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§ Understand definitions and notation to be used in the course.

§ Understand definition and setup of sequential decision problems.
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Resources

§ Reinforcement Learning by David Silver [Link]
§ Deep Reinforcement Learning by Sergey Levine [Link]
§ SB: Chapter 3
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http://www0.cs.ucl.ac.uk/staff/d.silver/web/Teaching.html
http://rail.eecs.berkeley.edu/deeprlcourse/
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Markov Property

The future is independent of the past given the present.
Definition

A state S; is Markov if and only if

P(Si4+11St) = P(St4+1|St, Se—1, St—2, -+, 51)

Andrey Markov
§ Once the present state is known, the history may be thrown away

§ The current state is a sufficient statistic of the future

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 5/43
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Markov Chain

A Markov Chain or Markov Process is temporal process i.e., a sequence of
random states Sp, So, - - - where the states obey the Markov property.

Definition

A Markov Process is a tuple (S, P), where
§ S is the state space (can be continuous or discrete)

§ P is the state transition probability matrix. P also called an operator

P Pz -+ Pin

Por Pay - Pop
P=1. o :

Pnl Pn2 e Pnn

where Pyy = P(Si41 = §'|S; = s)
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Markov Chain

Pll P12 v Pln

P21 P22 v P2n
P=1 . ) .

Pnl PnZ o Pnn

Let pur; = P(Se = s;) and py = [pua1, pe2,

,utﬁn]T, i.e., pt is a vector
of probabilities, then p; 11 = P py

T
M1, Pir Pz - Pin M1
41,2 Por Paz -+ Pay ht,2
Ht+1,n Pnl 73712 T Pnn Ht,n
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Markov Chain

Piw Pz -+ Pin

Por Pay oo Pop
P=1. : . :

Pnl PnZ e Pnn

T . .
Let ;= P(S; = s;) and py = [,utyl,,ut,g, e ,,utyn] , I.e., W is a vector
of probabilities, then g1 = PT py

T

Ht41,1 Pii Piz - Pin Ht,1
Hhit1,2 Por Paz -+ Pop 2
Nt—l—l,n Pnl Pn? et Pnn Nt,n

Markov property

@ @ @ independent of s;
p(selse—1) N p(st+1|st) ‘\_/

Sep 14 and 15, 2020 7 /43
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Student Markov Process
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Figure credit: David Silver, DeepMind
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Student Markov Process - Episodes

Sample episodes for Student Markov
process starting from S; = C1

§ C1 C2 C3 Pass Sleep
6 C1 FB FB C1 C2 Sleep
§ C1 C2 C3 Pub C2 C3 Pass Sleep

§ CLFBFB C1 C2C3 Pub C1FB
FB FB C1 C2 C3 Pub C2 Sleep

Figure credit: David Silver, DeepMind
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Student Markov Process - Transition Matrix

C1 C2 C3 Pass Pub FB Sleep
c1 [ 0.5 0.5
Cc2 0.8 0.2
c3 06 04
Pass 1.0
Pub 02 04 04
FB 0.1 0.9

Figure credit: David Silver, DeepMind Sleep 1.0
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Markov Reward Process

A Markov reward process is a Markov process with rewards.

A Markov Reward Process is a tuple (S, P, R, ), where

§ S is the state space (can be continuous or discrete)

§ P is the state transition probability matrix. P also called an operator.
Pss’ = P(St—l-l = SI‘St = 8)

§ R is a reward function, R = E[R;41]5; = s] = R(s)

§ v is a discount factor, v € [0, 1}

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 11 / 43
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Markov Reward Process

A Markov reward process is a Markov process with rewards.

Definition

A Markov Reward Process is a tuple (S, P, R, ), where

§ S is the state space (can be continuous or discrete)

§ P is the state transition probability matrix. P also called an operator.
Psgr = P(St-l-l = SI‘St = 8)

§ R is a reward function, R = E[R;41|S; = s] = R(s)
§ v is a discount factor, vy € [O, 1}

If we want it to do something for us, we must provide rewards to it in such a way that in
maximizing them the agent will also achieve our goals.

