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Instructions:

e Write your answers in the question paper itself. Be brief and precise. Answer all questions.

e Write the answers only in the respective spaces provided. The last two blank pages may be
used for rough work or leftover answers.

e In case you may need more space/pages, please ask for additional sheets in the exam hall and
attach the same with this booklet while submitting.

e If you use any theorem / result / formula covered in the class, just mention it, do not elaborate
or prove unless you are explicitly asked to do so.

e Write all the proofs / derivations in mathematically / logically precise language. Unclear
and/or dubious statements would be severely penalized.
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Q1. [ Planning using Dynamic Programming ]

Consider an MDP, M = (S,A, P,R,y) with n states, that is, S = {s1,s2,...,5,}, and 2 actions, that is,
A ={left,right}. Assume the discount factor as, y = 0.5. The transition probabilities are given as,

IP)[S,H =518 =s1,A = left} =1 and ]P’[S,H =sp_1 | St = sp,Ar = left] =1 (2 <k< n)
IP)[S,H =5p | Sy =sn,Ar = right} =1 and IP’[S,H =Skt | 8¢ = sp, A = right] =1 (1 <k<n-— 1).

0 right right right right right right

(O FIC) PRI FIIC)D
~0 0 0

left left left left left left 10

The rewards are distributed as, R(sg,left) =0 (1 <k <n), R(sy,right) =+1 (1<k<n-—1), and
R(sp,right) = +10. Answer the following questions.

(a) Figure out the optimal policy, that is, 7*(sy), for every k (1 < k < n) for the MDP M. 1)

Solution:

m*(sx) = right, forevery k (1 <k <n).
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(b) Compute the optimal value of state, s, that is, V.(s,). Show your calculations. 2)

Solution:

Since 7*(s,) = right, that is, ]P’[A, =right | S, = sn] =1, we have

Ex [R(Sy,right) + Wa- (Si41) | Sr = sn)
R(S,,right)+7-R(S,,right)+7*-R(S, right)+---

Vi(sn)

1
10+0.5-10+0.52-10+--- = 10x = 20.

1-0.5

(¢c) Compute the optimal value function, V,(sx) as a function of n and k, for all k (1 <k <n-—1).
Show your calculations. 3)

Solution:

Since 7*(sy) = right, thatis, P[A, = right | S, = s;| = 1 for every k (1 <k < n), we have

Vi(
Vi(sn
(

Sn

1)
2)
3)

Sn

R(sy—1,right)+7y-Vi(sy) = 140.5-Vi(sy)
R(Snfb I‘ight) +v- V*(Sn,1) = 1+0.5+ 052 Vi (Sﬂ)
R(sp_3,right) +7-Vi(s,2) = 1+0.5+0.5°40.5-V.(s,)

R(sy—k,right)+ v Vi(sy—kt1), foreveryk (1 <k<n-—1)
140.54+0.52+--- 40514+ 0.5 v.(s,)

1-0.5¢
1-05

+0.5%20 = 2+0.55-18

24057018, forallk (1<k<n—1)
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(d) Suppose you wish to perform value iteration over the MDP M to figure out the value estimates

of each state. You plan to start with a value estimate equal to O for every state. Calculate the

value estimates of all states after the first and second iterations, respectively; that is, determine

V1(st) and V2(s;), forall k (1 < k < n). 2+3)

Solution:

For (j+ 1)-th iteration, the update made (as per Bellman Optimality Equations) will be:

Vitl(s,) = max -(R(sn,left)—i-}/ Vj(sn,1)>, (R(sn,right)+y-Vj(sn)>]
= max (O—i—O 5-V(s,_ 1)) (10+0.5 : Vj(sn))}
Vitl(s)) = max (R (s1,left)+7y- Vf(sl)> (R(sl,right) + }/-Vj(sz)ﬂ
—  max (0+05 Vi(s, ) (H—O.S-Vj(sz)ﬂ

Vit (s,_k) = max (R (Sn_k,1eft) +7- VI (s,k_ 1)) (R(sn,k,right) +7y- Vj(s,,,kﬂ))}

(040.5-Vi(s, 4 1)) (1+0.5-Vf(sn_k+1))}, forall k (1 <k <n—2)

= max

Given that, VO(s;) = 0, for all k (1 < k < n).

