CS21201 Discrete Structures
Practice Problems + Tutorial Solutions
Recurrence Relations

1. How many lines are printed by the call f(n) for an integern > 07?

void £ ( int n )
{
int m;
printf ("Hi\n");
m=n - 1;
while (m >= 0) { £f(m); m —-= 2; }

Suppose, L, be the number of lines printed by the call f(n). So,

(n—1)/2
I+ Y Ly, ifnisodd
k=0

L,= (n2)2 forn =0

1+ Y Ly, ifniseven
k=0

Here, for both cases we derive, L, — L,_2 = L,y with Ly =1, L; = 2.

This is the same recurrence as we got in Fibonnaci series computation having L, = F,, ;. Therefore,

"=

2. Solve for the following divide-and-conquer recurrence:

NGNS — /5y n+l
() ()
T(n) = 2T (n/2) + % with T(1) = 1.

Dividing both the sides of the given recurrence by n, we obtain:

T(n) _T(n/2) 1
n n/2 logn

- k
Assuming n = 2% and S(k) = TE!"J = T—,((;.—}, we can rewrite the above as:

S(k) = S(k—1)+ % with S(0) = 1



Now, if we recursively simplify the righthand side of the equation above, we get:

1
Sk) = Sk=1)+7
1 1
S(k—2)+m+;
Sh—3) 4 —— 4 4!
k=2 k-1 k

LA
= S(O)‘FZE
i=1

logn 1

. T(n) = nS(k) = n[]—}—;ﬂ.

Leta = 7a _— 6a a =2,a = 7.Finda .
n n, 2 n

/2 n/4 1
Take n =2"
Hzm = ?ﬂzm—l _6H2m—_‘
ym = bm
= bm = Tbm—l - 6b.r.=r—2= bCl = 25 ILbl =7

Characteristic equation is
X =Tx+6=0=x=6, |

= b =A6"+pul"
For m=0,2=A+u
For m=1,7=6A+pu

= A=1lu=1

= b,=6"+1

= ap =6"+1

= q,= 6" +]

= a, =n"%% 4

n

Let a,n > 0 be the count of strings over {0, 1, 2} containing no consecutive 1’s and

no consecutive 2’s. Find a recurrence relation for a and solve it.



Let by, ¢y, dy, 1 = 1, denote the counts of the strings of the desired form that start with 0, 1,2, respectively. Let
us also take by = 1, cop = 0 and dy = 0. We have the following equations involving these.

a, = b,+c,+d, forall n =0,

by = au_ forall n>=1,

cn = by_1+dy—1 = ay—1 —cy—y forall n =1,
dy = by_1+cn_1 = ay_ —d,_y forall n = 1.

Adding the last three equations gives
an =3ap 1 — (ca—1 +dp1) =3an 1 — (an1 —ba_1) = 2an_1+ by 1 = 2ay_1 +an_2

for all n = 2. The initial conditions are ap = 1, a; = 3. The characteristic equation of the sequence is
12 —2r — 1 = 0. The roots of the characteristic equation are 1+ /2,1 — /2.

So the general solution of this recurrence is of the form
ap =A(1+V2)" + B(1 —V2)".
The initial conditions give

dap

A+B,

a =3= A(14+V2)+B(1-V2).

Solving gives A = 1"" and B = 2ﬁ.

Therefore, the final solution is:

- % [(1 +V2) (1 \/5)"“] for all n 3> 0.

5. Leta n>= 1sat|sfya 1 and

“, = {2&,;_1 if n 1s odd orn > 2

2a,_1+1 ifniseven
Develop a recurrence relation for a that holds for both odd and even n, and solve it.

For both cases, a, — a,—2 = 2(a,—| —a,—3) = a, —2da,_1 — ay_2 + 2a,_3 = 0. Moreover, a; = 3 and a3 = 6.
The characteristics equation is, r—=2r—r42=0. Solving this, we get the three roots as, — 1, 1,2.
So, the general recurrence formis, a, = a.(—1)"+ B.1" +y.2".
Now,a; = -+ B+2y=1l,ay=0+ B +4y=3andaz = o+ S +8y=6.
Solving these, we get, o = % B = —%, and y= 2
I

Therefore, a, = %_(—1)"l — Ly %_zn — % [5_2n+ (—=1)" _3]_
6. Solve the following recurrence relation and deduce the closed-form expression for
T(n).

