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Q1. [ Finite Automata ] 15 marks

(a)

Consider the deterministic finite automaton (DFA) in the
left where the six states are numbered as {1,2,3,4,5,6}
and transitions are given over the alphabet Σ = {a,b}.
Use the DFA state-minimization algorithm to convert this
DFA to an equivalent DFA with the minimum possible
number of states. Show all the steps in details. Also draw
the minimum-state DFA or the quotient automaton. (6)

Solution:
Initialization: [1 mark]

1 2 3 4 5 6
1 —
2 — —
3 — — —
4 — — — —
5 — — — — —
6 — — — — — —

Initial Conflicts: [1 mark]

1 2 3 4 5 6
1 —
2 — —
3 — — —
4 × × × —
5 × × × — —
6 × × × — — —

Iteration / Pass 1: [1 mark]

1 2 3 4 5 6
1 —
2 × —
3 × × —
4 × × × —
5 × × × — —
6 × × × — — —

No further conflicts can be found. We see that the states 4,5,6 are equivalent. Therefore, we
collapse these three states into one, and obtain the quotient automaton as follows: [3 marks]
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(b) Let L be the language, L=
{

w∈{a,b}∗
∣∣ w contains an equal number of occurrences of ab and ba

}
.

For example, ababa ∈ L (two occurrences of ab, and two of ba), whereas bbaba ̸∈ L (one occur-
rence of ab, and two of ba). Answer the following questions in parts (i) and (ii).

(i) Give a regular expression for the language L with proper justifications. (4)
Solution:
L is the language of the regular expression:[

ε + aa∗(bb∗aa∗)∗ + bb∗(aa∗bb∗)∗
]

or
[
ε + a+(b+a+)∗ + b+(a+b+)∗

]
Justification:

ε︸︷︷︸
empty string has
zero ab and ba

+ aa∗(bb∗aa∗)∗︸ ︷︷ ︸
strings starting with ab and ending with ba

or strings with only a’s

+ bb∗(aa∗bb∗)∗︸ ︷︷ ︸
strings starting with ba and ending with ab

or strings with only b’s

An Alternative:
L is the language of the regular expression:[

ε + a + b + a(a+b)∗a + b(a+b)∗b
]

Justification:
ε +a+b︸ ︷︷ ︸

empty string or single symbol
has zero ab and ba

+ a(a+b)∗a︸ ︷︷ ︸
all valid strings starting with a

and ending with a

+ b(a+b)∗b︸ ︷︷ ︸
all valid strings starting with b

and ending with b

Another Alternative:
L is the language of the regular expression:[

ε + a(bb∗a+a)∗ + b(aa∗b+b)∗
]

... many more variants possible!

Deductions:
– 1

2 mark for missing ε ,
– 1 mark for missing a and b, and
– 2-3 marks for some/many string miss or allowing wrong strings
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(ii) Design a minimum-state deterministic finite automaton (DFA) to accept L. Show only the
state-transition diagram, not its mathematical definition. (5)
Solution:
The following minimum-state DFA accepts L.

Deductions:
– 1

2 mark for missing initial state mark,
– 1 mark for missing final state,
– 2 marks for minor state/transition errors, and
– 3 marks for not producing min-state DFA
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Q2. [ Regular Languages ] 15 marks

For the following problems in parts (a), (b) and (c) under this question, we define the languages L over
alphabet Σ = {0,1}. Prove or disprove whether L ∈RL. No credits will be given without justifications.

Note: RL denotes the class of regular languages. For proving L ∈ RL, you must present a Regular-
Expression / DFA / NFA / ε-NFA (any one of these) that accepts L. However, to disprove (i.e., proving
L /∈ RL), you must use pumping lemma or closure properties for regular languages to contradict.

(a) L =
{

0kw1k
∣∣ k ≥ 1,w ∈ {0,1}∗

}
. (5)

Solution:
We prove that L is regular by providing a regular expression.
We observe that if k = 1, then L contains all strings that start with 0 and end with 1 (note
that w includes all characters between the starting and ending characters; this is possible since
w ∈ {0,1}∗). On the other hand, for any string u = 0kw1k ∈ L, since k ≥ 1, u must start with 0
and end with 1.
Therefore, L is the set of all strings that start with 0 and end with 1. Due to this observation,
L = L

(
0(0+1)∗1

)
, so L is regular, i.e., L ∈ RL.
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(b) L =
{

0k1w1k
∣∣ k ≥ 1,w ∈ {0,1}∗

}
. (5)

Solution:
We prove that L is not regular, using the pumping lemma for regular languages.
Suppose that L is regular. Let p be the pumping-lemma constant for L. We choose the string
v = 0p11p, and it is clear that v ∈ L and |v| = 2p+1 ≥ p. For all partitions v = xyz, due to the
conditions |xy| ≤ p and |y| > 0, we see that y must consist of at least one 0 and is composed
only of 0s, or in other words, y = 0k, 0 < k ≤ p. We then consider the pumped-up string
xy2z = 0p+k11p and see that xy2z ̸∈ L leading to the contradiction!1

Therefore, L does not satisfy the pumping lemma for regular languages, so L is non-regular, i.e.,
L ̸∈ RL.

