +2" ,sod =1, V; , = n2"
Vo,for T, =2T, 1 —nisofthe form V-2, n=dn+ d'

@ Substituting, dn+d' =2(d(n—1)+d')—n,sod=1and d' = 2,
V2,n =n+2
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Solving LNHRs via LHRs and a particular solution
LNHR where g(n) = g1(n) + g=(n)

Example

@ 7,=2T,1+2"—nforn>1, To =1 g(n) = g1(n) + g=(n) where
g1(n) =2"and g»(n) = —n(1")

@ x(x)=x—-2=0, {p}=1{2} Vy,for T, =2T,_1 + 2" is of the
form Vi , = nd2"

@ Substituting, nd2" =2(n—1)d2"1 +2" ,sod =1, V; , = n2"
Vo,for T, =2T, 1 —nisofthe form V-2, n=dn+ d'

@ Substituting, dn+d' =2(d(n—1)+d')—n,sod=1and d' = 2,
V2,n =n+2

@ Thus, a general solution of T, =2T,_1 +2" —nis
Th=c2"+n2"+n+2Vne Ny

v
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Solving LNHRs via LHRs and a particular solution
LNHR where g(n) = g1(n) + g=(n)

Example

@ 7,=2T,1+2"—nforn>1, To =1 g(n) = g1(n) + g=(n) where

g1(n) =2"and g»(n) = —n(1")

@ x(x)=x—-2=0, {p}=1{2} Vy,for T, =2T,_1 + 2" is of the
form Vi , = nd2"

@ Substituting, nd2" =2(n—1)d2"1 +2" ,sod =1, V; , = n2"
Vo,for T, =2T, 1 —nisofthe form V-2, n=dn+ d'

@ Substituting, dn+d' =2(d(n—1)+d')—n,sod=1and d' = 2,

V2’n:n+2

@ Thus, a general solution of T, =2T,_1 +2" —nis
Th=c2"+n2"+n+2VneNy

@ Tp=1=c+2=c=-1,s0T,=(n—1)2"+n+2,¥vn e Ny

v
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Deriving solution of LNHR when g(n) = g(n)o"

Section outline

@ Convolving binomial

coefficients with g(n

0 Deriving solution of LNHR e A PS of LNHR fog( )
@ Binomial identities
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Deriving solution of LNHR when g(n) = g(n)o" Binomial identities

Binomial identities

Theorem

n

S (1) (’r’) —0,d<n

r=0

Corollary

n
> (=1)p(r) (7) — 0 where p(r) is a polynomial of degree d < n
r=0

@ First prove the theorem using the method of induction
@ Thereafter, the corollary follows
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Deriving solution of LNHR when g(n) = g(n)o" Binomial identities
Binomial identities (contd.)

Induction basis
n n

= - () - Sea(?) o

r=0 r=0

Observation i(—n’(:’) =1+ zn:(—1)f(7) =1 +r:£j1(—1)”,’(’r’:11)

r=0 r=1

Induction mechanism i(—ﬂ'r(n) =0+ 2,7:(—1)fr(”) -
r=0
> (1Y) = n X (1 () =

=1
n

,
I
-

r=0
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Deriving solution of LNHR when g(n) = g(n)o" Binomial identities

Binomial identities (contd.)

r

n—1
Induction hypothesis > (—1)"r? (n B 1) -0
r=0

Induction step i(—ﬂrr" <7) =0+ Zn: (=1)rd(0) =
r=1

r=0

> () (o

r=

—_

n
Corollary > (-
£

T.

o

g &
3

Chittaranjan Mandal (lIT Kharagpur)

b (=
r=0

_nz )rd1<

1)7(r) (’r’) —0

Algorithms

n j=d<n
P (7) = S 1y (’ > bjrﬂ) (7) -

August 28, 2021
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Deriving solution of LNHR when g(n) = g(n)o" Convolving binomial coefficients with g(n)

Convolving binomial coefficients with g(n)

@ Let g(n) be a polynomial of degree d, so p(k) = q(n— k) is a
polynomial of degree d in k

o
r-1 1
ST 1)k gn— k) = 0,9n 2.1)
(1)

@ Multiplying eq 2.1 by ¢", we get:

r+1 r+1 .
Z( ) >(—1) q(n—k)o" =0,vn (2.2)
k=0 '

p(k)
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Deriving solution of LNHR when g(n) = g(n)o" Convolving binomial coefficients with g(n)

Convolving binomial coefficients with g(n) (contd.)