The

reward signal is your way of communicating to the robot what you want it to achieve, not how you

want it achieved.® From Sutton and Barto

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 11 / 43
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Student Markov Reward Process

Facebook

Figure credit: David Silver, DeepMind
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Return

Definition

The return G, is the total discounted reward from timestep .
o0
Gt =Rip1 +YRiy2 + - = Z'Yth+k+1
k=0

§ v € [0, 1] is the discounted present value of the future rewards.
§ Immediate rewards are valued above delayed rewards.

v close to 0 leads to “myopic” evaluation.

v close to 1 leads to “far-sighted” evaluation.

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 13 / 43
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Why Discount?

Most Markov reward and decision processes are discounted. Why?
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Why Discount?

Most Markov reward and decision processes are discounted. Why?
§ Uncertainty about the future may not be fully represented
§ Immediate rewards are valued above delayed rewards.

§ Avoids infinite returns in cyclic Markov processes or infinite horizon
problems.
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better effect.
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Why Discount?

Most Markov reward and decision processes are discounted. Why?
§ Uncertainty about the future may not be fully represented
§ Immediate rewards are valued above delayed rewards.

§ Avoids infinite returns in cyclic Markov processes or infinite horizon
problems.

§ Mathematically convenient. We can use stationarity property to
better effect.

It is sometimes possible to use average rewards also to bound the return to
finite values.
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Value Function

The value function v(s) gives the long-term value of state s

Definition
The state value function v(s) of an MRP is the expected return starting
from state s

v(s) = E[G¢| Sy = 5] (2)

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 15 / 43
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Example Student MRP Returns

Sample returns for Student MRP:
Starting from S; = C'1 with v = %

Gi=Ry+~R3+---+~7"'Rpyy

§ C1 C2 C3 Pass Sleep §—2—%*2—i*2+%*10:—2.25
§ C1 FB FB C1 C2 Sleep § —2—lx1-1x1-le2-Lu2=
§ C1 C2 C3 Pub C2 C3 Pass Sleep —3.125
> 1 1 1 1
§ CLFBFBCLC2C3PubC1FB 0 "272%2—g#2+gxl——g5x
2-Lw24 L x10=—-341
FB FB C1 C2 C3 Pub C2 Sleep 5 51 ¥10=—3.
4+ ... =-3.

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 16 / 43
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State-Value Function for Student MRP (1)

V(s)fory =0

2 R=-2

Figure credit: David Silver, DeepMind
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State-Value Function for Student MRP (2)

V(s) fory = 0.9

4.1 R=-2

Figure credit: David Silver, DeepMind

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 18 / 43
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State-Value Function for Student MRP (3)

V(s)fory =1

43 P

Figure credit: David Silver, DeepMind
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Bellman Equation for MRPs

The value function can be decomposed into two parts:

§ immediate reward R(s)

§ discounted value of successor state yv(s')

v(s) = R(s) +1Eges [v(s')]
S + Y Z Pss/’l) S (3) Richard Bellman

s'eS

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 20 / 43
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Bellman Equation for MRPs

The value function can be decomposed into two parts:

§ immediate reward R(s)

§ discounted value of successor state yv(s')

v(s) = R(s) + 1Eges[v(s)]

R(s)+~ Z Psgrv(s) (3) Richard Bellman
s'eS
V(s) s
r
V(s’) V(s”)
s s’
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Bellman Equation for MRPs - Proof

v(s)=E[Gy|S; = 5| =E[Ri41 + YRiy2 + 7V’ Riys + YV’ Riga + -+ |Sy = 5]

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 21 /43
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Bellman Equation for MRPs - Proof

v(s)=E[Gy|S; = 5| =E[Ri41 + YRiy2 + 7V’ Riys + YV’ Riga + -+ |Sy = 5]
=E[Ri11(St) + YRe42(St41) + 7V* Rews(Sey2) +7° Reya(Siys) 4 -+ [Se = 5]
> (P(StJrlv Sev2,e - [Se = 8) [Re41(Se) + Y Res2(Seq1)+

St41,St+2,

Y’ Riy3(Stt2) + 7’ Riga(Siys) + - ])
Z P(Sty1,Stq2, - |St = s)Rey1 (Se)+

St1,St42,

. ( (Stx1, Stvas - [St=9) [Res2(St41) + YRir3(Ser2)+

St41,St+42,

V2 Ria(Siss) + - ])
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Bellman Equation for MRPs - Proof

