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Sets and Basic Operations on a Set'

o Member of a Set: Let A be a set. x s a member of
A, x € A; y is not a member of A, y ¢ A.

o Empty Set: {} or (). Empty set does not have any

member.

o Non-empty Set: {{}}, {0}, {0,{0}}, {0,2,4,---}.

o Set union : Let A and B be sets. A union B is a set,

writen and defined as,

AUB={x : x€ Aor z € B}.

N /
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/ ‘Sets and Operations (cont.) I \

o Set intersection : Let A and B be sets.
A intersection B is a set, writen and defined as,

ANB=A{x : x € Aand x € B}.

o Set Minus: Let A and B be sets. A minus B is a set,
writen and defined as,

A\B={z : x € Aand z ¢ B}.

e Disjoint Union : Let A and B be sets.
A disjoint union B is a set, writen and defined as,

K A®B=(A\B)U(B\ A) /
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/
‘ Examples I

Let A={a,p,r, 2,2}, B=1{b,q,r,y, 2z}, and
C =4{b,c,q,t,y} be sets.
e AUB={a,p,r,x,2} U{b,q, 1 vy,2} =
{a7 b7p7 Q7 ""7 x? y7 Z}'
e ANB=A{a,p,r,x,z} N{b,q,r,y,z} = {r z}.
e ANC ={a,p,r,x,z} N{b,c,q,t,y} = 0.

A and C do not have any common element and the
intersection is a null set.

\_
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Examples (cont.) I

¢ A\B:{a7p7fr.7x7z}\{b7Q7,r7y7z} :{a/7p7x}'

e AODB=(A\B)U(B\A)={a,p,v} U{b,q,y} =
{a,b,p,q,z,y}.

e ADC =(A\C)U(C\ A) =
{a7p7/r7aj7z}u{b7c7Q7t7y} — {d,b,C,p,g,T,gj,y,Z}.

N

~

¢ A\C — {aapa T,SE,Z}\{[), CaQata y} — {a’apa T,ZC,Z} = A.

_
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/ ‘Sets and Operations (cont.) I \

o Subset: Let A and B be sets. A is a subset of B is
writen and defined as,

ACB = if x € A then x € B.

e Proper subset : Let A and B be sets.
A is a proper subset of B is writen and defined as,

ACB = ACBand A+ B

o Fquality of sets: Two sets A and B are equal if they

k have the same elements i.e. A C B and B C A. J
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4 N
'Examples I

Let A=Aa,p,r,x, 2}, B={p,r,x}, and C ={b,q,r,y, 2}
be sets.

e B is a proper subset of A as p, r and x are elements of

A.
e A is a subset of A itself but not a proper subset.
e (' is not a subset of Aasbe C, but b ¢ A.

N /
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4 N
Examples (cont.) I

e LLet A be the set of even natural numbers.

e Let B be the set of natural numbers whose binary

representation has a zero (0) in the least significant
bit.

e A = B as each element of A satisfies the property of
B (i.e. AC B) and vice versa (B C A).

N /
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‘Sets and Operations (cont.) I

~

o Powerset : Let A be a set. The powerset of A is a set.

It is writen and defined as,

240or PA = {B : BC A).
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/ A Few Properties of Set Operations'

Let A and B be sets.
o [dentity Property :
AUD=A=0UA.
e Zero Property :

AND=0=0nNA.

e Commutative Property :

N

AUB=BNA ANB=DBnNA.

~

_
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A Few Properties of Set Operations (cont.) I

Let A, B, and C be sets.

o Associative Property :
(AUB)UC = AU(BUC), (ANnB)NC' = ANn(BNC).
e Distributive Property :
(AUB)NC=ANC)U(BNC),
AN(BUC)=(ANB)UANC),

Also the dual of it.

N /

11
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4 A

Proof '

Let A, B, and C be sets. Any proof of these properties
depends on the properties of not, or and and. We try to
prove that ( AUB)NC =(ANC)U(BNC).