So, iteration-wise we get,
After First Iteration:
V(s,) = max[0,10] = 10,
Vis,) = max[0,1] = 1, forallk(1<k<n-—1)
After Second Iteration:
V3(s,) = max[(0+0.5-1),(10+0.5-10)] = 15,
V3(s,-1) = max[(0+0.5-1),(14+05-10)] = 6,
V3(s,—¢) = max[(0+0.5-1),(1+05-1)] = 15, forallk(2<k<n-—1)
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(e) Suppose you wish to perform policy evaluation over the MDP M to figure out the value estimates

of each state for a given policy 7, where 7(sy,left) = 3 ! and 7(s;,right) = 3 for every state
sk (1 <k <n). You plan to start with a value estimate equal to O for every state Calculate the
Value estimates of all states after the first and second iterations, respectively; that is, determine
Vi (si) and V2(si), for all k (1 <k < n). (2+3)
Solution:
For (j+ 1)-th iteration, the update made (as per Bellman Expectation Equations) will be:

Vit (s) = |m(sntett): (Risn1eft) +7-Vils,1)) + (s, right) - (R(swright) +7-Vi(s) )|
= :%.(0+0.5.v,{(s,,_1))+%(10+0.5-V7{(sn))}
Vitl(s)) = :ﬂ(sl,left)- (R(s1,1eft) +}"V7{(S1)) +7(s1,right)- (R(Slaright) +7'V’%(”))}

- :%.(o+o.5-v,{(s1))+%-(1+0.5-V,{(Sz))}

V7{+1 (Sn—k) = n(sn—kv left) ' (R(Sn_k, left) T ng (Sn—k—l )>

(s, 1, right) - (R(sn o right) +7-VA(sn 1) )|

S| - 3 -
- |3 (0+0.5-V,{(sn,k,1)) +3 (1+O.5~V,%(sn,k+1)>}, forallk (1<k<n—2)

Given that, V2(sx) = 0, for all k (1 < k < n).

So, iteration-wise we get,

After First Iteration:
13
Vis,) = |--0+>-10] = 7.5,
o) = [0+310)
3
Vis,k) = { 0—1—1 1} = 0.75, forallk (1<k<n-—1)
After Second Iteration:
1
Vi) = |y (0+05 075)+i-(1o+0.5-7.5)} — 10.40625,
, 1 3
Visa) = |- (0+05- 075)+Z'<1+0'5'7'5> — 3.65625,
1 3
Vi) = |5 (0+05 075)+4-(1+0.5~0.75)} — 1125, forallk(2<k<n—1)
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Q2. [ Model-Free Prediction and Control ]

Suppose that, instead of knowing the model of the MDP M as explicitly presented in the question Q1,
you only know the states, S = {s1,s2,...,5,}, and the actions, A = {left,right} (both actions are
applicable from all states). You have also observed the following trajectory of just one episode:

left right left right right left right right
S1 S1 2 S1 > $2 S3 52 S3 >S4
0 +1 0 +1 +1 0 +1 +1
left right right left right . right
Sk+1 Sk Sk+1 Sk+2 Sk+1 7 Sk+2 Sk+3
0 +1 +1 0 +1 +1
left right right left right right
Sn—1 > Sp_2 Sn—1 s Sn—1 s N
" o " 1" 41" o " 1" +10 "

As shown above, the episode starts from state s; with a 1eft action fetching a reward of 0 and staying
in state 51, followed by a right action fetching a reward of +1 and moving to state s, from s;. Then,
it continues with a repeated sequence of three actions, left, right, right, one after another for the
next (n— 1) times, and finally terminates the episode at state s,. Answer the following questions.