= Res1(St) D P(Sps1, Seva, -+ |50 = )+

St4+1,St+42,

’YZ ( (St41,Str2,- -+ [St=19) [Rt+2(5t+1) +YRi13(Stya)+

St41,St42,

YRt a(Stys) + - ])
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Bellman Equation for MRPs - Proof

= Riy1(S1) > P(Sipa,

St+1,5%

W ( (St+1, Stvas - 1St =9 [Rer2(Se+1) + YRe13(Ser2)+

St+1,St+2,+

YRy a(Siys) + - ])

= Ri41(5h) +WZ( (41, Ser2, - 1Se=9) [Res2(Se41) + Y Re43(Sea2)+

St4+1,St+2,

YRy a(Siys) + - ])

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020
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Bellman Equation for MRPs - Proof

= Riy1(S1) > P(Sipa,

St41,5¢
’YZ ( (Stt1, Str2,- - [St=2) [Re12(Seq1) + YRiv3(Ser2)+

St+1,St+2,+

YRy a(Siys) + - ])
= Ri11(5:) +WZ( (Se+15 Seva, -+ |Se=9) [Riva(Set1) + Y Ri43(Ser2)+

St4+1,St+2,

Y’ Reya(Seqs) + - ])
= Riy1(St) +’YZ( (Sit2, [St41, St =8 P (St 41|15t =35) [Rt+2(5t+1)+

St4+1,St+2,

YR+ 5(Si12) + V2 Riga(Sigs) + - ])
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Bellman Equation for MRPs - Proof

= Ri41(S) +VZ( (Stt2, [Se4) P(St41]S: = 8) [Re42(Se+1) +7Ri43(Se12)+

St41,St+2,

YRy a(Sey3) + - D [Conditional independence (Ref eq. (7))]
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Bellman Equation for MRPs - Proof
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Stt1 St42,5t+3,

YR 3(Se12) + Y2 Resa(Siis) + - - D
= Rea(S) + Z P(S41|S:=5)v(St+1)
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= Rt+1(St :S> + ’YZP(StJrl :s'|St :S)U(St+1 :S/>
s'eS
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Bellman Equation in Matrix Form

So, we have seen,

v(s) =R(s) +v Y Pssv(s)

s'eS
Where are the time subscripts? Hint: Think about (1). Definition of value
function, (2). Expectation operation.
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Bellman Equation in Matrix Form

So, we have seen,

v(s) =R(s) +v Y Pssv(s)
s'eS
Where are the time subscripts? Hint: Think about (1). Definition of value
function, (2). Expectation operation.

The Bellman equation can be expressed concisely using matrices.

v=R+~yPv
where v and R are column vectors with one entry per state.
v(s1) R(s1) Pir Piz oo Pra| [v(s1)
v(s2) R(s2) Pa1 Paa -+ Pap| |v(s2)
; - : T : : : ;
U(Sﬂ) R(Sn) Prt Pn2 -+ Pan 'U(Sn)

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 24 / 43
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Solving Bellman Equation

§ The Bellman equation being a linear equation, it can be solved
directly.

v=R+4+~Pv
(I—wP)v:R
v = (I—’yP)_lR

§ As computational complexity is O(n?) for n states, direct solution is
only feasible for small MRPs.

§ There are many iterative methods for large MRPs, e.g., Dynamic
programing, Monte-Carlo, Temporal difference learning

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 25 /43
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Existence of Solution to Bellman Equation

§ We need to show that (I — 773) is invertible and for that we will use
the following result from linear algebra - The inverse of a matrix
exists if and only if all its eigenvalues are non-zero.

Abir Das (IIT Kharagpur) Sep 14 and 15, 2020 26 / 43
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Existence of Solution to Bellman Equation

§ We need to show that (I — 773) is invertible and for that we will use
the following result from linear algebra - The inverse of a matrix
exists if and only if all its eigenvalues are non-zero.

§ For a stochastic matrix (row sum equal to 1 and all entries are > 0),
the largest eigenvalue is 1.

Proof
As P is a stchoastic matrix, P1 = 1 where 1 = [1,1,---1]7. This means 1 is an
eigenvalue of P.

Now, lets suppose 3 A > 1 and non-zero x such that Px = Ax.

Since the rows of P are non-negative and sum to 1, each element of vector Px is
a convex combination of the components of the vector x.

