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Instructions:

* Write your answers in the question paper itself. Be brief and precise. Answer all questions.

* Write the answers only in the respective spaces provided. The last two blank pages may be
used for rough work or leftover answers.

* In case you may need more space/pages, please ask for additional sheets in the exam hall and
attach the same with this booklet while submitting.

* If you use any algorithm / result / formula covered in the class, just mention it, do not elabo-
rate (unless the same thing has been explicitly asked to answer in the question).
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Q1. [ Graph Algorithms: Spanning Tree ]

Let G = (V,E) is a weighted undirected graph having all edges of cost 2 except exactly two edges of
cost 1. Answer the following questions.

(a) Present an efficient O(V + E) time (or linear) complexity algorithm to find the Minimum Cost
Spanning Tree of G. Explain all the steps clearly with comments. 6)

Solution:
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(b) Show the working of your proposed algorithm on a connected weighted undirected graph having

at least 10 nodes. 2)
Solution:

(c) Analyze the time complexity of your proposed algorithm to show why itis O(V +E). 2)
Solution:
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Q2. [ Hardness of Problems ]

Answer the following questions.

(a) When is a problem said to be NP-Complete? Define formally and precisely. 2)
Solution:
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(b) Consider the three-partitioning decision problem of checking whether or not a set of integers S
can be split into three parts, one exactly %, another exactly é, and a third part exactly % of the
total sum of elements in S. Using the known NP-Complete problem of Subset Sum, show that
this three-partitioning problem is NP-Complete. 6]

Solution:
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Q3.

[ Neural Networks ]

Consider the following neural network having two hidden and one output layer. The neurons are
indicated using rectangles consisting of a summation unit (indicated using Y) followed by an activa-
tion (sigmoid) unit (indicated using o). Each neuron is provided with only two inputs going into the
summation unit and finally it produces one output from the sigmoid unit. The functionalities of each
neuron having an input vector x and the corresponding weight vector w can therefore be expressed as,
+1, ifkiseven

—1, ifkisodd

h(x)=o(s) = 1+le"‘ = wﬁ Let the initial weights are given as, wy = {

Input Layer Hidden Layer 1 Hidden Layer 2 Output Layer

Further, consider the error to be a squared loss function, that is, e(w) = (¥ —Y)?, where ¥ is the
predicted output and Y is the given/actual output. Suppose you want to train this neural network over
only one training example having x; = x, = 1 and output as ¥ = 0.5. Answer the following.

(a) Perform a forward pass for the input x; = x, = 1 to determine the values of all s; and /; (where
1 < j <5) and the predicted value of the output, i.e. Y = hs. Show your calculations.

Solution:

hy =

Sy =

hy, =

§3 =

hy =

Sq4 =
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(b) Now perform a backward pass (using the backpropagation approach) and determine the value
de(W)

of the gradient, T Clearly mention the complete chain rule that you used to compute the
gradient and show your calculations. (€))]
Solution:

(c) Assuming that the learning rate 11 = 0.5, what will be the updated weight for wy after a round of
backpropagation? Clearly mention the weight update rule that you used and your calculations. (1)
Solution:
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Q4. [ Support Vector Machines ]

Consider the training set containing points from three-dimensional space,

0 1
x1i=[01|, xx=|11], x3=|0]|, x4q=|11], x5=
2 8 6 7 3

for which the true labels are given respectively as,
y=+L yn=+1L y3=-1, y=-1, ys=+I

After training an SVM classifier with linear kernel (that is, solving the dual optimization problem with
these training examples), we find the following Lagrangian coefficients:

a=0, =1, o3=05 ou=1, o5=0.5.

Answer the following questions.

(a) How many support vectors are required and why? §))
Solution:
wi
(b) What will be the weight vector, w = | w, |, of the linear separator? Show your calculations. (2)
w3
Solution:
(¢) What will be the bias term, b, of the linear separator? Show your calculations. 2)
Solution:

— Page 7of 12 —



(d) Express the equation of the linear separator. Show your calculations. 2)
Solution:

(d) Derive the value of the margin (that is, the total width of the separation region). 2)
Solution:

1)

(e) How does the SVM classify a new point, X, =

OO0 = =
~2

Solution:
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QS. [ Learning Theory ]

For this problem, assume that all examples are points in two-dimensional space, i.e. X = (x1,x) € R?
(R denotes the set of reals and R?> = R x R).

(a) Given two examples, x, z € R?, let us define K(x,z) = a(x”z)? 4 B(x"z)?, where o and 3 are
constants. Prove that K(x,z) is a valid kernel function. S)
Solution:
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(b) The hypothesis space H is the region between two axis-parallel lines, either (x = a, x = b) or
(y=a, y=">b) for a < b. That is, each hypothesis & € H is defined by two numbers, a,b € R and
another Boolean indicator (X or Y, respectively) that determines whether the lines are parallel to
the x-axis or the y-axis. An example (x,y) gets a positive label for the hypothesis (X, a,b) if and
only if a < x < b. Similarly, an example (x,y) gets a positive label for the hypothesis (Y,a,b) if
and only if a <y < b. Determine the VC-dimension of H. Justify your answer. Q)

Solution:
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Q6. [ Boosting: AdaBoost ]

Consider 10 labeled data (x;,x;) € R? (i is the example index)

given the the table (right). In this problem, we study how Ad- ’ ! H adl ‘ s H Label ‘
aBoost algorithm performs on a very simple classification prob- Oj11]3 —
lem. We shall use two rounds of AdaBoost to learn a hypothesis Lj1o]1 —
for this data set. In round number ¢, AdaBoost chooses a weak 2] 4| 4 -
learner that minimizes the weighted error &. We shall use de- 31210 +
cision stumps as our weak learner / hypothesis which use axis- 412 | 4 —
parallel lines of the form (i) Label + if x > a, else — or (ii) Label S| 10| 5 +
+ if y > b, else —, for some integers a,b (either one of the two 6 8|8 —
forms, not a disjunction of the two). Answer the following. 71 6 |5 +
(a) What is the weight assigned to each data point according g ; ; i
to the initial data weight distribution D{? 1)
Solution:

(b) Which is the hypothesis (decision stump) /; that minimizes the weighted error in Round-1 of
AdaBoost, using the distribution D; computed in part (a)? §))

Solution:

(c) What is the weighted error (€;) and the weight () assigned to &#; computed in part (b)? Show
your calculations. (1+1)

Solution:
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(d) Next, we proceed to Round-2 of AdaBoost. We begin by recomputing data weights depending
on the error of /; and whether a point was (mis)classified by /#;. What will be weight assigned
to each data point after boosting is performed, creating modified weight distribution D,? Show
your approach. Do not forget to normalize the new data weights so that they sum to 1. ?2)

Solution:

(e) Which is the hypothesis (decision stump) 4, that minimizes the weighted error in Round-2 of
AdaBoost, using the distribution D, computed in part (d)? §))

Solution:

(f) What is the weighted error (&) and the weight (o) assigned to sy computed in part (e)? Show
your calculations. (1+1)

Solution:

(g) Now that we have completed two rounds of AdaBoost, it is time to create the final output hy-
pothesis. What is the final weighted hypothesis after two rounds of AdaBoost? §))

Solution:
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