(a) Given this only episode, calculate the value function estimates, V (s ), as a function of n and k
for every state s; € S (1 < k < n) obtained using: (i) Every-Visit Monte Carlo and (ii) First-Visit
Monte Carlo methods. 4+3
Solution: (taking Y= 1, however Y may be taken as any value or simply be kept symbolically)
(i) Every-Visit Monte-Carlo:
Every-Visit Monte Carlo averages the returns starting from each occurrence of each of
the states across the episode. Therefore, Every-Visit Monte Carlo value function estimate
would converge to:

V(si) = [((0+1)+(0+1+1)-(n—2)+(0+1+10))

+ (1)+(0+1+1)-(n—2)+(0+1+10))

6n+23
3

+ (1+1)+(0+1—|—1)-(n—3)—|—(0+1—|—10))]/3 -
Vis) = [((04—1+1)-(n—k)+(0+1+10)>

(D +O+1+1)-(1—k=1)+(0+1+10))
+<(1+1)—1—(0+1—|—1)-(n—k—2)—|—(0+1—|—10))}/3
61 — 6k + 30

= ——5 = 2-2k+10, forallk2<k<n-1)

V(sy) = [(0+1+10)+(10>]/z ~ 105
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(ii) First-Visit Monte Carlo:
First-Visit Monte Carlo averages the returns starting from the first occurrence of each of the
states across the episode. Therefore, First-Visit Monte Carlo value function estimate would
converge to:

Vi) = (O—i-1)+(0+1—|—1)-1(n—2)+(0—|—1+10) s

(04+1+1)-(n—k)+ (0+1+10)

Vi) = 1 = 2n—2k+11, forallk (2<k<n)

(b) From the one-step state transitions and sample rewards seen in the given episodic data, con-
struct an MRP (ignoring the actions mentioned during state transitions) that TD(0) (that is, one-
step temporal difference learning) essentially builds with the estimated transition probabilities,
P[Si+1 =s; | S = 5], and the reward function, R(sy), for all i, j,k (1 <i, j,k <n). 3+2)
Solution:
TD(0) essentially constructs an MRP, M’ = (S, P,R, ), with the transition probabilities, P : S x
S — RO, and the reward function, R : § — R, following certainty equivalence estimate from
the one-step transitions and sample rewards seen in the data.
The transition probabilities (P) would be estimated as:

PlSi=s1]S=s1]=5, P[Syi=s|S=s]=32 P[Sq1=s5;]S=s]=0, <2§j§n)

]P’[SHJ = Sk—1 |Sr :Sk] =2 IED[St-s-l = Sk+1 |St ZSk} = %7 P[St+1 =Sj ‘ St ZSk] =

IP][SH—I = Sn—1 | S = sn] =

N — W] = W =

, IP’[S,H =5, |8 :sn] = %, IP’[S;H =s5; |8 :sn} =0, (l Sjgn—Z)
The reward function (R) would be estimated as:

0+1+1 2
R(sy) = (+3+) =3 forallk (1<k<n—1) and R(s,) =

(0+10)
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(¢) From the given episodic data spanning across multiple timesteps, calculate the estimated update
values after first four timesteps, that is, determine Q;(s1,1left), Q>(s;,right), Qz(sy,1left)
and Q4(s1,right), using one-step SARSA approach. Assume all the initial Q-value estimates of
the states (prior to any update) as 1; the discount factor as ¥ = 0.5; and the step size as oo = 0.1.
Here, O, (sk,-) denotes the estimated Q-value of state s; € S after -th timestep. 2 x4

Solution:
. .. i aj . .
Given transitions of the form, s; —— s g —2 51, the SARSA update equation is:
ri rj

O(si,a;) < Q(si,a;) +a|ri+7v-O(sj,a;) — Q(Shai)}

The updated Q-values following SARSA approach will be:
Update after First Timestep:

