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Instructions:

• Write your answers in the question paper itself. Be brief and precise. Answer all questions.

• Write the answers only in the respective spaces provided. The last two blank pages may be
used for rough work or leftover answers.

• In case you may need more space/pages, please ask for additional sheets in the exam hall and
attach the same with this booklet while submitting.

• If you use any algorithm / result / formula covered in the class, just mention it, do not elabo-
rate (unless the same thing has been explicitly asked to answer in the question).
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Q1. [ Graph Algorithms: Spanning Tree ] 10 marks

Let G = (V,E) is a weighted undirected graph having all edges of cost 2 except exactly two edges of
cost 1. Answer the following questions.

(a) Present an efficient O(V +E) time (or linear) complexity algorithm to find the Minimum Cost
Spanning Tree of G. Explain all the steps clearly with comments. (6)
Solution:
To be given.
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(b) Show the working of your proposed algorithm on a connected weighted undirected graph having
at least 10 nodes. (2)
Solution:
To be given.

(c) Analyze the time complexity of your proposed algorithm to show why it is O(V +E). (2)
Solution:
To be given.
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Q2. [ Hardness of Problems ] 10 marks

Answer the following questions.

(a) When is a problem said to be NP-Complete? Define formally and precisely. (2)
Solution:
To be given.
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(b) Consider the three-partitioning decision problem of checking whether or not a set of integers S
can be split into three parts, one exactly 1

3 , another exactly 1
6 , and a third part exactly 1

2 of the
total sum of elements in S. Using the known NP-Complete problem of Subset Sum, show that
this three-partitioning problem is NP-Complete. (8)
Solution:
To be given.
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Q3. [ Neural Networks ] 10 marks

Consider the following neural network having two hidden and one output layer. The neurons are
indicated using rectangles consisting of a summation unit (indicated using ∑) followed by an activa-
tion (sigmoid) unit (indicated using σ ). Each neuron is provided with only two inputs going into the
summation unit and finally it produces one output from the sigmoid unit. The functionalities of each
neuron having an input vector x and the corresponding weight vector w can therefore be expressed as,

h(x) = σ(s) = 1
1+e−s =

1
1+e−wT x . Let the initial weights are given as, wk =

{
+1, if k is even
−1, if k is odd

.
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Further, consider the error to be a squared loss function, that is, e(w) = (Ŷ −Y )2, where Ŷ is the
predicted output and Y is the given/actual output. Suppose you want to train this neural network over
only one training example having x1 = x2 = 1 and output as Y = 0.5. Answer the following.

(a) Perform a forward pass for the input x1 = x2 = 1 to determine the values of all s j and h j (where
1≤ j ≤ 5) and the predicted value of the output, i.e. Ŷ = h5. Show your calculations. (5)
Solution:

s1 = wT x = w0x1 +w2x2 = 2

h1 = σ(s1) =
1

1+ e−s1
≈ 0.88080

s2 = wT x = w1x1 +w3x2 = −2

h2 = σ(s2) =
1

1+ e−s2
≈ 0.11920

s3 = wT x = w4h1 +w6h2 = 1

h3 = σ(s3) =
1

1+ e−s3
≈ 0.73106

s4 = wT x = w5h1 +w7h2 = −1

h4 = σ(s4) =
1

1+ e−s4
≈ 0.26894

s5 = wT x = w8h3 +w9h4 ≈ 0.46212

Ŷ = h5 = σ(s5) =
1

1+ e−s5
≈ 0.61352
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(b) Now perform a backward pass (using the backpropagation approach) and determine the value
of the gradient, ∂e(W)

∂w0
. Clearly mention the complete chain rule that you used to compute the

gradient and show your calculations. (4)
Solution:
It may be noted that,

σ
′(s) =

∂

∂ s

( 1
1+ e−s

)
=

e−s

(1+ e−s)2 =
( 1

1+ e−s

)
·
(

1− 1
1+ e−s

)
= σ(s) ·

(
1−σ(s)