@ This may be rewritten as:

—0 k
r+1 I‘—|—1 ,_/_( )
Z < > (=1 (e q(n— k)o"* =0,vn (2.3)
—\ k A
- P d g(n—k)

@ And more compactly as:
lri1q(n)o” + £rq(n— )0 4. 4+ Log(n— (r +1))0" (D =0
e With g(k) = q(k)c¥, it may be written as:

lrrag(n) +Lrg(n—1)+ ...+ log(n—(r+1)) =0 (2.4)
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Deriving solution of LNHR when g(n) = g(n)o" A PS of LNHR for g(n) = q(n)c"
A PS of LNHR for g(n) = g(n)o”

@ Identity (eq 2.4) may be used to eliminate g(n) from (eq 1.1)

britTn—brrar Toy — ... — 1@ Tok =Lr19(N)
4 Tn71 —Llray 7-n72 — ... —trag 7-n—k—1 :(rg(n - 1)
) Tn—(r+1) — loay Tn_(,+2) — ... —loak Tn—(r+k+1) =log(n—(r+1))
aoTn+ar1Tht + ...+ a(rikst) Tne(rpks1) =0 (3.1)

@ Row-wise, replace T, by x? and factor out common powers of x and add:
XP Kl axa(X) + XTI a(X) + o+ X g a(x) =
Xn7k7r71XA(X) VrﬂXrH + Xr(,;r L+ KO} _ XA(X)(X o U)r+1xn7k7r71 —
brrg(m)y+ Lg(n—1)+ ...+ bog(n—(r+1))=0

@ Characteristic equation of eq 3.1: x.(x) = xa(x)(x — a)”r1 =0
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Deriving solution of LNHR when g(n) = g(n)o" A PS of LNHR for g(n) = q(n)c"

A PS of LNHR for g(n) = g(n)c" (contd)

@ We have xo(x) = xa(x)(x — )" =0

@ If o is not a root of xa(x), eq 3.1 will have solutions
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Deriving solution of LNHR when g(n) = g(n)o" A PS of LNHR for g(n) = q(n)c"

A PS of LNHR for g(n) = g(n)c" (contd)

@ We have xo(x) = xa(x)(x — )" =0

S=r
@ If o is not a root of xa(x), eq 3.1 will have solutions > (dsn®)o”
s=0
which may be considered PS V,, = p(n)o" of eq 1.1
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Deriving solution of LNHR when g(n) = g(n)o" A PS of LNHR for g(n) = q(n)c"

A PS of LNHR for g(n) = g(n)c" (contd)

@ We have xo(x) = xa(x)(x — )" =0
s=r
@ If o is not a root of xa(x), eq 3.1 will have solutions > (dsn®)o”

s=0
which may be considered PS V,, = p(n)o" of eq 1.1

@ If o is aroot of x4(x) of multiplicity m, eq 3.1 will have solutions
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Deriving solution of LNHR when g(n) = g(n)o” REGERIAN LR (O

A PS of LNHR for g(n) = g(n)c" (contd)

@ We have xo(x) = xa(x)(x — )" =0

S=r
@ If o is not a root of xa(x), eq 3.1 will have solutions > (dsn®)o”
s=0
which may be considered PS V,, = p(n)o" of eq 1.1

@ If o is aroot of x4(x) of multiplicity m, eq 3.1 will have solutions
S=r+m
>, (dsn®)o”
s=0
@ From these, PS of eq 1.1 may be considered as

Vn —
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Deriving solution of LNHR when g(n) = g(n)o” REGERIAN LR (O

A PS of LNHR for g(n) = g(n)c" (contd)

@ We have xo(x) = xa(x)(x — )" =0

S=r
@ If o is not a root of xa(x), eq 3.1 will have solutions > (dsn®)o”
s=0
which may be considered PS V,, = p(n)o" of eq 1.1