Oi(sy,left) = Qg(sl,left)-l-(x-[R(sl,left)—l—}/‘Qo(sl,right)—Qo(sl,left)}
- 1+0.1.[0+0.5-1—1} — 0.95
Update after Second Timestep:
0>(sy,right) = Ql(sl,right)-l-a-[R(sl,right)—H/‘Ql(sz,left)—Ql(sl,right)]
- 1+o.1.[1+0.5-1—1} — 1.05
Update after Third Timestep:
Oi(sy,left) = Qg(sz,left)-l-(x-[R(sz,left)—l—’}/‘Qz(sl,right)—Qg(Sg,left)}
- 1+o.1.[0+0.5-1.05—1} — 0.9525
Update after Fourth Timestep:
Qu(s1,right) = Q3(Shright)+05'[R(Slaright)+Y‘Q3(Sz7right)—Q3(Sl7right)}

_ 1.05+o.1.[1+0.5-1—1.05} — 1.095
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Q3. [ Q-Learning and Value Function Approximation ]

Again consider that, instead of knowing the model of the MDP M as explicitly presented in the ques-
tion Q1, you only know the states, S = {s;,s2,...,5,}, and the actions, A = {left,right} (both are
applicable from all states). You have also observed the same trajectory of just one episode presented
in the question Q2. Assume all the initial Q-value estimates of the states (prior to any update) as 1; the
discount factor as ¥ = 0.5; and the step size as & = 0.1. Here, Q(sy, -) denotes the estimated Q-value
of state s, € S.

(a) From the given episodic data spanning across multiple timesteps, calculate the estimated update
values after first four timesteps, that is, determine Q(s;,left), Q(s;,right), Q(s2,1left) and
O(s1,right), using tabular Q-learning approach. 2 x 4)
Solution:
Given transitions of the form, s; Lr> s a—]r> Sk, the Q-learning update equation is:
i J

O(si,a;) < Q(Si,ai)+05[ri+}" max O(s;j,aj) —Q(Si,ai)}

aje{left,right}

The updated Q-values following Q-learning approach will be:
Update after First Timestep:
O(s1,left) <« Q(s1,left)+o- [R(sl ,left)+y-max {Q(si,left),Q(s;,right)} — O(si, left)}
= 140.1-[0+05-max{1,1} ~1] = 0.95
Update after Second Timestep:
O(s1,right) <« Q(si,right)+a- {R(sl,right) +7-max {Q(s2,1eft),O(s2,right) } — Q(sl,right)}
= 1400 [14+0.5 max {1,1} ~1] = 1.5
Update after Third Timestep:
O(sy,1left) <« Q(sz,left)+o- [R(sz7 left)+y-max {Q(s;,left),Q(si,right)} — O(s2, left)}
= 140.1-[0+0.5-max {095,105} 1] = 0.9525
Update after Fourth Timestep:
O(s1,right) <« Q(si,right)+a- [R(ﬂ ,right) +y-max {Q(s2,1eft), O(s2,right) } — O(s) 7right)}

- 1.05+0.1-{1+0.5-max{o.9525,1}—1.05} — 1.095

— Page 8of 12 —



(b) Now, we are interested in performing linear function approximation in conjunction with Q-

wo
learning. In particular, we have a weight vector, w = [ wi ] € R, Given some state s; € S and
w2
action a; € {left,right}, the featurization of this state-action pair is given as, @ (s, left) =
1 1
[ k } and ¢@(s;,right) = [ k ], for all k (1 <k <n). Approximate Q-values are computed
1

as, Q(sk,left;w) =wl-@=wp+w; -k—w, and Q(sk,right;w) =wl-@=wo+w; -k+ws.
Given the parameters w and sample transitions of the form, s; —— s i AN Sk, the loss function
ri }"j

e . . ~ 2 ~
to be minimized here is, J(w) = [ri +7y- max O(sj,ajw™) — Q(si,ai;w)] , Where Q(sj,aj;w*)
aje{left,right} ’

is a target network parametrized by fixed weights w™ and 1 <i,j < n.