)

∂e(W)

∂w0
=

∂e(W)

∂Ŷ
· ∂Ŷ

∂ s5
·

(
∂ s5

∂h3
· ∂h3

∂ s3
· ∂ s3

∂h1
+

∂ s5

∂h4
· ∂h4

∂ s4
· ∂ s4

∂h1

)
· ∂h1

∂ s1
· ∂ s1

∂w0

= 2(Ŷ −Y ) ·σ ′(s5) ·
(

w8 ·σ ′(s3) ·w4 + w9 ·σ ′(s4) ·w5

)
·σ ′(s1) · x1

≈ 2×0.11352×0.23711×
(

1×0.19661×1 + (−1)×0.19661× (−1)
)
×0.10499×1

≈ 0.0022235

(c) Assuming that the learning rate η = 0.5, what will be the updated weight for w0 after a round of
backpropagation? Clearly mention the weight update rule that you used and your calculations. (1)
Solution:
The updated weight for w0 will be:

wnew
0 = wold

0 ± η · ∂e(W)

∂w0
≈ 1 ± 0.5×0.0022235 ≈ 1.00111175 or 0.99888825
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Q4. [ Support Vector Machines ] 10 marks

Consider the training set containing points from three-dimensional space,

x1 =

 0
0
2

 , x2 =

 0
1
8

 , x3 =

 1
0
6

 , x4 =

 1
1
7

 , x5 =

 1
1
3


for which the true labels are given respectively as,

y1 =+1, y2 =+1, y3 =−1, y4 =−1, y5 =+1.

After training an SVM classifier with linear kernel (that is, solving the dual optimization problem with
these training examples), we find the following Lagrangian coefficients:

α1 = 0, α2 = 1, α3 = 0.5, α4 = 1, α5 = 0.5.

Answer the following questions.

(a) How many support vectors are required and why? (1)
Solution:
FOUR – all points (i.e. x2,x3,x4,x5) those have αi > 0.

(b) What will be the weight vector, w =

 w1
w2
w3

, of the linear separator? Show your calculations. (2)

Solution:
The weight vector of the linear separator is found as,

w =
5

∑
i=2

yiαixi

= (+1) ·1 ·

 0
1
8

+(−1) ·0.5 ·

 1
0
6

+(−1) ·1 ·

 1
1
7

+(+1) ·0.5 ·

 1
1
3


=

 −1
0.5
−0.5


(c) What will be the bias term, b, of the linear separator? Show your calculations. (2)

Solution:
The bias term of the linear separator can be obtained by considering any one support vector point
(say, (xk,yk), k ∈ [2,5]) using the following equation: wT xk +b = yk.

k = 2, i.e., taking (x2,y2) =⇒ b = (+1)−
[
−1 0.5 −0.5

]
·

 0
1
8

= 4.5

k = 3, i.e., taking (x3,y3) =⇒ b = (−1)−
[
−1 0.5 −0.5

]
·

 1
0
6

= 3

k = 4, i.e., taking (x4,y4) =⇒ b = (−1)−
[
−1 0.5 −0.5

]
·

 1
1
7

= 3

k = 5, i.e., taking (x5,y5) =⇒ b = (+1)−
[
−1 0.5 −0.5

]
·

 1
1
3

= 3
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(d) Express the equation of the linear separator. Show your calculations. (2)
Solution:
The equation the linear separator is given as,

wT x+b = 0 =⇒
[
−1 0.5 −0.5

]
·

 x1
x2
x3

+3 = 0 (taking b = 3)

=⇒ 2x1− x2 + x3−6 = 0

Alternatively:

wT x+b = 0 =⇒
[
−1 0.5 −0.5

]
·

 x1
x2
x3

+4.5 = 0 (taking b = 4.5)

=⇒ 2x1− x2 + x3−9 = 0

(d) Derive the value of the margin (that is, the total width of the separation region). (2)
Solution:
The margin is twice the distance between any support vector and the boundary line, which can
be computed as follows:

margin =
2
|| w ||

=
2√

(−1)2 +(0.5)2 +(−0.5)2
≈ 1.633

(e) How does the SVM classify a new point, xnew =

 1
1
8

? (1)

Solution:
Since we find that,

wT xnew +b =
[
−1 0.5 −0.5

]
·

 1
1
8

+3 = 0.5 > 0,

the point xnew will be classified as, ŷnew =+1.