T(n) = {\/_T (v/n)+n(logyn)?, ifn>2 (d>0)

ifn=2



Given that T (n) = /nT(v/n)+nlogdn (whered >0) and T(2)= 2, we have:

I(n) = T(j_f) +]0g‘2]n

. [dh':'df'ng both sides by n }

n
d wr oy T(n)
=  S(n)= S(v/n)+login ... | assuming S(n) -
2k 2(k-1} Jond ) . . 2k
= S(2°)= S(2 )+ (2%) [_'.ub.sf.'mrmg n=2 }
= R(K)= Rk—1)+(2%" [m R(K) 5(23"")]
= Rk = RO+ +0) 42 420 [beccm.s‘e (2%)? = ok (2‘*’)3‘]
K dni . T(Z] . . . P, 1]
= R(k)= l+;(2 ) ... 8(2) > 1, implying R(0) = S(2° ) =1
'2(!)':'('| |]_I .
= Rk)= { g Hd>0
14k ifd=0
i e raso k T(n)
c Rk =58(2%) = i1 Wd>0 0 wheren =22 and S(n) = ——.
1+k ifd=0
Finally,
24 lng‘-‘,fn—l . anlogffn—n .
S(H)Z _2“':1_; ifd >0 = T(ﬂ): —2“1—_'|—; ifd >0
1 +log,log,n, itd=0 n+nlog,log,n, ifd=0

7. Deduce the running times of divide-and-conquer algorithms in the big-© notation if
their running times satisfy the following relations:
a. Tm) =T(2n/3) + T(n/3) + nlogn
b. Tm) = T(n/5) + T(7n/10) + n

(a) This recurrence is not in the standard form described earlier, but we can still solve it using recursion
trees. Now nodes in the same level of the recursion tree have different values, and different leaves are
at different levels. However, the nodes in any complete level (that is, above any of the leaves) sum to
~ nlogn. Moreover, every leaf in the recursion tree has depth between logs n and log; , n. To derive an
upper bound, we overestimate 7'(n) by ignoring the base cases and extending the tree downward to the
level of the deepest leaf. Similarly, to derive a lower bound, we overestimate 7'(n) by counting only nodes
in the tree up to the level of the shallowest leaf. These observations give us the upper and lower bounds.

(cr.nlogn)(logzn) < T(n) < (cg.nlogn](logjﬂn)

] 1
(cl.nlogn)(ogn) < T(n) < ("2'”103”)(10;3%)

log3

Since these bounds differ by only a constant factor, we have T'(n) = ®(nlog>n).

(b) Again, we have a lopsided recursion tree. If we look only at complete levels of the tree, we find that the
level sums form a descending geometric series,

Tn)=n+-—+—+- = n<T(n)<10n

We can get an upper bound by ignoring the base cases entirely and growing the tree out to infinity, and
we can get a lower bound by only counting nodes in complete levels. Either way, the geometric series is
dominated by its largest term, so 7' (n) = O(n).

8. Pell numbers are definedas P = 0, P, =2, P =2P +P  forn=2.

a. Deduce a closed-form formula for Pn.



(PH—H P ) o (2 1)”
b. Provethat \ f»  Fu-i I 0/) foralln > 1.

P 4P
L

n—[l)n — \/E )

d. Prove thatif Pn is prime, then n is also prime.

c. Prove that lim

n—oo

Solution:
a.) The recurrence relationis P = 2P +P _withP =0, P = 2.
n n—1 n—2 0 1
The characteristic equation is thus r* — 2r — 1 = 0 with roots
r =1 ++/2, r = 1 — /2. General solution is of the form

P = A(l +2)" + B —+/2)".

Using P_ = 0 and Pl = 2, we have:

1 —1
E and B = f
Thus, P = % (@ +V2)" =@ -2)".

0
A =

b.) Use induction to prove. Base case (n = 1) is trivial from the given conditions.

Assume the induction holds for some k, k > 1. Use Pk+2 = 2Pk+1 + Pk and
P . =2P +P _ toprovefork + 1.

c.) The closed-form formula can be used here. As n grows, the (1 — +/2)" term
becomes negligible in both the numerator and the denominator (will grow

asymptotically like the dominant root (1 + ﬁ)n )- Thus, we can write:
P ~A(1 ++/2)" for some A depending on the initial condition

PoatPy  AQ+2)" " +aa+2)"

Or, =
P, A(+2)"
. A(L+2)" A +/2)" 1
lim = + 1 =42
n—oo A(1+2)" 142 \f

d.) You can prove this by showing that if d is a divisor of n then P, is a divisor of P

Consider « = (1 ++/2)and B = (1 —+/2). Letn/d = k. Then, P_can be
represented as follows (based on the closed-form formula):

P = c(a" —B"), where c = LZ as derived before

2
- d d
Similarly, Pd =c(a —B)
Leta’ = xand Bd =y,
Pn xk—yk
NOW, 7 = Ty

d

It can be shown that (x — y) divides (xk — yk), thus proving the claim given.