~1 1
Suppose, you currently have weight vectors w = [ 1 ] and w™ = [ 0 ] , and you observe a
1

.. right left . .
sample transition, s; g 52 c o 51 Perform a single gradient update to the parameters
+

w given this sample. Assume the discount factor as Y = 0.5 and the step size as oo = 0.1. Write
out the gradient V,,J(w) as well as the new parameters w’. Show all computations clearly. )

Solution:
The gradient of J(w) yields,

o~ o~

ViJ(w) = (—2)-[}7—1—}/- max Q(sj,aj;w_)—Q(s,',ai;w)}~Vwé(s,',a,-;w)
aje{left,right}

1

= (—2)-[ri+7/-max{(1+w1-j—w2)7(1+wl-j+w2)}—(1+w1~iﬁ:wz)}-[ i

+1

right s left
2

Using this, the parameter update with the sample transition, s; . S1, 1s:
+
/ 1
W« W—EO&VW.](W)
1
= W—I—O.l-[rl—I—O.S-max{(wa—l—wl_-2—w2_),(wa+w1_-2+w2_)}—(wo+w1-1—|—wz)}- 1
1
[ —1 ] 1
- |1 +0.1.[1+0.5-max{(1+o-2+1),(1+0-2—1)}—(—1+1-1+1)]- 1
1 1
[ —1 ] 1 -0.9
= 1 [+01-1-] 1 = 1.1
1] 1 1.1

Note: Alternatively, the parameter update could also be written as: ~ w' +— w— aV,,J(w).
This is also fine, and the subsequent answer obtained will be:

—1 1 —0.8
W 1 [ +01-2:1-| 1| = 1.2
1 1 1.2
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Q4. [ Properties of MDP and Optimal Policy ]

Suppose we have an infinite-horizon, discounted MDP, M = (S,A, P,R,7), with a finite state-action
space, that is, |S X A| < o0, and 0 < v < 1. In the questions that follow, let 0,Q": S x A — R be any
two arbitrary action-value functions and consider any fixed state s € S. Without loss of generality, you
may assume that Q(s,a) > Q'(s,a), for all (s,a) € S X A.

(a) Prove or disprove: |max Q(s,a) —max Q'(s,a’)| < max|Q(s,a) — Q'(s,a)|. 3
acA a'eA acA
Solution:
This inequality is true.
We can start by simply ignoring the absolute value signs on the left-hand side.

Let a* = argmax Q(s,a). Then,
acA

max Q(s,a) —max Q'(s,d’)
aeA

* / /
06"~ x5

< QO(s,a") —Q'(s,a”)

< max (Q(s,a) = Q'(s,a))

< max|Q(s,a) — Q' (s,a)]
acA

Now, take absolute values on both sides of the inequality (the left-hand side is already non-
negative) to complete the proof.
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(b) Prove or disprove: |minQ(s,a) —minQ’(s,d’)| < max|Q(s,a) — Q' (s,a)|. 3)
acA a'eA acA
Solution:
This inequality is true.
We can start by simply ignoring the absolute value signs on the left-hand side.
Let a* = argminQ'(s,d’). Then,
adeA

min0(s,a) ~min0Q'(s,a) = min0(s,a) — 0'(s,")

< Q(s,a*)—Q'(s,a*)

< max(Q(s,a) = Q'(s,))

< max|Q(s,a) — Q'(s,a)|
acA

Now, take absolute values on both sides of the inequality (the left-hand side is already non-
negative) to complete the proof.
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(¢) Prove or disprove: ’% Y O(s,a)— ﬁ Y Q’(s,a’)‘ < max |Q(s,a) — Q' (s,a)|.
acA aeA acA

Solution:
This inequality is true.
We can start by simply ignoring the absolute value signs on the left-hand side.

w L o) = (06 ”‘>)

acA a'eA acA

< ‘A|Z!Qsa s,a)]

acA

ZmaX|Q s,d)—Q'(s,d)|

<
- ‘A| cq WEA

IN

1
W ' |A| '2}2}|Q(s>a,) _Ql(sval>’

< max|Q(s,a) — Q' (s,a)|
acA

Now, take absolute values on both sides of the inequality (the left-hand side is already non-

negative) to complete the proof.
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