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Discrete Mathematics

Algebraic Structures

1. Let 𝐺 be the set of all points on the hyperbola 𝑥𝑦 = 1 along with the point (0,∞) at infinity.
Define (𝑎, 1

𝑎 ) + (𝑏, 1
𝑏
) = (𝑎 + 𝑏, 1

𝑎+𝑏 ). Prove that, 𝐺 is an abelian group under this operation.

2. Define an operation ◦ on 𝐺 = R∗ × R as (𝑎, 𝑏) ◦ (𝑐, 𝑑) = (𝑎𝑐, 𝑏𝑐 + 𝑑). Prove that, (𝐺, ◦) is a
non-abelian group.

3. Let 𝐺 be a non-abelian group, and 𝑎, 𝑏 ∈ 𝐺. Prove that, ord(𝑎𝑏) = ord(𝑏𝑎).

4. Let 𝐺 be a (multiplicative) group, and 𝐻, 𝐾 are subgroups of 𝐺. Prove that,

(a) 𝐻 ∩ 𝐾 is a subgroup of 𝐺.
(b) 𝐻 ∪ 𝐺 need not be a subgroup of 𝐺.
(c) 𝐻 ∪ 𝐾 is a subgroup of 𝐺 if and only if 𝐻 ⊆ 𝐾 or 𝐾 ⊆ 𝐻.
(d) Define 𝐻𝐾 = {ℎ𝑘 | ℎ ∈ 𝐻, 𝑘 ∈ 𝐾}. Define 𝐾𝐻 analogously.

Prove that, 𝐻𝐾 is a subgroup of 𝐺 if and only if 𝐻𝐾 = 𝐾𝐻.

5. Let 𝐺 be a finite group, and ℎ = ord(𝑎) for some 𝑎 ∈ 𝐺.
Prove that ord(𝑎𝑘) = ℎ

gcd(ℎ,𝑘) for all 𝑘 ∈ Z.

6. Let 𝑅 = Z × Z, and 𝑟, 𝑠 be constant integers. Define two operations, on 𝑅 as follows:
(𝑎, 𝑏) + (𝑐, 𝑑) = (𝑎 + 𝑐, 𝑏 + 𝑑) and (𝑎, 𝑏) ∗ (𝑐, 𝑑) = (𝑎𝑑 + 𝑏𝑐 + 𝑟𝑎𝑐, 𝑏𝑑 + 𝑠𝑎𝑐).

(a) Prove that, 𝑅 is a ring under these operations, + and ∗.
(b) Prove that 𝑅 is an integral domain if and only if (𝑟2 + 4𝑠) is not a perfect square.

7. Let 𝑅1 , 𝑅2 , . . . , 𝑅𝑛 be rings. Prove that, the Cartesian product (𝑅1 × 𝑅2 × · · · × 𝑅𝑛) is a ring
under component-wise addition and multiplication. Show that, if each 𝑅𝑖 is a ring with
identity, then so also is the product.

8. Let 𝑅 be a commutative ring with identity. Prove that, the set 𝑅[𝑥] of all univariate
polynomials with coefficients from 𝑅 is again a commutative ring with identity (under
polynomial addition and multiplication).

9. Let us define the following sets:

Z[
√

5] =
{
𝑎 + 𝑏

√
5 | 𝑎, 𝑏 ∈ Z

}
and Z[

√
−5] =

{
𝑎 + 𝑏

√
−5 | 𝑎, 𝑏 ∈ Z

}
Q[

√
5] =

{
𝑎 + 𝑏

√
5 | 𝑎, 𝑏 ∈ Q

}
and Q[

√
−5] =

{
𝑎 + 𝑏

√
−5 | 𝑎, 𝑏 ∈ Q

}
Answer the following.

(a) Prove that Z[
√

5] is an integral domain. Argue that Z[
√

5] contains infinitely many units.

(b) Prove that Z[
√
−5] is an integral domain. Find all the units of this ring.

(c) Prove that Q[
√

5] is a field.
(d) Prove that Q[

√
−5] is a field.
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10. Let (𝑆, ◦) and (𝑇,★) be two algebraic systems. A function 𝑓 : 𝑆 → 𝑇 is called a homomorphism
if for any 𝑠1 , 𝑠2 ∈ 𝑆, we have 𝑓 (𝑠1 ◦ 𝑠2) = 𝑓 (𝑠1)★ 𝑓 (𝑠2).
𝑓 is called – (i) an epimorphism if it is onto (surjective); (ii) a monomorphism if it is one-to-one
(injective); and (iii) an isomorphism if it is a bĳection.
Answer the following.

(a) Define a homomorphism from (N,+) to (Z4 ,+). Determine whether the map you define
is an epimorphism, monomorphism or both.

(b) Consider the algebraic system (𝑇 = {1, 𝜔, 𝜔2}, •) (here, • is multiplication and 𝜔3 = 1).
Show that (𝑇, •) is a group. Is it abelian too?

(c) Show that (𝑇, •) is isomorphic to (Z3 ,+).

11. Show that the following systems are semi-groups. Are any of them monoids?

(a) (2𝑋 ,∪) where 𝑋 is a finite set.
(b) (2𝑋 ,∩) where 𝑋 is a finite set.
(c) (Z+ ,max) where for 𝑥, 𝑦 ∈ Z+, max(𝑥, 𝑦) is the maximum of 𝑥 and 𝑦.
(d) (N,max).
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