@ If o is aroot of x4(x) of multiplicity m, eq 3.1 will have solutions
S=r+m

>, (dgn®)o”
s=0
@ From these, PS of eq 1.1 may be considered as
S=r+m
Vo= Y (dgn%)o™ = n°p(n)o”
S=m
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Deriving solution of LNHR when g(n) = g(n)o” REGERIAN LR (O

A PS of LNHR for g(n) = g(n)c" (contd)

@ We have xo(x) = xa(x)(x — )" =0

S=r
@ If o is not a root of xa(x), eq 3.1 will have solutions > (dsn®)o”
s=0
which may be considered PS V,, = p(n)o" of eq 1.1

@ If o is aroot of x4(x) of multiplicity m, eq 3.1 will have solutions
S=r+m

>, (dgn®)o”
s=0
@ From these, PS of eq 1.1 may be considered as
S=r+m
Vo= > (dsn®)c" = n°p(n)c”
S=m

@ Both cases are covered via
Vo= n*(d,n" + d_yn™ "+ ... 4+ din+ dy)o”,
[ 0 oisnotaroot of xa(x)
H= { m o is a root of multiplicity m of x a(x) {#
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Divide and conquer recurrences

Section outline

@ DC recurrence when a = s’,

e Divide and conquer n=s" m>0

recurrences
- ° hen r
@ Reuvisiting T, = 2Tg +an 5(2 rsgu;:eicg when a 7 s,
° [7)_C_res;J_It for @ Alternate statement of DC
n=als+g(n) recurrence

@ Example of the form
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Revisiting 7, =27: + an

Example (T, = 2T, +an, Ty = 1)

@ It’s a linear non-homogeneous recurrence with constant
coeefficients, but not of constant order

V.
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Revisiting 7, =27: + an

Example (7, = 2T, +an, Ty = 1)
@ It’s a linear non-homogeneous recurrence with constant
coeefficients, but not of constant order

@ Let n=2", T,= Tom = S;; —we actually skip over many
intermediate sizes

V.
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Revisiting 7, =27: + an

Example (7, = 2T, +an, Ty = 1)
@ It’s a linear non-homogeneous recurrence with constant
coeefficients, but not of constant order

@ Let n=2", T,= Tom = S;; —we actually skip over many
intermediate sizes

@ S,=2S, 1+a2™m,S,=1-LNHR

V.
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Revisiting 7, =27: + an

Example (7, = 2Tg +an, T{ =1)
@ It’s a linear non-homogeneous recurrence with constant
coeefficients, but not of constant order

@ Let n=2", T, = Tom = S, —we actually skip over many
intermediate sizes

@ S;,=2S,_1+a2",Sy=1-LNHR

@ xa(x) =x-2,{p} ={2}

@ V= md2™, substituting, md2™ = 2(m — 1)d2m=1 4 a2™
md=(m-1)d+a=d=a, Vi, =am2”

@ Sp=c2"+am2™, Sy =1=c=1,50S,=2" (a_.m +1)

~~
n lgn
@ Finally, Sy, = Tom = T, =n(algn+1) € ©(nlgn) , for n=27,

m>0
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DC result for T, = aT» + g(n)

When n=s", T, = aT: + g(n) can be solved with the transformation
n=gs"

Theorem (7, = aT» + g(n) for n = s™)

@ Letg(n) (degreer € Ny) be
g(n) =bn" + b,_1n’_1 +...+bin+ by,
b01b17"'7bt€R,br >O
@ Let T, be a monotonically increasing sequence that satisfies
T, = aTa + g(n) whenever n= s™, then (= > 0 below)
o(n") a<s [logsa+e=r=g(n)eQ(nea)]
@ The ©(n"logn) a=s" [logsa=r=g(n)coO (n'°gsa)]
9(n|ogsa) a>s" [logga—e=r=9(nec0 (nIOgs a)]

v
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Divide and conquer recurrences Example of the form T, = aTp + p(n)
s

Examples of DC recurrence of the form
T = aT» + p(n), p(n) is polynomial of degree r

o(n") a<s’
Toe( ©(n"logsn) a=s" ,n=s""m>0
O(n'°8sa) a>s'

Example

@ Binary search
Th =Ty +¢;[p(n) = ]
a=1,s=2r=0,8"=1,a=s"
T, € ©(n"lgn) = ©(lgn)

v
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Divide and conquer recurrences Example of the form T, = aTp + p(n)
s

