
Advanced Machine Learning: Homework Problem Set II
Solutions

Guidelines: You have to submit hardcopy of the solutions (printed or hand-
written) by March 7, 2018 beginning of lecture class. Write your name and roll
number clearly on top of the solution. Be clear and precise in your solution.

Problem 1:

Show that if two hypothesis classes H1 and H2, have VC-dimension d each, their
union has VC-dimension at most 2d+ 1.

Proof. We show that V Cdim(H∞ ∪ H∈) ≤ V Cdim(H∞) + V Cdim(H∈) + 1
Number of ways a given set ofm points can be classified usingH∞∪H∈ is at most
the number of classifications using H∞ plus the number of classifications using
H∈. This gives the following inequality for growth functions ζH∞∪H∈(m) ≤

ζH∞(m) + ζH∈(m). By Sauer Lemma ζH∞∪H∈(m) ≤
d∑
i=0

(
m
i

)
+

d∑
i=0

(
m
i

)
. Using

the identity
(
m
i

)
=
(
m
m−i

)
and a change of variable, this can be re-written as

ζH∞∪H∈(m) ≤
d∑
i=0

(
m

i

)
+

d∑
i=0

(
m

m− i

)

≤
d∑
i=0

(
m

i

)
+

d∑
i=m−d

(
m

i

)
i replaced by m-i

Now, if m− d > d+ 1,i.e,m ≥ 2d+ 2

≤
m∑
i=0

(
m

i

)
−
(

m

d+ 1

)
= 2m −

(
m

d+ 1

)
< 2m

Thus V Cdim(H∞ ∪ H∈) cannot be greater than or equal to 2d + 2. Thus
V Cdim(H∞ ∪H∈) ≤ 2d+ 1

Problem 2:

Consider the hypothesis class Hsine = {sign((sin(ax + b)), a, b ∈ R} over the
domain x ∈ R.

(a) Draw a typical function of this class. Show that the points x, 2x, 3x, 4x
cannot be shattered by Hsine.
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Proof. The function is a square wave with amplitude 1 and period 2π cos(tan−1(a)).
Thus changing a,b we can get a function class.
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(a) Graph of sin(ax+ b)
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(b) Graph of sign(sin(ax+ b))

(b) Show that VC dimension of the hypothesis class Hsine is infinite. (Note that,
there are only two free parameters in this hypothesis class.)

Proof. We show that for any l the set of points {x1, x2, x3, ..., xl} can be shat-

tered where xi = 10−i. Choose any labeling {y1, y2, ...., yl}. Let a = π

(
1 +

l∑
i=1

(1−yi)10i
2

)
and b = 0, then

h(xj) = sign

(
sin

(
10−jπ

(
1 +

∑
i=1

l
(1− yi)10i

2

)))

= sign

(
sin

(
10−jπ +

l∑
i=1

(1− yi)10i−j
π

2

))

For any yi = 1 the corresponding term in the summation will be zero. Also, any
i > j, we will be adding an integral number of π2 terms to a sine function, which
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causes no change in value. So those terms can be dropped from summation.

h(xj) = sign

sin
10−jπ +

∑
i:i<j,yi=−1

(1− yi)10i−j
π

2


= sign

sin
10−jπ + (1− yj)

π

2
+

∑
i:i<j,yi=−1

2 ∗ 10i−j
π

2


= sign

sin
10−jπ + (1− yj)

π

2
+ π

∑
i:i<j,yi=−1

10i−j

 We use sin(π + x) = −sin(x)

Summation of the last term(and the second term) is always less than 1. There-
fore, yj = 1 argument of the sine function is between 0 and π. Therefore the
sine function takes positive values and h(xj) = 1 = yj . If yj = −1 the first term
becomes π and the argument of the sine function is between π and 2π. The
sine function takes negative values h(xj) = −1 = yj . Thus h(xj) = yj∀j. So
the set {10−1, 10−2, ..., 10−l} can be shattered for any value of l. Therefore, the
V Cdimension is infinite
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