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1. Prove that for any positive integer c, n! = Ω(cn).

2. Prove that 22n

2n <
(2n
n

)

< 22n, for all n ≥ 1.

3. If n is a positive integer and p is a prime, then νp(n) = k, is the largest
positive integer such that pk|n.
Prove that for all integers n ≥ 1 and for all primes p, νp(n!) =
∑

i≥1⌊
n
pi
⌋.

4. If l = νp(
(2n
n

)

) then pl ≤ 2n.

5. Prove that
(2n
n

)

≤ (2n)π(2n), where π(x) is the number of primes ≤ x.

6. Prove that for all integers n ≥ 2, π(n) ≥ n
logn − 2

7. A Carmichale number is an odd positive integer n > 1 such that for
all a ∈ Z

∗
n, a

n−1 ≡ 1(mod n). Prove that the following two conditions
are equivalent to the given definition (d). Note that Z

∗
pk

is a cyclic

group when p is an odd prime.

(a) an ≡ a(mod n) for all a ∈ Z.

(b) n is starfree and for all prime p, if p|n, then p− 1|n − 1.
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