Examples of DC recurrence of the form
T = aT» + p(n), p(n) is polynomial of degree r

o(n") a<s’
Toe( ©(n"logsn) a=s" ,n=s""m>0
O(n'°8sa) a>s'

Example

@ Binary search
Th= Ty +c;[p(n) = c]
a=1,s=2r=0,8"=1,a=s"
T, € ©(n"lgn) = ©(lgn)

@ Strange recurrence
Tn= Ty + bn+c;[p(n) = bn+ ]
a=1,s=2r=1,8=2a<s’
T, € ©(n") =0©(n)

v
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Examples of DC recurrence of the form
T = aT» + p(n), p(n) is polynomial of degree r

o(n") a<s’
Toe( ©(n"logsn) a=s" ,n=s""m>0
O(n'°8sa) a>s'

Example

@ Binary search @ FFT
To =Ty +c;[p(n) = c] Tn=2Ty + bn+c; [p(n) = bn+c]
a=1,s=2r=0,8"=1,a=s" a=2s=2r=1,s8=2,a=s"
T, € ©(n"lgn) = ©(lgn) T, € ©(n"lgn) = ©(nlgn)

@ Strange recurrence
Tn= Ty + bn+c;[p(n) = bn+ ]
a=1,s=2r=1,8=2a<s’
T, € ©(n") =0©(n)

v
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Examples of DC recurrence of the form
T = aT» + p(n), p(n) is polynomial of degree r

o(n") a<s’
Toe( ©(n"logsn) a=s" ,n=s""m>0
O(n'°8sa) a>s'

Example

@ Binary search @ FFT
To =Ty +c;[p(n) = c] Tn=2Ty + bn+c; [p(n) = bn+c]
a=1,s=2r=0,8"=1,a=s" a=2s=2r=1,s8=2,a=s"
T, € ©(n"lgn) = ©(lgn) T, € ©(n"lgn) = ©(nlgn)

@ Strange recurrence @ Karatsuba multiplication
Tn= Ty + bn+c;[p(n) = bn+ ] Tn=3Ty + bn+c; [p(n) = bn+c]
a=1,s=2r=1,8=2a<s’ a=3,s=2r=1,8"=2,a>s"
Th € ©(n") = ©(n) Tp € ©(n'°8s3) = O(nl°e=3),

log, 3 = 1.58496. ..
v
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Divide and conquer recurrences DC recurrence whena = s",n=s",m > 0

DC recurrence whena=s,n=58", m>0

Proof for DC recurrence when a = s'.
@ f(n) = af(3) + bn"
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DC recurrence when a = s', n = s, m > 0
DC recurrence whena=s,n=58", m>0
Proof for DC recurrence when a = s'.

@ f(n) = af(3) + bn"
=a (af () + b(g)’) +bn" = &f (L) +ab(2) +bn’

v
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Divide and conquer recurrences DC recurrence when a = s, n = s™, m > 0

DC recurrence whena=s,n=58", m>0

Proof for DC recurrence when a = s'.
@ f(n)=af(3)+bn
=a (af (&) +b( )r> +bn" = &f (L) +ab(2) +bn’
= (af (8) +
=1 (3) + @b(2) +ab () + o

— —amf(1)+ S ab(n)

v
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Divide and conquer recurrences DC recurrence when a = s, n = s™, m > 0

DC recurrence whena=s,n=58", m>0

Proof for DC recurrence when a = s'.
@ f(n) = af(3) + bn"

:a(

—az(af(%) b(

m\:

b(2)") + bt = &1 (&) +ab(2)"+ bn’
)

".’\,\:

") +ab(2) + b

=2f (&) +ab(2) +ab(2) +bn’
——af1)+ S ab(2) = a1y + S sob(a)
=0 2=0

v
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Divide and conquer recurrences DC recurrence when a = s, n = s™, m > 0

DC recurrence whena=s,n=58", m>0

Proof for DC recurrence when a = s'.
° f(n):af(’l)+bn’
= a(af (8)+b(2)") + b = 21 (&) +ab ()" +bn’
—a2( (%)+ (s%))+ab( )"+ b’
=af (%) +ab (ﬂ) +ab (2)" + bn’