N /
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re(AUuB)NC

(AUB)NC

‘ Proof (cont.) I

r € (AUB)and z € C,

(x € Aorx € B)and x € C,
(r € Aand z € C) or

(r € Band z € C)

(xe ANC)or (xe BNC)
re(ANC)U (BNC)
(ANnCYu(BNC)

~

13
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Union and Intersection over a Family'

Let A = {A;}icr be a collection of sets so that A; C B,
for all 2 € I.

e Union : union of all the elements of A,

| JAor | JA={x € B:xz € A, forsome i€ [}

icl
e Intersection : intersection of all the elements of A,

(YJAor (\A={zx e B:x€ A, forallicl}.

1€l

N

~

14
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Let ’A — {{CL, C7p7 x? Z}? {b7 C7 Q7 :E, y}? {CL, C7 x? y? Z}}'

A

‘ Examples I \

— U{{a7 C7p7 x) Z}? {b7 C? Q7 ./,E, y}? {CL, C? .CE, y? Z}
— {G,C,p,fE,Z}U{b,C,q,ZC,y}U{&,C,CE,Q,Z}
= {a,b,c,p.q,a,y, 2}

ﬂ{{a7 C7p7 x) Z}? {b7 C? Q7 x? y}? {a’7 C? x? y? Z}
— {a7c7p7aj7z}m{b7c7Q7a:7y}m{CL?C?:E?y?Z}

= 161}

_
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~

Do You Agree?'

o Let A ={A;}icr be a collection of subsets of the set

B. The set |J A is defined to be the collection of z’s
satistying the following property.

(r € Band x € A; for some ¢ € I)

If the index set I = () (empty), the statement ‘x € A;
for some 7 € I’ is not true for any x € B and hence

JA=0.

N /
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Do You Agree? (cont.) I

e The set (A is defined to be the collection of z’s
satistying the following property.

(x € B and z € A; for every i € I)

If the index set I is empty, the statement ‘z € A; for
every ¢ € I’ is true for any x € B, because there is no

A; present in A to make it false (vacuously true).
Hence A = B!

N /
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/ Ordered Pair and Cartesian Product'

Let A and B be sets.

e An ordered pair from A to B is (a,b), where a € A
and b € B.

e Two ordered pairs (a,b) and (c,d) are equal if a = ¢
and b = d.

is a set, writen and defined as

Ax B=1{(a,b):a€ Aand b € B}.

kaFrench mathematician and philosopher, Rene Decartes (1596-1650).

~

o Cartestan Poduct : the cartesian® product of A and B

_

18
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‘ Example I

Let A= {z,y} and B = {p,q, x} be sets.

e Ax B={(z,p),(r,q),(z,z),(y,p), (v,9), (y, )}
e Ax A={(z,),(%,y),(y,2), (y,9)}-

o If either of A or B is an empty set, the statement
‘r € A and p € B’ is always false. Hence

AxD=0=0x A

N

~

19
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4 N
Binary Relation I

Let A and B be sets.

e Binary relation : a binary relation R from A to B is a
subset of A X B. A is the domain of the relation R
and B is the codomain of it.

e A binary reation R on A is a subset of A x A.

e If (a,b) € R, a relation from A to B, we write aRb i.e.
‘a 1s R related to b’

N /
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‘ Examples I

Let A={x,y} and B = {p,q,x} be sets.

We may write xRp, xRq .

We may write pSp, ¢Sq, and =S5z

e < =1{(0,1),(0,2),(0,3),---,(1,2),(1,3),---} is a
binary relation on N. We write 3 < 10.

e R={(z,p),(x,q)} is a biary relation from A to B.

e S={(p,p),(q,q),(x,z)} is a binary relation on B.

~

21
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/ ‘A Function or a Map' \

Let A and B be sets.

e Function/Map : a function or a map f from A to B is
an assignment of exactly one element of B to each
element of A. If b € B is assigned to a € A by the

function f, we write f(a) =b, or fa =b, or a LN
The function is written as f: A —s Bor A 25 B. A
1s the domain and B is the codomain of the function.

e A function f on A is an assignment of exactly one
element of A itself to each element of A. Here both

k domain and codomain are the same A. J

22
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4 N
Argument and Value'

Let f be a function from a set A to a set B. An element

a € A is called an argument of the function and f(a) is
the corresponding value assigned to ‘a’ by the function.

f(a) is called the image of a € A and a is the coimage of

f(a).