1By pumping up, we see the difference between this language L and the previous language
{

0kw1k
∣∣ k ≥ 1, w ∈ {0,1}∗

}
: the

fixed 1 allows for the distinction between the substring of the first occurrence of 0k and w, which in turn allows us to pump up the
string v in our solution.
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(c) L =
{

ww
∣∣ w ∈ {0,1}∗ and w contains at least one 0 and at least one 1

}
. (5)

Solution:
Define the following language: A=

{
ww

∣∣ w∈{0,1}∗ and w does not contain both a 0 and a 1
}

.
We see that A = L

(
(00)∗+(11)∗

)
, as every string in A must have even length (due every string

in A having form ww) and must be composed of only 0s or only 1s (in order to not contain both
a 0 and a 1).
We then observe that L∪A = B, where B =

{
ww

∣∣ w ∈ {0,1}∗
}

.
Since A can be expressed as a regular expression, A is regular. Now assume, for the sake of
contradiction, that L is also regular. Since the class of regular languages is closed under the
union operation, if L and A are both regular, then B must also be regular.
However, B is not context-free and therefore not regular.2

Since B is not regular, then due to closure properties, it cannot be the case that both L and A are
regular, so L must be non-regular, i.e., L ̸∈ RL.

2Since it is true that if a language is regular, it is also context-free; the contrapositive must be true which says that if a language
is not context-free, then it is also not regular. It was proved in class that B is not context-free, so automatically B is not regular by
the above argument.
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Q3. [ Context-free Grammars and Derivations ] 8 marks

Consider the following context-free grammar (CFG) G = (V,Σ,P,S) with V = {S},Σ = {a,+,×} to
generate arithmetic expressions in one variable a involving addition and multiplication operations
only. Here, S is the start symbol and P is the set of following productions/rules:

S → a | S+S | S×S

(a) Draw all possible derivation (parse) trees for the string a+a×a+a following this grammar. (5)
Solution:
There are five derivation trees for a+a×a+a. These trees are shown below. They respectively
stand for the following interpretations of the given expression: a+(a×(a+a)), (a+a)×(a+a),
((a+a)×a)+a, a+((a×a)+a) and (a+(a×a))+a.

[1 mark for each tree]

(b) Design an unambiguous CFG to generate the same language. Force the operations to be evalu-
ated from left to right. This means that + and × are given the same precedence and left-to-right
associativity. For example, a+a×a+a is to be interpreted as ((a+a)×a)+a. (3)
Solution:
The following productions form the unambiguous grammar that generates the same language,
but forces left-to-right evaluation of the operations.

S → a | S+a | S×a

[1 mark corresponding to each rule (roughly)]
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Q4. [ Context-free Languages ] 14 marks

For the following problems in parts (a) and (b) under this question, we define languages L over alpha-
bet Σ = {a,b,c}. Prove or disprove whether L ∈ CFL. No credits will be given without justifications.

Note: CFL denotes the class of context-free languages. For proving L ∈ CFL, you must present a
context-free grammar (CFG) and a push-down automaton (PDA) (both are asked here) accepting L.
To disprove (i.e., to prove L /∈ CFL), you must use pumping lemma for context-free languages.

(a) L =
{

aib jc j
∣∣ i, j ≥ 0 and i ≥ j

}
. (7)

Solution:
We prove that L is not context-free, using the pumping lemma for CFL’s. Suppose that L is
context-free. Let k be a pumping-lemma constant for L. By definition of L, the string β =
akbkck ∈ L and is of length ≥ k. The pumping lemma gives a decomposition β = β1β2β3β4β5
such that

(i) |β2β4|> 0,
(ii) |β2β3β4|> 0, and
(iii) β1β i

2β3β i
4β5 ∈ L for all i ≥ 0.

We consider all possible cases for β2 and β4, and show that in each case, there is a contradiction.
Condition (ii) implies that β2 and β4 belong either to the same block or to two adjacent blocks.

Case 1: β2 or β4 (or both) contain different symbols. In this case,β1β 2
2 β3β 2

4 β5 is not of the form
a∗b∗c∗.

Case 2: Both β2 or β4 belong to the block of a’s. In this case, β1β3β5 contains less a’s than b’s
or c’s.