A convex combination can’t be greater than z.x, the largest component of x.
However, as A>1, at least one element (AZmax) in the R.H.S. (i.e., in Ax) is
greater than .. This is a contradiction and so A>1 is not possible.
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Existence of Solution to Bellman Equation

§ So the largest eigenvalue of P is 1.
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Existence of Solution to Bellman Equation

§ So the largest eigenvalue of P is 1.

Theorem and its proof
For all eigenvalues \; of a square matrix A and corresponding eigenvectors v;
such that Av; = \;v;,

eig(T+~vA) =1+ ~\; [y is any scalar]
Proof:
AVi = )\ivi
YAV, = YAiv;
Vi + YAV = Vi + YAV,
(I + ’}/A)Vi = (]. aF ’7>\Z‘)V2‘
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Existence of Solution to Bellman Equation

§ So the largest eigenvalue of P is 1.

Theorem and its proof
For all eigenvalues \; of a square matrix A and corresponding eigenvectors v;
such that Av; = \;v;,

eig(T+~vA) =1+ ~\; [y is any scalar]
Proof:
AVi = )\ivi
YAV, = YAiv;
Vi + YAV, = vi + YA,
(I + ’}/A)Vi = (]. aF ’7>\Z‘)V2‘

§ So the smallest eigenvalue of (I — 'yP) is 1 — . For v < 1 which is
> 0. And hence, (I —~P) is invertible.
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Markov Decision Process

A Markov decision process is a Markov reward process with actions.

A Markov Decision Process is a tuple (S,.A, P, R,7), where
§ S is the state space (can be continuous or discrete)

§ A is the action space (can be continuous or discrete)
§ P is the state transition probability matrix.
P, = P(Si41=5|St = 5,4 = a) =p(s'/s,a)

§ R is a reward function, R = E[Ry41|S; = s, Ay = a] = R(s, a)
§ ~ is a discount factor, v € [0, 1]
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Example: Student MDP
Facebook
R=-1

Quit

Facebook
R=-1

Study
R=-2

0.2

Figure credit: David Silver, DeepMind
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Definition

A policy m is a distribution over actions given states,
m(a/s) = P[A; = a|S; = s]

§ The Markov property means the policy depends on the current state
(not the history)
§ The policy can be either deterministic or stochastic

§ The policy can be either stationary or non-stationary
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§ For a deterministic environment p(s'/s,a) =1,
else for stochastic environment 0 < p(s'/s,a) <1

§ In a stochastic environment, there is always some 3
chance to end up in s’ starting from state s and
taking any action.

§ So, probability of ending up in state s’ from s irrespective of the
action (i.e., taking any action according to the policy), = probability
of taking action 1 from state sx probability of ending up in state s’
taking action 1 + probability of taking action 2 from state sx
probability of ending up in state s’ taking action 2 + - - -

§ This means pr(s'|s) = >_ m(als)p(s'|s, a)

a

§ Similarly, the one-step expected reward for following policy 7 is given

by 7 (s) = >_m(als)r(s, a)
a
§ Side note: The above is given by r.(s) = m(als) Y. p(s'|s,a)r(s,a,s")

a

when reward is a function of the transiting state s also.
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Value Functions

The state-value function v, (s) of an MDP is the expected return starting
from state s, and then following policy m

Ur(5) = Ex [G|S; = ] (4)

Definition
The action-value function ¢ (s,a) of an MDP is the expected return
starting from state s, taking action a, and then following policy m

4r(s,a) = Ex[Ge|Sy = s, Ay = a (5)
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Example: State-Value function for Student MDP
Facebook
R=-1
' v, (s) form(als) = 0.5,y =1
0
Quit Facebook
R=- R=-1

Figure credit: David Silver, DeepMind
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Relation between v, and ¢,

n(s, @) ) 4n (s, )
a a

vr(s) = Z m(als)qx(s,a)

acA
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Relation between v, and ¢,

Ure(s) s Gn(s,a)X s
n(s, ) ), qr(s,a’) 1771(5) Vn(S b
a a
vr(s) = Z m(als)qx(s,a) qr(8,a) = r(s,a)+y Z s'|s, a)vx(s")
acA s'eS
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Relation between v, and ¢,

Ur () s qr(s, Q)N s
qr(s,a) ), qr(s,a) 1711(5) Vn(S P)
a a
vn(s) = S 7(al9)an(s,0)  galsa) = (s, a)tq Z |5, a)vx(s)
acA s'eS