Alternatively:

wT xnew +b =
[
−1 0.5 −0.5

]
·

 1
1
8

+4.5 = 0,

the point xnew will be classified as, ŷnew =±1.
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Q5. [ Learning Theory ] 10 marks

For this problem, assume that all examples are points in two-dimensional space, i.e. x = (x1,x2) ∈R2

(R denotes the set of reals and R2 ≡ R×R).

(a) Given two examples, x, z ∈ R2, let us define K(x,z) = α(xT z)3 +β (xT z)2, where α and β are
constants. Prove that K(x,z) is a valid kernel function. (5)
Solution:
There are three parts to this proof as ilustrated below.

– Proving K1(x,z) = (xT z)3 is a valid kernel:
(xT z)3 = (x1z1 + x2z2)

3

= x3
1z3

1 +3x2
1x2z2

1z2 +3x1x2
2z1z2

2 + x3
2z3

2

= φ1(x)T
φ1(z), where φ1(x) =


x3

1√
3x2

1x2√
3x1x2

2
x3

2

and φ1(z) =


z3

1√
3z2

1z2√
3z1z2

2
z3

2


– Proving K2(x,z) = (xT z)2 is a valid kernel:

(xT z)2 = (x1z1 + x2z2)
2

= x2
1z2

1 +2x1x2z1z2 + x2
2z2

2

= φ2(x)T
φ2(z), where φ2(x) =

 x2
1√

2x1x2
x2

2

and φ2(z) =

 z2
1√

2z1z2
z2

2


– Proving the linearity of kernel functions:

We have proven in the above arguments that K1 and K2 all are valid kernel functions. Hence,
there exists two functions φ1 and φ2 such that,

K1(x,z) = φ1(x)T
φ1(z)

K2(x,z) = φ2(x)T
φ2(z)

Define, φ(x) =

[ √
αφ1(x)√
βφ2(x)

]
and φ(z) =

[ √
αφ1(z)√
βφ2(z)

]
.

It follows that,
K(x,z) = φ(x)T

φ(z)
= αφ1(x)T

φ1(z)+βφ2(x)T
φ2(z)

= αK1(x,z)+βK2(x,z)
= α(xT z)3 +β (xT z)2

Therefore, K is a valid kernel.
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(b) The hypothesis space H is the region between two axis-parallel lines, either (x = a, x = b) or
(y = a, y = b) for a < b. That is, each hypothesis h ∈H is defined by two numbers, a,b ∈R and
another Boolean indicator (X or Y , respectively) that determines whether the lines are parallel to
the x-axis or the y-axis. An example (x,y) gets a positive label for the hypothesis (X ,a,b) if and
only if a≤ x≤ b. Similarly, an example (x,y) gets a positive label for the hypothesis (Y,a,b) if
and only if a≤ y≤ b. Determine the VC-dimension of H. Justify your answer. (5)
Solution:
For hypothesis spaces with lines parallel to x or y-axis, VC-dimension is 4.
It is trivial to give a set of four points that there is some hypothesis in the hypothesis space that
can correctly assign all possible label assignments to these points.
Given any set of five points, then there exist a minimal rectangle that contains all these five points.
At least two of them are on the edges of the rectangle. Label the points that are interior to the
rectangle as negative if there are any. If all these five points are on the edges of the rectangle,
then there must exist two points that on the same edge, in which case label any one of these
two points as negative. For this labeling, these five points cannot be correctly classified using a
member of our hypothesis space, because the negative point must lie in the region between two
parallel lines, otherwise contradicting that either the negative point is the interior point of the
rectangle or the negative point and a positive point are on a same line. Therefore, we proved that
for any set of five points, the points cannot be shattered using hypothesis in H.
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Q6. [ Boosting: AdaBoost ] 10 marks