352

— . —amf(1) + z #b(2) = amf(1)+ > s9b(2)"

=0 7=0

m—1
= a™f(1)+ . bn" = a"f(1) + bmn" = a™f(1) + b (logg n) n"
7=0
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Divide and conquer recurrences DC recurrence when a = s, n = s™, m > 0

DC recurrence whena=s,n=58", m>0

Proof for DC recurrence when a = s'.
° f(n):af(’l)+bn’
= a(af (8)+b(2)") + b = 21 (&) +ab ()" +bn’
—a2( (%)+ (s%))+ab( )"+ b’
=af (%) +ab (ﬂ) +ab (2)" + bn’

352

— . —amf(1) + Z #b(2) = amf(1)+ > s9b(2)"

=0 7=0
m—1
=a"f(1)+ > bn"=amf(1)+ bmn" = a™f(1) + b (logs n) N
7=0
=8Mf(1) + b(loggn) n" = (s™) f(1) + b (logs n) n"
=n"f(1) + bn"logs n

v
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Divide and conquer recurrences DC recurrence when a = s, n = s™, m > 0

DC recurrence whena=s,n=58", m>0

Proof for DC recurrence when a = s'.
° f(n):af(’l)+bn’
= a(af (8)+b(2)") + b = 21 (&) +ab ()" +bn’
—a2( (%)+ (s%))+ab( )"+ b’
=af (%) +ab (ﬂ) +ab (2)" + bn’

352

— . —amf(1) + Z #b(2) = amf(1)+ > s9b(2)"

=0 7=0
m—1
=a"f(1)+ > bn"=amf(1) + bmn" = a"f(1) + b (logs n) n"
7=0
=8Mf(1) + b(loggn) n" = (s™) f(1) + b (logs n) n"
=n"f(1) + bn"logs n
@ f(n)e©(nloggn)ifa=s",n=s"m>0 O

v
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Divide and conquer recurrences DC recurrence when a # s, n = s, m > 0

DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.

@ T(n)=cin 4 con8s?, ¢y =" L 0o = T(1) + 8" =2 [Ind hypothesis]

s'—a’ a—s"

v
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Divide and conquer recurrences DC recurrence when a # s, n = s, m > 0

DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.

@ T(n)=cin 4 con8s?, ¢y =" L 0o = T(1) + 8" =2 [Ind hypothesis]

s'—a’ a—s"

Basiss m=0(n=s"=1)T(1)=cin"+ N8 =c; +co=T(1) v

v
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Divide and conquer recurrences DC recurrence when a # s, n = s, m > 0

DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.
@ T(n)=cin + %82 ¢y =s" 2 = T(1) + 52 [Ind hypothesis]
Basiss m=0(n=s"=1)T(1)=cin"+ cn'%sq8=c; +co=T(1) v
Inductive step: m > 0, assume true for n < s™—1, check for n = s

v
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Divide and conquer recurrences DC recurrence whena # s, n = s, m > 0

DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.
@ T(n)=cin + %82 ¢y =s" 2 = T(1) + 52 [Ind hypothesis]
Basiss m=0(n=s"=1)T(1)=cin"+ cn'%sq8=c; +co=T(1) v
Inductive step: m > 0, assume true for n < s™—1, check for n = s

@ T(n)=af(Z)+bn =

v
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Divide and conquer recurrences DC recurrence whena # s, n = s, m > 0

DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.

@ T(n)=cin 4 con8s?, ¢y =" L 0o = T(1) + 8" =2 [Ind hypothesis]

s'—a’ a—s"
Basiss m=0(n=s"=1)T(1)=cin"+ cn'%sq8=c; +co=T(1) v
Inductive step: m > 0, assume true for n < s™—1, check for n = s

@ T(n)=af(Z)+bn =a (srsrtia) (g)r+ (T(””Lsra_bsr) (g)logsa oy

by induction hypothesis, g =sm—1

v
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Divide and conquer recurrences DC recurrence whena # s, n = s, m > 0

DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.

