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Roll No.: Name:

Marks out of 20:

1. Reduce the following A-expression to S-normal form. Rename bound vari-
ables if necessary.

(Azy - (Azy - zy)(Ax - 2)7) (Azy - y).

2]

(Azy - (Azy - zy)(Az - z)x)(Azy - y)
=g Ay (Azy - ay)(Ax - z)(Azy - y)
=g My (M- Az 2)y)(Azy - y)
=g Ay-(Az-z)(Axy -y) (after renaming)
=5 Ay (Azy - y)
—3  Azay-y (after renaming)

2. Show that K QI does not have a normal form, where K = \zy-x, I = A\z-x,

0 = (ww), where w = Az - zx. [2]
Sol.:
KQI
= (Azy-2)QI
=g (- I



Name:

Roll No.:

. A closed A-term M is called a fixed-point combinator if for all A-term F,

MF =5 F(MF).

(a) Give an example (with proof) of a fixed-point combinator.

(b) Construct a fixed-point combinator using the A-term

A= Mor -1 (otor).

Sol.:

2 + 2]

(a) The Y combinator is defined as follows:
Y =M (z- f(zz))(A\x - f(zz)). Let F be any A-term,

YF

= (M- flan)(e - f(ax))) F
—3 (Az - F(zz))(A\z - F(zx))

—3 F((Ax- F(zx))(Az - F(zz)))
—5 F(YF).

(b) Define B = AAA. We claim that for all A-term F', BF =g F(BF).

BF

AAAF

(Mtor - r(otor)AAF,
(Mor - r(oAor)AF,
(Ar-r(AAAr)F,
F(AAAF)

F(BF).
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. The Church numerals are defined as ¢, = Afz - f*(z), for n = 0,1,---,
where fO(z) = x and f"T(z) = f(f™(x)). Show that Acycn = Cmtn,
where A = Axypq - 2p(ypq). [3]
Sol.:

Aiemen

(Azypq - zp(ypq))emen

=5 APq - cmp(cnpq)

=g Apq-(Afz- f"(x )p((AffE fr

—g  Apq-(Ax-p™(x))

—p  Apg- (Ax-p"(z))

—p  Apg- (Ax-p"(z))
p" )
pm

) («))pq)
((Mfz - f"(2))pq)
(A - p"(2))q)
(»"(9))

p
L
p
=5 Apg-p™"(p"(q))
=5 Apg-p™t"(q)

Cm+4n-
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. We define true =T = K = M\xy -z, false = F = K, = Axy -y, an or-
dered pair [M, N] = \x - M N, and an ordered n-tuple [My,--- ,M,] =
[My, [Ma,- -, M,]] for n > 3.

Define 73 that takes a 4-tuple (A\-term) and projects the second compo-
nent i.e. w3 [My, My, M3, M,] —% Ma. Demonstrate its reduction. Also

define 7. (3+1]

Note: There was an error in the question [M7, Ma, M, M3]| will be [M7, Mo, M3, My].

Sol.: We define 73 = A\z-2FT. Also, [My, My, M3, My] = \vq 21 M1 (Axo-
xoMo(Axs - x3MsMy)). Following is the reduction:

AT - $FT)()\.T1 . $1M1 ()\.Tg . $2M2()\$3 . $3M3M4))),

(
*)g (Al'l 'SClMl(AZL'Q ':CQMQ(A.T?, $3M3M4>>>FT
—8 (FM1 ()\SCQ . 1'2M2(>\SC3 . ZL'3M3M4)))T
—>E ()\$2 . .TQMQ()\mg . .Z'3M3M4))T

—8 TMQ(/\ZL'g . $3M3M4)
*)E M2.

73 =Mv-aFFFT.
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. Let m,n=20,1,2, -+, be A-numerals in S-normal form. Assume the exis-
tence of the following A-terms corresponding to this numerals:

o 7 -test for Oie. Z0 =T and Z1 =5 F, for n > 0.
e S - successor function i.e. ST =gn + 1.

e P - predecessor function i.e. P0 =50 and Pn =g n — 1, for n > 0.
We define the following A-term:
G=Afmn-(Zm)n(S(f (Pm)n)).

(a) Show that (Y G)23 —7% 5. What is your conclusion?
(b) Design a A-term G that can be used to multiply two A-numerals.

(3+2]
Note: There was an error - F' was used for A-term false and also for the
name of the M-expression Afmn - (Zm)---.

Sol.:

(a) Following is the reduction:

(b) The A-term for multiplication is
G = Afmn-(Zm)O0 (Plus (f (Pm)n)),

where Plus is Y.



