
CS21201 Discrete Structures
Practice Problems + Tutorial Solutions

Recurrence Relations

1. How many lines are printed by the call for an integer ?𝑓(𝑛) 𝑛 ≥  0

2. Solve for the following divide-and-conquer recurrence:



3. Let . Find .𝑎
𝑛
 =  7𝑎

𝑛/2
− 6𝑎

𝑛/4
,  𝑎

1
 = 2,  𝑎

2
 =  7 𝑎

𝑛

4. Let be the count of strings over containing no consecutive 1’s and𝑎
𝑛
, 𝑛 ≥ 0 {0, 1, 2}

no consecutive 2’s. Find a recurrence relation for and solve it.𝑎
𝑛



5. Let satisfy and𝑎
𝑛
, 𝑛 ≥ 1 𝑎

1
= 1

Develop a recurrence relation for that holds for both odd and even , and solve it.𝑎
𝑛

𝑛

6. Solve the following recurrence relation and deduce the closed-form expression for
𝑇(𝑛).



7. Deduce the running times of divide-and-conquer algorithms in the big-Θ notation if
their running times satisfy the following relations:

a. 𝑇(𝑛) = 𝑇(2𝑛/3) + 𝑇(𝑛/3) + 𝑛 𝑙𝑜𝑔 𝑛
b. 𝑇(𝑛) = 𝑇(𝑛/5) + 𝑇(7𝑛/10) + 𝑛

8. Pell numbers are defined as for .𝑃
0

= 0,  𝑃
1

= 2,  𝑃
𝑛

= 2𝑃
𝑛−1

+ 𝑃
𝑛−2

𝑛 ≥ 2

a. Deduce a closed-form formula for 𝑃
𝑛
.



b. Prove that for all .𝑛 ≥ 1

c. Prove that .
𝑛→∞
lim

𝑃
𝑛−1

+𝑃
𝑛

𝑃
𝑛

= 2

d. Prove that if is prime, then is also prime.𝑃
𝑛

𝑛

Solution:
a.) The recurrence relation is with . 𝑃

𝑛
= 2𝑃

𝑛−1
+ 𝑃

𝑛−2
𝑃

0
= 0,  𝑃

1
= 2

The characteristic equation is thus with roots𝑟2 − 2𝑟 − 1 = 0
. General solution is of the form𝑟 = 1 + 2,  𝑟 = 1 − 2

.𝑃
𝑛

= 𝐴(1 + 2)𝑛 + 𝐵(1 − 2)𝑛

Using and , we have:𝑃
0

= 0 𝑃
1

= 2

and𝐴 = 1
2

𝐵 = −1
2

Thus, .𝑃
𝑛

= 1
2

((1 + 2)𝑛 − (1 − 2)𝑛)

b.) Use induction to prove. Base case (n = 1) is trivial from the given conditions.
Assume the induction holds for some . Use and𝑘,  𝑘 ≥ 1 𝑃

𝑘+2
= 2𝑃

𝑘+1
+ 𝑃

𝑘

to prove for .𝑃
𝑘+1

= 2𝑃
𝑘

+ 𝑃
𝑘−1

𝑘 + 1

c.) The closed-form formula can be used here. As grows, the term𝑛 (1 − 2)𝑛

becomes negligible in both the numerator and the denominator (will grow

asymptotically like the dominant root ). Thus, we can write:(1 + 2)𝑛

for some depending on the initial condition𝑃
𝑛
≈𝐴(1 + 2)𝑛 𝐴

Or,
𝑃

𝑛−1
+𝑃

𝑛

𝑃
𝑛

≈ 𝐴(1+ 2)𝑛−1+𝐴(1+ 2)𝑛

𝐴(1+ 2)𝑛

𝑛 →∞
lim 𝐴(1+ 2)𝑛−1+𝐴(1+ 2)𝑛

𝐴(1+ 2)𝑛 = 1
1+ 2

+ 1 = 2

d.) You can prove this by showing that if is a divisor of then is a divisor of .𝑑 𝑛 𝑃
𝑑

𝑃
𝑛

Consider and . Let . Then, can beα = (1 + 2) β = (1 − 2) 𝑛/𝑑 = 𝑘 𝑃
𝑛

represented as follows (based on the closed-form formula):

, where as derived before𝑃
𝑛

= 𝑐(α𝑛 − β𝑛) 𝑐 = 1
2

Similarly, 𝑃
𝑑

= 𝑐(α𝑑 − β𝑑)

Let and ,α𝑑 =  𝑥 β𝑑 = 𝑦

Now,
𝑃

𝑛

𝑃
𝑑

= 𝑥𝑘−𝑦𝑘

𝑥−𝑦

It can be shown that divides , thus proving the claim given.(𝑥 − 𝑦) (𝑥𝑘 − 𝑦𝑘)

9. Consider a non-homogeneous recurrence of the form:

.𝑎
𝑛

= 𝑐
𝑘−1

𝑎
𝑛−1

+ 𝑐
𝑘−2

𝑎
𝑛−2

+... + 𝑐
0
𝑎

𝑛−𝑘
+ 𝑝

1
(𝑛)𝑠

1
𝑛 + 𝑝

2
(𝑛)𝑠

2
𝑛



Here, are constants (with ), and are non-zero𝑐
𝑘−1

, 𝑐
𝑘−2

,..., 𝑐
0

𝑐
0

≠ 0 𝑝
1
(𝑛) 𝑝

2
(𝑛)

polynomials in , and are distinct non-zero constants. Propose a method to𝑛 𝑠
1
, 𝑠

2

solve this recurrence.

10. Let be a sequence such that .{𝑎
𝑛
} 𝑎

1
= 1,  𝑎

𝑛+1
= 1

16 (1 + 4𝑎
𝑛

+ 1 + 24𝑎
𝑛
),  𝑛 ≥ 1

Find .𝑎
𝑛



11. Let Find .𝑎
1

= 1,  𝑎
𝑛

=
𝑘=1

𝑛−1

∑ (𝑛 − 𝑘)𝑎
𝑘
,  ∀𝑛 ≥ 2. 𝑎

𝑛



12. Prove that if and only if .𝑎
0

= 0, 𝑎
1

= 1, 𝑎
𝑛

= 2𝑎
𝑛−1

+ 𝑎
𝑛−2

, 𝑛 ≥ 2. 2𝑘|𝑎
𝑛

2𝑘|𝑛