@ T(n)=cin + %82 ¢y =s" 2 = T(1) + 52 [Ind hypothesis]

Basiss m=0(n=s"=1)T(1)=cin"+ cn'%sq8=c; +co=T(1) v
Inductive step: m > 0, assume true for n < s™—1, check for n = s

@ T(n)=af(Z)+bn =a (srsrtia) (g)r+ (T(””Lsra_bsr) (g)logsa oy

by induction hypothesis,g:s’”*1
nogsa | b(s'—a)n"

s’(s,afa>§+a<T(1)+s’r’})T+W:

v
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Divide and conquer recurrences DC recurrence whena # s, n = s, m > 0

DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.

@ T(n)=cin + %82 ¢y =s" 2 = T(1) + 52 [Ind hypothesis]
Basiss m=0(n=s"=1)T(1)=cin"+ cn'%sq8=c; +co=T(1) v
Inductive step: m > 0, assume true for n < s™—1, check for n = s

@ T(n)=af(Z)+bn =a (srsrtia) (g)r+ (T(””Lsra_bsr) (g)logsa oy

by induction hypothesis, g =sm—1

|of b S '
s’( 2 >§+3<T(1)+s’—f,)—" isa+7((ss,7i))n =

s'—a

(2) o (70 o a2 =

v
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Divide and conquer recurrences DC recurrence whena # s, n = s, m > 0

DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.
@ T(n)=cin + %82 ¢y =s" 2 = T(1) + 52 [Ind hypothesis]

Basiss m=0(n=s"=1)T(1)=cin"+ cn'%sq8=c; +co=T(1) v
Inductive step: m > 0, assume true for n < s™—1, check for n = s

@ T(n)=af(Z)+bn =a (srsrtia) (g)r+ (T(””Lsra_bsr) (g)logsa oy

by induction hypothesis, g =sm—1

logg a b(s"—a)n"
s'(s,aba>§+a<T(1)+s’%)%+%=

(W) ( (1) +s 32 )nlogsaf
(SFS, a) n" + ( (1)+Sr )nlogsa,an_,'_cznbgsa\/

v
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Divide and conquer recurrences DC recurrence whena # s, n = s, m > 0

DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.

@ T(n)=cin + %82 ¢y =s" 2 = T(1) + 52 [Ind hypothesis]

Basiss m=0(n=s"=1)T(1)=cin"+ cn'%sq8=c; +co=T(1) v
Inductive step: m > 0, assume true for n < s™—1, check for n = s

@ T(n)=af(Z)+bn =a (srsrtia) (g)r+ (T(””Lsra_bsr) (g)logsa oy

by induction hypothesis, g =sm—1

logs a b(s"—a)n"

o (s2) & +a<T(1)+S'%> B R
(ab+;(s;a)) ( (1) + 522 )nlogsa —

(s5t5) 1 + (T() + 8525 ) %2 = oy’ + coiss v
@ lfa< s, thenlogga < r,so T(n) = cin" + %2 < (¢y + co)n” € ©(n'")

v
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DC recurrence whena# s, n=s",m>0

Proof for DC recurrence when a # s'.

@ T(n)=cin + cpn'esa, ¢y = s ,ba, c=T(1) +s’a -
Basiss m=0(n=s"=1)T(1)=cin"+ cn'%sq8=c; +co=T(1) v
Inductive step: m > 0, assume true for n < s™—1, check for n = s

@ T(n)=af(Z)+bn =a (srsrtia) (g)r+ (T(””Lsra_bsr) (g)logsa oy

by induction hypothesis,g:s’”*1
logs a b(s"—a)n"

o (s2) & +a<T(1)+s'%> B R
(abJr:’(safa)) ( (1) + sr )nlogsa _
(s' 2 a) n"+ (T(1) +s afs,> n'°8sa = ¢ n" 4 cpnlogs @

[Ind hypothesis]

@ lfa< s ,thenlogga < r,so T(n) = cin” + %2 < (¢y + co)n” € ©(n")
@ Ifa> s, thenlogga > r,s0 T(n) = cin + can°9s2 < (c1 + c)N'8s @ € O(n'o8s 2) O



Divide and conquer recurrences Alternate statement of DC recurrence

Alternate statement of DC recurrence

Consider the recurrence T(n) = aT (2) + f(n).

e If f(n) = O (n'°&s@=<) for some constant ¢ > 0, then
T(n) = O (n'°&s2)