N /
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/ ‘ Example I

Let A={x,y,2} and B = {p,q,z, 2} be sets.

e Function f: A — B,

Tr—=4q,Yy—=d(q, 2= p

e Function g: A — A,

T—Y, Y—>T, 22

e Function ! : N — N,

N

01, 11,22 36, 424,

24
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Figure 1: Function

25
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4 N
‘Graph of a Function'

Let f : A — B be a function, the graph of f is the
following binary relation from A to B.

graph(f) = {(a, f(a)) : a € A}

In set theory the graph of a function is called the function
or map (extensionally).

N /
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N

‘ Examples I

graph(f) = {(=,q), (y,q9), (2,p)}

gmph(g) — {(fl?, y)v (ya ZC), (Zv Z)}

~

graph(!) = {(0,1),(1,1),(2,2),(3,6), (4,24), (5,120),---}

_

27
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/ ‘A Bit of Logic : Conditional Statement' \

A conditional statement is written in any one of the

following form.

o [f Athen B
e A only if B.
e Aimples B (A= B,or AD B).

e if not B then not A.

In the first three cases, A is the antecedent and B is the
consequence. The last statement is in contrapositive

o Y

28
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‘Value of a Conditional Statement'

A B A= DB
false  false | true
false true | true
true  false | false
true true | true

29
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Material Implcation I

e If the antecedent of a conditional statement is false,
the conditional statement is true irrespective of the

consequence, vacuously true.

e It is false only when the antecedent is true but the
consequence is false.

e This conditional statement or implecation is called
material implecation.

N /
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/ Use of Material Implecation' \

e [Let A and B be sets.

ACB = (z€ A)= (x € B),for all x.

If A=0, then x € A= 0, for all x € B. This makes
the statement (z € () = (z € B), true. Hence () C B,
for any set B.

e As a special case ) C () and this is the only subset of
a null set.

e 2° or PO = {0} or {{}}, a set with only one element,

k the null set. J

31
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‘ Examples I

Let A =a,b,c}
e The subsets of A are 0, {a}, {b}, {c}, {a,b}, {a,c},
{b,c}, {a,b,c}.
o 24 or PA =

{0,{a},{b},{c},{a,b},{a, ¢}, {b,c}, {a,b,c}}.

N

~
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~

Another Use I

e Let A and B be sets. If exactly one element b € B is
assigned to each element a € A, we say that there is a

function from A to B.

If the set A = (), there is no a € A, and the antecedent
is vacuously true. Hence there is a unique function ¢pg
from the null set to any set B. The graph of this
function is also an empty set, graph(¢g) = 0.

N /
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/ Biconditional Statement : :ff

An if and only if is written in any one of the following
form.

o A if and only if B.
o A iff B.
e A& B, or A= B.

This statement is equivalent to a conjunction of two
implecations.

e Aif B (if Bthen Aor B= A) and A only if B

K (A= B).

~

34
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Equality of Two Functions'

Two functions f,g: A — B are said to be equal if for
every argument the values are equal 1.e.

f=giff fla) =g(a), for all a € A.

This is called equality by ezxtensionality. In other words
graph(f) = graph(g).

N

~
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Function Composition I

Let f:A— Band g: B— (. Given f and g, we can

define a new function from A to C, the composition of ¢
with f, go f: A — C, such that,

(go f)(a) =g(f(a)) € C, for all a € A.;

N /
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Figure 2: Function Composition

37
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Identity Function I

For every set A, there is a function 14 : A — A, called
the identity function such that

14(a) = a, for all a € A.

~

38
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‘Properties of Function Composition'

Let f:A—B,g: B— Cand h:C — D.
e (ho(gof))=((hog)o f): function composition is

e Igof=/f=foly: the identity function behaves
like ‘0’ in addition and ‘1’ in multiplication.

e I[fA=B, 14y=1gand 140 f=f = foly.

e Function composition in general is not commutative

k i.e. go f # fog (not defined in this case).

assoctative like ordinary addition and multiplication.

~

_
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