Let A, B,C € U are three arbitrary sets such that
AUB=AUC and AnB=ANC. Prove that, B=C. -
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For a function f : A — B, define a function .# : Z(A) — & (B) as # (S) = f(S) for all S C A. Prove that:

(a) .7 isinjective if and only if f is injective. (b) .Z is surjective if and only if f is surjective.
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Let f : A — B be a function and ¢ an equivalence relation on B. Define a relation p on A as:
a p d if and only if f(a) o f(d').

(a) Prove that p 1s an equivalence relation on A. o
(b) Define amap f:A/p — B/o as [a], — [f(a)]s. Prove that f is well-defined.
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Let f : A — B be a function and ¢ an equivalence relation on B. Define a relation p on A as:
a p d if and only if f(a) o f(d'). Define amap f: A/p — B/o as [a], — [f(a)]s-

(¢) Prove that f is injective.
or disprove: If f 1s a bijection, then so also 1s f.
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[Genesis of rational numbers] Define a relation pon A = Z x (Z \ {0}) as (a,b) p (c,d) if and

only if ad = bc. Prove that p is an equivalence relation. Argue that A/p is essentially the set Q of

rational numbers.
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Let p be a total order on A. We call p a well-ordering of A if every non-empty subset of A contains a
least element. In this exercise, we plan to construct a well-ordering of A = N x N.

(a) Define a relation p on A as (a,b) p (c,d) ifand only ifa < corb <d.—> ' PO

PO
(b) Define a relation o on A as (a,b) o (¢,d) ifand only if a < cand b < d. —, ~7© .

(c) Define a relation <j, on A as (a,b) <r (c,d)if either i)a < cora=cand b < d. <=70

V= : Cog bac . N D
Prove or disprove: p, o, <, is a well-ordering of A. Ay Coq O\jf ¢ [o\}ux"f“m'a
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