9. Consider a non-homogeneous recurrence of the form:

= + +o + NS .
a =c_a  +tc a  +.+tca pl(n)s1 pz(n)sz.

k-1 2



10. Let {an} be a sequence such that a,=1a

Here, €,y €,y C, A@re constants (with C, 7 0), p,(n) and p,(n) are non-zero

polynomials in n, and s, are distinct non-zero constants. Propose a method to
solve this recurrence.

Consider two new sequences u, and v, satisfying the recurrences
Uy = Cp—1lUy—1 + Ch—2Up—2 + - + coty_i + p1(n)sy,

and
Vi = Ck—1Vn—1 +Ck—2Vp_2 4+ -+ CoVu_i + P2(n)s5.

These recurrences can be solved because the non-homogeneous part in each is in the standard form. Adding
the two recurrences gives

y + vy = Cp—1(tn—1 4+ vn_1) + ck—2(Un—2 +va—2) + - - + co(ttn—k +va_i) + p1(n)s] + p2(n)s5.

Therefore a,, = u, + v,, is the solution of the given recurrence.

What about the initial conditions? Suppose that the values of ap,a;,az,..., ay_y are supplied. We need to

choose wug, uy, 1, ..., and vy, vy, va, ..., vy sothata, = u, +v, forn=0,1,2...., k-1 as well. To ensure

that, we can choose the initial conditions for the u and v sequences in any manner we like. For example, we can
take u, = a, andv, =0forn=0,1,2,... .k—1.

-1
o =e(l+4a +.[1+24a), n > 1.

Finda .
n



Solution: Let us get rid of radical sign by assuming, 1+ 24a, =b2 (with b, > 0)

or a, = by _l,alsobl =5.
24

b2, —1
SOt 1 1+4-i(b§-1)+b,,
24 16 24
= 4b2,  —-4=Db2+6b,+5
or (2b,,1)* = (b, +3)?

— 2b,,,=b,+3, n21 (ash, >0)

Let, b,=c,+ A
=2c,,=¢c,+3-1
set, A=3
1
= Cpi =Ec,,,n21
l n—l1
ST\
2
1 n—1
:>bn—3=(—J (bl_.?))
2
1 n—1
= b, =[EJ 243 (as b, =5)
|
=b, =3+
2n—2
1 6
2 _
= b —‘;'+22n_4 +2M—_2
=a, = 1 8+ 1 + 6
R 24 22n—4 2n—2
1+3.2n71 4 p2n-1
or a,=
3_22n—]
n—1
11. Let a, = 1, a = k§1(n - k)ak, vn = 2. Find a.

Solution: @, =1=>a,=1,a,=3,a,=28 and so on.

Then = Z(H-'-l—k)ak (l}
k=1
n-1
Also a, = Z(”‘k)ﬂ'k @
k=1
= Ay — 4y = ; . (FI’OI’H (1) - (2}) (3}
n+l
= App— Ay = Eak (4}

= (an+2 - an+1} - (an+1 - a:r} =y (From (4) - (3))
= = 3an+1 -a, Vinz2



Characteristic equation 1s

o)
e
o 282

2 2
l:* . —
56+ MMETT B

(3+J_)nl (3 J_)nl
= a,= n— 1\/_

V=2

12.a = 0,a, =1,a =2a ,+a _n = 2 Provethat 2k|a if and only if 2k|n.
0 1 n n—1 n—2 n

Solution: By the binomial theorem, if (1 +\F 2) =4, +B, 12, then (1 -\2)"=4, - B,

V2. 2. Multiplying these 2 equations, we getA - 28 =(=1)"
This implies 4, is always odd. Using characteristic equation method to solve the given

recurrence relations on a,, we find that @, = B,.

Now write n = ka, where m is odd.

We have k=0 (i.e., n is odd) if and only if Zan = A”2 +1=2(mod 4), (ie., B, is
odd). Next suppose case k is true.

Since (1 +v2)*" = (4,+ B, \2)’ = Ay + B,, N2, s0 By, =24,B,.

Then it follows case k implies case k+ 1.

Aliter: From given recurrence we can easily get,

a, =ﬁ((1+~/§)" —(1-\/3)")=[TJ+2(:J+22[;’]+-_

Let n = 2"m with m being odd; then for » > 0 the summand

-1 -1
| "= BT =k T TR divisible by 27 (As 2r + 1
2r+1 2r+1\ 2r 2r+1\ 2r

is odd)

n .
Hence,a, =n+ ) 2" [2 J =2Km+ 2%+, for some integer s.
r+

r=0

= a,, 1s exactly divisible by 2,




