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Geometry.

Problems :
1.  Let AC be a line segment in the plane and B a point between A and C. Construct isosceles triangles PAB and QBC on one side of the segment AC such that ∠APB = ∠BQC = 120◦ and an isosceles triangle RAC on the otherside of AC such that ∠ARC = 120◦. Show that PQR is an equilateral triangle.
2.  Let ABC be a triangle in which AB = AC and ∠CAB = 90◦ . Suppose M and
N are points on the hypotenuse BC such that BM^2 + CN^2 = MN^2. Prove that ∠MAN = 45◦
     3.   The in-circle of triangle ABC touches the sides BC, CA and AB in K, L and M
          respectively. The line through A and parallel to LK meets MK in P and the line
          through A and parallel to MK meets LK in Q. Show that the line P Q bisects the
    sides AB and AC of triangle ABC.
4 Let ABC be a triangle in which no angle is 90◦. For any point P in the plane
of the triangle, let A1, B1, C1 denote the reﬂections of P in the sides BC, CA, AB
respectively. Prove the following statements:
(a) If P is the incentre or an excentre of ABC, then P is the circumcentre ofA1B1C1;
(b) If P is the circumcentre of ABC, then P is the orthocentre of A1B1C1;
(c) If P is the orthocentre of ABC, then P is either the incentre or an excentre of
A1B1C1.
     5   Let ABC be a triangle in which AB = AC and let I be its in-centre. Suppose 
          BC=AB +AI. Find  ∠BAC.
6 . Let ABCDEF be a convex hexagon in which the diagonals AD, BE, CF are concurrent at O. Suppose the area of triangle OAF is the geometric mean of those of OAB and OEF; and the area of triangle OBC is the geometric mean of those of OAB and OCD. Prove that the area of triangle OED is the geometric mean of those of OCD and OEF.

7 Let ABC be a triangle with circum-circle Γ. Let M be a point in the interior of        triangle ABC which is also on the bisector of ∠A. Let AM, BM, CM meet Γ in A1, B1, C1 respectively. Suppose P is the point of intersection of A1C1 with AB; and Q is the point of intersection of A1B1 with AC. Prove that P Q is parallel to BC..

8 Let ABC be an acute-angled triangle with altitude AK. Let H be its ortho-centre and O be its circum-centre. Suppose KOH is an acute-angled triangle and P its circum-Centre Let Q be the reﬂection of P in the line HO. Show that Q lies on the line joining the mid-points of AB and AC.

Circles [image: Q_1] and [image: Q_2] are tangent to each other externally at [image: T]. Points [image: A] and [image: E] are on [image: Q_1], lines [image: AB] and [image: DE] are tangent to [image: Q_2]at [image: B] and [image: D], respectively, lines [image: AE] and [image: BD] meet at point [image: P]. Prove that 
(1) [image: \frac{AB}{AT}=\frac{ED}{ET}]; 
(2) [image: \angle ATP + \angle ETP = 180^{\circ}].

9 If [image: x], [image: y], [image: z] are positive real numbers, prove that 
[image: \left(x + y + z\right)^2 \left(yz + zx + xy\right)^2 \leq 3\left(y^2 + yz + z^2\right)\left(z^2 + zx + x^2\right)\left(x^2 + ...](Use geometric interpretation ! )

10 In an acute angled triangle [image: ABC], [image: \angle A = 30^{\circ}], [image: H] is the orthocenter, and [image: M] is the midpoint of [image: BC]. On the line [image: HM], take a point [image: T] such that [image: HM = MT]. Show that [image: AT = 2 BC].

11 The diagonals [image: AC] and [image: BD] of a cyclic quadrilateral [image: ABCD] intersect at [image: P]. Let [image: O] be the circumcenter of triangle [image: APB] and [image: H] be the orthocenter of triangle [image: CPD]. Show that the points [image: H,P,O] are collinear.

12 Let [image: ABCDE] be a convex pentagon such that [image: BC \parallel AE,] [image: AB = BC +  AE,] and [image: \angle ABC = \angle CDE.] Let [image: M] be the midpoint of [image: CE,] and let [image: O] be the circumcenter of triangle [image: BCD.] Given that [image: \angle DMO = 90^{\circ},] prove that [image: 2 \angle BDA = \angle CDE.]

13 Let [image: AL] and [image: BK] be the angle bisectors in a non-isosceles triangle [image: ABC,] where [image: L] lies on [image: BC] and [image: K] lies on [image: AC.] The perpendicular bisector of [image: BK] intersects the line [image: AL] at [image: M]. Point [image: N] lies on the line [image: BK] such that [image: LN] is parallel to [image: MK.]Prove that [image: LN=NA.]

14 Show that [image: 3^{2008} + 4^{2009}] can be written as product of two positive integers each of which is larger than [image: 2009^{182}].
(Not a geometry problem  ! Use Sophie-Germain Identity of number theory ).
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Few Interesting Geometry Theorems.
The lines from the points of tangency of the incircle to  the vertices of a triangle are concurrent.( Gergonne Point)
If three points are chosen, one on each side of a triangle then the three circles determined by a vertex and the two points on the adjacent sides meet at a point.(Miquel Theorem)
The adjacent trisectors of the angles of a triangle are concurrent by pairs at the vertices of an equilateral triangle.(Morley’s theorem)
The isogonal conjugates of a set of cevians are also concurrent.(Concurrency of isogonal conjugates).
Two triangles are centrally perspective if and only if they are axially perspective.(Desargues Theorem)
 Let A, B, C, D, E, F be points on a circle (which are not necessarily in cyclic order). Let P=AB∩DE, Q=BC∩EF, R=CD∩FA. Then P,Q,R are collinear.(Pascal’s Theorem of cyclic hexagon)
 Given one set of collinear points A, B, C, and another set of collinear points a, b, c, then the intersection points X, Y, Z of line pairs Ab and aB, Ac and aC, Bc and bC are collinear.( Pappus theorem)
For a cyclic quadrilateral the maltitudes intersect in a single point, called the anticenter.(Anticenter of quadrilateral)
 >Perpendiculars from mid-point of one diagonal to other  intersect at the anti center.
> Construct 9-point circles of the four triangles ∆ABD, ∆BCD, ∆ABC, and ∆ADC.The 4 circles intersect at the anticenter.
> The centers of the 9-point circles are concyclic with anticenter.
The nine-point circle of any triangle is tangent internally to the incircle and tangent externally to the three excircles(Feuerbach’s Theorem).
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