Case 3: Both β2 or β4 belong to the block of b’s. In this case, β1β 2
2 β3β 2

4 β5 contains more b’s
than a’s.

Case 4: Both β2 or β4 belong to the block of c’s. In this case, β1β 2
2 β3β 2

4 β5 contains more c’s
than a’s.

Case 5: β2 belongs to the block of a’s, and β4 belongs to the block of b’s. If β4 ̸= ε , consider
the string β1β 2

2 β3β 2
4 β5 which contains more b’s than c’s. If β4 = ε , then β2 ̸= ε , and β1β3β5

contains less a’s than c’s.
Case 6: β2 belongs to the block of b’s, and β4 belongs to the block of c’s. In this case,

β1β 2
2 β3β 2

4 β5 contains more b’s or c’s (or both) than a’s.

Hence, all the above cases lead to contradictions!
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(b) L =
{

ai(bc) j
∣∣ i, j ≥ 0 and i ≥ j

}
. (7)

Solution:
The following grammar generates L. [3 marks]

S → UV [S is the start symbol]

U → ε | aU [U generates the excess of a’s over (bc)’s]

V → ε | aV bc [V generates equal number of a’s and (bc)’s]

A single start symbol S itself can generate L as follows:

S → ε | aS | aSbc.

We can design a PDA M = (Q,Σ,Γ,δ ,s,⊥,F) to accept L. M contains two states, Q = {s, t}
with the start state s and no final states (F = φ). The machine accepts by empty stack. The
input alphabets are, Σ = {a,b,c} and the tape alphabets are, Γ = {a,b,⊥}. The transitions are
described in the following figure. [4 marks]

In the start state s, the machine reads the initial block of a’s. For every a read from the input, an
a is pushed to the stack. M subsequently makes an ε-transition to the state t to read the block
of (bc)’s, that follows the block of a’s. Only if a matching a is found at the top of the stack,
the reading of one occurrence of bc is initiated. The a at the top of the stack is replaced by b to
indicate that the reading of bc is only half-way through. Only if a c is available at the input at
this stage, this c is consumed, and the intermediate marker b is popped out of the stack exposing
the next a to be matched against the next occurrence of bc.
When an input of L is fully read by M, the stack contains (i− j) occurrences of a and the bottom
marker ⊥. M uses the transitions [ε,a/ε] and [ε,⊥/ε] against the loop at the state t, in order to
pop the excess a’s and the bottom marker ⊥. If M uses the transition [ε,a/ε] more than (i− j)
times before reading all the j occurrences of bc, the machine gets stuck before reading the entire
input.
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Q5. [ Regular Grammars ] 8 marks

Consider (again) the language, L=
{

w∈{a,b}∗
∣∣ w contains an equal number of occurrences of ab and ba

}
,

introduced in Q1(b). Answer the following questions. You may use your DFA presented in Q1b(ii).

(a) Construct a right-linear grammar which can generate L. (4)
Solution:
Let us use the DFA presented in the solution of Q1b(ii) to create the right-linear grammar (again
shown below for convenience).

The following right-linear grammar, G1 = (N1,Σ,P1,S0), where the non-terminal symbols are
N1 = {S0,S1,S2,S3,S4}, the alphabet (terminal symbols) are Σ = {a,b}, the start symbol is S0
and the productions P1 are denoted as follows:

S0 → aS1 | bS2 | a | b | ε

S1 → aS1 | bS3 | a

S2 → bS2 | aS4 | b

S3 → aS1 | bS3 | a

S4 → bS2 | aS4 | b

This right-linear grammar G1 can generate the language L.
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(b) Construct a left-linear grammar which can generate L. (4)
Solution:
Let us first modify the DFA presented in the solution of Q1b(ii) to create an NFA as follows:

(i) Make all final states as initial states and the (only) initial state as the (only) final state.
(ii) Reverse all the transition directions.

In this newly formed NFA, we can derive the following right-linear grammar, G′
2 =(N2,Σ,P′

2,T0),
where the non-terminal symbols are N2 = {T0,T1,T2,T3,T4}, the alphabet (terminal symbols) are
Σ = {a,b}, the start symbol is T0 and the productions P′

2 are denoted as follows:

T0 → T1 | T2 | ε

T1 → aT0 | aT1 | aT3 | a

T2 → bT0 | bT2 | bT4 | b

T3 → bT1 | bT3

T4 → aT2 | aT4

Now, just flipping the right-side pair of the productions in P′
2 will result the required left-linear

grammar, G2 = (N2,Σ,P2,T0), where the productions P2 becomes:

T0 → T1 | T2 | ε

T1 → T0a | T1a | T3a | a

T2 → T0b | T2b | T4b | b

T3 → T1b | T3b

T4 → T2a | T4a

This left-linear grammar G2 can generate the language L.
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