Consider 10 labeled data (x1,x2) ∈ R2 (i is the example index)
given the the table (right). In this problem, we study how Ad-
aBoost algorithm performs on a very simple classification prob-
lem. We shall use two rounds of AdaBoost to learn a hypothesis
for this data set. In round number t, AdaBoost chooses a weak
learner that minimizes the weighted error εt . We shall use de-
cision stumps as our weak learner / hypothesis which use axis-
parallel lines of the form (i) Label + if x > a, else− or (ii) Label
+ if y > b, else −, for some integers a,b (either one of the two
forms, not a disjunction of the two). Answer the following.

(a) What is the weight assigned to each data point according
to the initial data weight distribution D1? (1)

i x1 x2 Label

0 11 3 −
1 10 1 −
2 4 4 −
3 12 10 +

4 2 4 −
5 10 5 +

6 8 8 −
7 6 5 +

8 7 7 +

9 7 8 +

Solution:
The initial weight distribution is uniform, therefore all data points get the same weight as,

W (0)
i =

1
10

(0≤ i≤ 9).

(b) Which is the hypothesis (decision stump) h1 that minimizes the weighted error in Round-1 of
AdaBoost, using the distribution D1 computed in part (a)? (1)
Solution:
Analyzing the various decision stumps possible over the given data set, it becomes obvious that
the best option is, h1 : x2 > 4.

(c) What is the weighted error (ε1) and the weight (α1) assigned to h1 computed in part (b)? Show
your calculations. (1+1)
Solution:
h1 wrongly classifies only one point (i = 6), and hence the weighted error, ε1 =

1
10 .

Weight assigned to h1 is given by, α1 = ln
(√

1−ε1
ε1

)
= ln3≈ 1.09861.

— Page 11 of 12 —



(d) Next, we proceed to Round-2 of AdaBoost. We begin by recomputing data weights depending
on the error of h1 and whether a point was (mis)classified by h1. What will be weight assigned
to each data point after boosting is performed, creating modified weight distribution D2? Show
your approach. Do not forget to normalize the new data weights so that they sum to 1. (2)
Solution:
Firstly, the normalization factor, Z = 2

√
ε1(1− ε1) =

3
√

2
5 ≈ 0.84853.

After boosting, the updated weights will be:

– For correctly classified data-points (that is, 0≤ i≤ 9 and i 6= 6):

W (1)
i =

W (0)
i e−α1

Z
=

W (0)
i

2(1− ε1)
=

1
18
≈ 0.05556

– For correctly classified data-points (that is, i = 6):

W (1)
6 =

W (0)
i eα1

Z
=

W (0)
i

2ε1
=

1
2
= 0.5

(e) Which is the hypothesis (decision stump) h2 that minimizes the weighted error in Round-2 of
AdaBoost, using the distribution D2 computed in part (d)? (1)
Solution:
The best decision stump option is, h2 : x2 > 9.

(f) What is the weighted error (ε2) and the weight (α2) assigned to h2 computed in part (e)? Show
your calculations. (1+1)
Solution:
Since h2 wrongly classifies four points (i= {5,7,8,9}), the weighted error ε2 =

4
18 ≈ 0.22222.

Weight assigned to h2 is given by, α2 = ln
(√

1−ε2
ε2

)
= ln

(√
3.5
)
≈ 0.62638.

(g) Now that we have completed two rounds of AdaBoost, it is time to create the final output hy-
pothesis. What is the final weighted hypothesis after two rounds of AdaBoost? (1)
Solution:

h f inal = sign
[
α1h1 +α2h2

]
= sign

[
1.09861 h1 +0.62638 h2

]
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