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Product transition system
𝑇𝑆 ⨂𝒜¬𝜑

Transition system TS

Check 
𝑇𝑆 ⨂𝒜¬𝜑 ⊨ 𝑃𝑝𝑒𝑟𝑠(𝒜)

System

‘Yes’
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Generalised Büchi Automaton 𝒢¬𝜑

Model

Checker

LTL formula 𝜑

A persistence 

property for an NBA 

𝒜 is

FG (“no final state”)



Taking the Product :

For a transitions system TS = (S, Act, →, I, AP, L), without terminal states, and a non-blocking 

NBA 𝒜=(Q, 𝚺, 𝜹, Q0, F) where 𝚺 = 𝟐𝑨𝑷 , let:

TS ⨂𝒜 = (S’, Act, →’, I’, AP’, L’) where,

• S’ = S X Q, AP’ = Q,  and L’(<s,q>) = {q}

• →’ is the smallest relation defined by : 
s

𝜶
t ∧ q

𝑳(𝒕)
𝒑

<s , q>
𝜶
′ <t , 𝒑>

• I’ = {<s0 , q> | s0 ∈ I  ∧ ∃𝒒𝟎 ∈ 𝑸𝟎 . 𝒒𝟎
𝑳(𝒔

𝟎
)
𝒒 }
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𝑇𝑆 ⨂𝒜𝜑

q is a state that is reached via a transition 

from some q0 ∈ 𝑸𝟎 labeled with L(s0)



From LTL to GNBAs

• For LTL property 𝜑 (for a transition system over AP), construct GNBA  𝒢𝜑 over 𝟐𝑨𝑷 with 

𝓛𝝎 𝒢𝜑 =𝑾𝒐𝒓𝒅𝒔(𝜑).

• Assume 𝜑 contains operators ∧,¬, O, U. 

• States of the GNBA: Elementary sets of sub-formulas in 𝜑

• Transitions between states of the GNBA: derived from the O and U operator expansion laws.

• Accept states guarantee that:  𝝈 is an accepting run in 𝓖𝝋 iff 𝝈 ⊨ 𝜑
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over states of the 

GNBA 

(elementary sets)

over 𝟐𝑨𝑷 for TS



Elementary Sets (the states of the GNBA) for 𝜑

• For 𝝈 = A0 A1 A2 … ∈ 𝑾𝒐𝒓𝒅𝒔(𝜑), each Ai ⊆ 𝑨𝑷.

• For each Ai we construct Bi (a set of sub-formula of 𝜑), to obtain word  𝝈 = B0

B1 B2 …  such that:

• 𝝍 ∈ 𝑩𝒊 “if and only if” 𝝈𝒊 = Ai Ai+1 Ai+2 … ⊨ 𝝍

• What should the initial state of the GNBA contain in its elementary sets?

•  𝝈 should be a run of the GNBA 𝓖𝝋 for a word 𝝈.
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Elementary Sets for 𝜑 : Computing Closure of 𝜑

Closure.

• For an LTL-property 𝜑, the set closure(𝜑) consists of:

• All sub-formulas 𝝍 of 𝜑 and their negation ¬𝝍.

• EXAMPLE: a U (¬a ∧ b)

Can we take Bi to be any subset of the closure(𝜑)?
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NO!

They must be “elementary” – consistent (logically and locally) & maximal. 



“Elementary” Sets for 𝜑

The set B ⊆ closure(𝜑) is elementary if:

1. B is logically consistent - if for all 𝜑1 ∧ 𝜑2 , 𝝍 ∈ closure(𝜑):

• 𝜑1 ∧ 𝜑2 ∈ 𝑩 ⟺ 𝜑1 ∈ 𝑩 and 𝜑2 ∈ 𝑩

• 𝝍 ∈ 𝑩 ⟹ ¬𝝍 ∉ 𝑩

• true ∈ closure(𝜑) ⟹ true ∈ 𝑩

2. B is locally consistent – if for all 𝜑1 U 𝜑2 ∈ closure(𝜑):

• 𝜑2 ∈ 𝑩⟹ 𝜑1 U 𝜑2 ∈ 𝑩

• 𝜑1 U 𝜑2 ∈ 𝑩 and 𝜑2 ∉ 𝑩⟹ 𝜑1 ∈ 𝑩

3. B is maximal – for all 𝝍 ∈ closure(𝜑):

• 𝝍 ∉ 𝑩⟹ ¬𝝍 ∈ 𝑩
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Examples:
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The GNBA for the LTL-property 𝜑

For the LTL-property 𝜑, let 𝓖𝝋 = (Q, 2AP, 𝜹, Q0, 𝓕), where

• Q is the set of elementary sets of formulas B ⊆ closure(𝜑).

• Q0 = { B ∈ Q | 𝜑 ∈ 𝑩}

• 𝓕 = { { B ∈ Q | 𝜑1 U 𝜑2 ∉ 𝑩 or 𝜑2 ∈ 𝑩} | 𝜑1 U 𝜑2 ∈ closure(𝜑) }

• The transition relation 𝜹: Q x 2AP ⟶ Q is given by:

• 𝜹( B, B ∩ 𝑨𝑷 ) is the set of all elementary sets of formulas B’ satisfying:

• For every O𝝍 ∈ closure(𝜑) : 

O𝝍 ∈ 𝑩⟺𝝍 ∈ 𝑩’

AND

• For every 𝜑1 U 𝜑2 ∈ closure(𝜑):

𝜑1 U 𝜑2 ∈ 𝑩⟺ (𝜑2 ∈ 𝑩 ∨ 𝜑1 ∈ 𝑩 ∧ 𝜑1 U 𝜑2 ∈ 𝑩′ )
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GNBA for 𝜑 = Oa
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GNBA for 𝜑 = a U b
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