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#10: Buchi Automata (2) Model checking

Overview Lecture #10

= Checking Non-Emptiness
e Deterministic Blchi Automata (DBA)

e Generalized Nondeterministic Blichi Automata (GNBA)
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#10: Buchi Automata (2) Model checking

Blchi automata

A nondeterministic Buchi automaton (NBA) A is a tuple (Q, X, §, Qq, F') where:
e () Is a finite set of states with )y C ) a set of initial states

e Y is an alphabet

e §:(Q x Y — 2% s a transition function

e I C ()is asetof accept (or: final) states

The size of A, denoted |.A|, is the number of states and transitions in A:

Al = 1QI+ D> [ 16(q,A) |

q€Q Aex
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#10: Buchi Automata (2) Model checking

Language of an NBA
e NBA A =(Q,%,0,Q, F) and word o = AgA1A; ... € 3¢

e Arun for o in A is an infinite sequence qq q1 ¢2 . . . such that:

— g0 € Qoand ¢; 2y g,y forall 0 < i
e RUN ¢y q1 qo ... 1S accepting if g; € F for infinitely many ¢
e 0 € X% Is accepted by A if there exists an accepting run for o
e The accepted language of A:

L,(A) = {o € ¥| there exists an accepting run for o in A }

e NBA A and A’ are equivalent if £, (A) = L, (A
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#10: Buchi Automata (2) Model checking

Equivalent NBA

true
a
2 @
true true
b
true

infinitely often a and infinitely often b
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#10: Buchi Automata (2)

Model checking

NBA and w-regular languages

The class of languages accepted by NBA

agrees with the class of w-regular languages

(1) any w-regular language is recognized by an NBA

(2) for any NBA A, the language L, (.A) is w-regular
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#10: Buchi Automata (2) Model checking

Extended transition function

Extend the transition function 6 to §* : Q x ¥* — 2% by:
0*(q,e) ={q} and 0¢*(q,A) =0(q,A)
5*((],A1A2 .. An) = Upeé(q,ﬁq) 5*(]9, A2 .. An)

5" (q,w) = set of states reachable from ¢ for the word w
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#10: Buchi Automata (2) Model checking

Checking non-emptiness

L,(A) # @ if and only if
Jgo € Qo. 3¢ e F.3we X" 3ve X7, g€ d*(qo,W) A q€d*(q,V)

there is a reachable a(r:cept state on a cycle

The emptiness problem for NBA A can be solved in time O(|.A|)
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#10: Buchi Automata (2) Model checking

Non-blocking NBA

e NBA A is non-blocking if 6(¢q,A) # @ forallgand A € X

— for each input word there exists an infinite run

e For each NBA A there exists a non-blocking NBA trap(.A) with:
— |trap(A)| = O(]A|]) and A =trap(.A)

e For A=(Q,%,0,Qu, F) lettrap(A) = (Q', %, 9, Qo, F) with:
- Q' =Q U {qusp } Where { quop } € Q

_ ! | 4(q,A) : ifge Qandd(q,A) # o
Tl A= { {quwsp} : oOtherwise
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#10: Buchi Automata (2) Model checking

Overview Lecture #10

e Checking Non-Emptiness
= Deterministic Buchi Automata (DBA)

e Generalized Nondeterministic Blichi Automata (GNBA)
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#10: Buchi Automata (2) Model checking

Deterministic BA

Buchi automaton A is called deterministic if

Qo] <1 and [6(q,A)| <1 forallgeQandAc X

DBA A is called total if

Qol =1 and |0(q,A)|=1 forallge @andAc X

total DBA provide unique runs for each input word
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#10: Buchi Automata (2) Model checking

Example DBA for LT property

These NBA both represent the LT property "always b and infinitely often a”
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Model checking

NBA are more expressive than DBA

NFA and DFA are equally expressive but NBA and DBA are not!

There is no DBA that accepts £, ((A + B)*B*)
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#10: Buchi Automata (2)

Model checking

Proof
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#10: Buchi Automata (2) Model checking

The need for nondeterminism

q0 @ ~ —a { g2

true a true

let {a} = AP, ie., 2"°" = {A,B} where A = {} and B = {a}

"eventually for ever a” equals (A 4+ B)*B* = ({} 4+ {a}) " {a}”
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Overview Lecture #10

e Checking Non-Emptiness
e Deterministic Blchi Automata (DBA)

= Generalized Nondeterministic Buchi Automata (GNBA)
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Generalized Blichi automata

e NBA are as expressive as w-regular languages

e Variants of NBA exist that are equally expressive

— Muller, Rabin, and Streett automata
— generalized Bluchi automata (GNBA)

e GNBA are like NBA, but have a distinct acceptance criterion

— a GNBA requires to visit several sets F, ..., Fi (k > 0) infinitely often
— for k=0, all runs are accepting
— for k=1 this boils down to an NBA

e GNBA are useful to relate temporal logic and automata

— but they are equally expressive as NBA
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Generalized Blichi automata

A generalized NBA (GNBA) G is a tuple (Q, X, 4, Qo, F) where:

e () Is a finite set of states with )¢y C @ a set of initial states
e X is an alphabet

e /:(Q x X — 29 s a transition function

o F={F,,...,F,}is a(possibly empty) subset of 2¢

The size of G, denoted |G|, is the number of states and transitions in G:

Gl = 1QI+ D> > 15(¢,A) |

q€Q Aex
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Language of a GNBA

e GNBA G = (Q,,0,Q0, F) and word 0 = AgA1A;y ... € 3¢
e Arun for ¢ in G Is an infinite sequence ¢y ¢1 g . . . Such that:
— go € Qo and g; A, qir1 forall 0 <
e RuUN qyq; ... Is accepting if for all F' € F: q; € F for infinitely many 1
e 0 € X¥ Is accepted by G if there exists an accepting run for o
e The accepted language of G:

- L,(G) = {0 € X | there exists an accepting run for o in G }

e GNBA G and G’ are equivalent if L,(G) = L, (G')
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Example

true crits

crity true true

A GNBA for the property "both processes are infinitely often in their critical section”

F={{a},{a}}
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#10: Buchi Automata (2)

Model checking

From GNBA to NBA

For any GNBA G there exists an NBA A with:
L.,(G) = Lu(A) and |A] = O(|G| - | F])

where F denotes the set of acceptance sets in G
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Model checking

Proof
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Model checking

Crit;

Crity

Example

true

Crit,
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Model checking

Product of Bluchi automata

The product construction for finite automata does not work:

A
A % \(Qh 1) (g2,71)
A

A
O O
Ay —= 1,72 2, "2
2 @ (q1,72) (q2,72)
A

Al ® A
L,(A)=Ly(A)={AY} but L,(A; @A) =2
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Model checking

Intersection

For GNBA G; and G5 there exists a GNBA ¢ with
£w(g) — £w(gl) M £w(92) and ‘g‘ — O(‘gl| ‘|‘ |g2‘)
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Model checking

Proof
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#10: Buchi Automata (2) Model checking

Facts about Blichl automata

e They are as expressive as w-regular languages

e They are closed under various operations and also under N

— deterministic automaton — A accepts — L, (\A)

e Nondeterministic BA are more expressive than deterministic BA

e Emptiness check = check for reachable recurrent accept state

— this can be done in O(|AJ)
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