@ If f(n) = © (n'°&s3), then T(n) = © (n'°&s2log n)

@ If f(n) = Q (n'°&s@+<) for some constant ¢ > 0, and if f satisfies the
smoothness condition af (2) < cf(n) for some constant ¢ < 1,
then T(n) = © (f(n))

For detailed proof see: https://www.cs.cornell.edu/courses/
cs3110/2012sp/lectures/lec20-master/mm—proof.pdf D/
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Practice problems

Section outline

e Practice problems
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Practice problems

Practice problems

Some quick sort recurrences

@ The sorting time of quick sort depends on the placement of the pivot; solve these cases:
@ Pivot is always placed at position k, so T(n) = T(k) + T(n— k) +an, T(k) = b
(when n > k, consider n < k to be base cases sorted in constant time using any
other sorting procedure)
@ Pivot is always placed to split the array in ratio « : (1 — &), so
T(n)=T(an)+ T((1 —a)n)+an, T(1)=b

Example (o = )

T(m) =T (3 +T(3)+an T(1)=b
Depth for the (longer) % branch is Iog% n

Contribution of each level (until shorter branch is exhausted) is < max(a, b)n
The overall contribution for all the levels is < max(a, b)nlogs n € O (nlog n)
3

d
@ For a, the depth d will satisfy a? = 1, so, n = (g) —d=login

.

(=

@ T(n) < max(a,b)n max (Iogl n, log ) n) € © (nlogn)
—_—— a

max contribtion at level

depth of recursion tree
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Practice problems

Practice problems (contd.)

Use the Master Theorem or DC recurrence technique to asymptotically
solve each of the following recurrences or state why those doesn’t

apply.
@ T(n)=4T(3)+n
® T(n)=4T (3) +n?
® T(n)=4T (3)+
o T(n)=2T(2)+vn
@ T(n)=2T (%) + n®
@ T(n)=8T(3) +n!
e T(N)=Th-1)+/m
@ T(n)=4T () +nm+n
@ T(n)=T(3)+n(nsin(n—3%)+2)

Chittaranjan Mandal (lIT Kharagpur)

Algorithms
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Practice problems

Practice problems (contd.)
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Practice problems (contd.)

0
Un — 1 n=
2Th_1+3Up_1 n>2

@
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Practice problems

Practice problems (contd.)

Josephus recurrence

@ 41 rebels were trapped by the Romans at the Jotapata fortress.
Instead of surrendering and facing painful consequences, they
made a suicide pact

@ They were to stand in a circle, every third man was to be killed,
the last man was to kill himself

@ Flavius Josephus and a friend wanted to survive
@ At what positions would they have to stand to be the last two
surviving positions?
@ Develop a recurrence JX for the position of the last person alive in
a circle of n people where the k™ person must fall every time
il

Chittaranjan Mandal (IIT Kharagpur) Algorithms August 28, 2021 67/67




	Intuitive handling of recurrences
	Definition of linear recurrences
	Simple linear recurrences
	Departure form linear recurrences

	Linear recurrences with constant coefficients
	Classification of some recurrences
	Solving linear homogenous recurrences (LHR)
	Combining satisfying sequences of LHRs
	Master theorem (MT) for LHRs
	Some applications of MT for LHRs
	LHR master theorem proof
	More applications of MT for LHRs

	Linear non-homogeneous recurrences
	LNHR examples
	Solving LNHRs via LHRs and a particular solution

	Deriving solution of LNHR when g(n)=q(n)n
	Binomial identities
	Convolving binomial coefficients with g(n)
	A PS of LNHR for g(n)=q(n)n

	Divide and conquer recurrences
	Revisiting Tn = 2Tn2 + an
	DC result for Tn=aTns+g(n)
	Example of the form Tn=aTns+p(n)
	DC recurrence when a=sr, n=sm, m0
	DC recurrence when a=sr, n=sm, m0
	Alternate statement of DC recurrence

	Practice problems

	resultado2: 
	hours: 20
	minutes: 03
	seconds: 03
	cronohours: 00
	cronominutes: 00
	crseconds: 03
	day: 15
	month: 12
	year: 2022
	button1: 
	button2: 
	separatordate: /
	separatortime: :
	cronobox: 
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00
	cronominutes: 00