Ur(5)
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Relation between v, and ¢,

Ure(s) s Gn(s,a)X s
n(s, ) ), qr(s,a’) 1771(5) Vn(S b
a a
vr(s) = Z?T(a|s)q7r(s,a) qr(8,a) = r(s,a)+y Z s'|s, a)vx(s")
acA s'eS

Ur(5)

q(Sa)

— (s,a) =r(s,a) + s'|s, a)
ve(s) = > m(als) {r(s,a) + U VS%
Y Z |S a 1)7T )} {Q/ZGAW(GI|SI)QW(S/,G/)}

s’eS
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Bellman Expectation Equations

Like MRPs, the value function can be decomposed into two parts -
immediate reward r(s) and the discounted value of successor state yv(s').
But, as action is involved in MDP, the form is a little different.

va(s) = Z m(als) Z p(s'ls,a) {r(s,a,s") +yvr(s)}

acA s'eS

. . /
[when 7 is a function of s,a, s'|

=" n(als) {r(s, a)+v > p(s]s, a)vw(s’)}

acA s'eS
[when r is a function of s, d]
=r(s) +v Y m(als) Y p(s'ls, a)va(s)
acA s'eS
[when 7 is a function of s] (6)
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Bellman Expectation Equations

7T[Gt|5,5 =s,a; = a] [eqn. 3.13 in SB]

o[t +ree2 + VP reas ]S = 5,0, = a
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Bellman Expectation Equations

[G4|S; = s5,a; = a] [eqn. 3.13 in SB]
o[t +ree2 + VP reas ]S = 5,0, = a
[

[

s

E

E

Er|re41 +Y(rig2 +y7e43..)[Se = 5,00 = a}

Er|ris1 +7Ge41]S: = s,a: = a] [By definition, eqn. 3.11 in SB]
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Bellman Expectation Equations

¢|St = s,a; = a] [eqn. 3.13 in SB]

™

o[t +ree2 + VP reas ]S = 5,0, = a

Ex G
Ex [
Er [Tt+1 + Y (req2 +Y7ri43...)|S: = 5, a4 :a}
B |
B, |

x|Tt41 + YGry1|Se = s,a = a] [By definition, eqn. 3.11 in SB]

T Tt+1|St = S,a¢+ = CL] +’YE [Gt+1|5t = S,a¢ = CL]
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Bellman Expectation Equations

a)=E.[G¢|S; = s,a; = a] [eqn. 3.13 in SB]

=Er [re41 + Y742 + v rey3..]8: = 5,0 = al

=Er [res1 +Y(reg2 + regs..) St = s, a0 = a

=Eqx [re+1 +7Gi41]S: = s,a; = a] [By definition, eqn. 3.11 in SB]
=Er [Tt+1|5t =s5,at = a] +E, [Gt+1|St =s,a; = a]
=Er[ri1|S: = s,a0 = a]+

/ /
’)/ET;|: ﬂ[Gt+1|St = S,0¢ :(L,St_;,_l =S ,at+1 = CL:HSt = S,0a¢ :CLi|

(Above applies the formula E[Y|X] = E[E[Y|X, Z]|X])
[Get the intuition behind the formula in this youtube link]
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Bellman Expectation Equations

¢|St = s,a; = a] [eqn. 3.13 in SB]

™

E.[G
Er [rig1 + Y742 + v rey3..]8: = 5,0 = al

Er [Tt+1 +y(req2 +Yrig3..)|S = 5,00 = a}

E. [Tt+1 + YGi41|S: = s,a: = a] [By definition, eqn. 3.11 in SB]
Ed |

B |

T Tt+1|St = S,a¢+ = CL] +’YE [Gt+1|5t = S,a¢ = CL]

T Tt+1|St = S,0a¢ —CL]+

'yE,,[ 7 [Ge1]St = s,a0 = a, Spy1 = 8, apy1 = d']|S, = 5,0 = a}
(Above applies the formula E[Y|X] = E[E[Y|X, Z]|X])
[Get the intuition behind the formula in this youtube link]
=E, [rt+1|5t =s,a; = a]—l—

VE [IE7T (Gi41|Ses1 = 8" ap1 = d'][Sy = 5,00 = a}

[G¢+1depends only on s;11 and azy1]
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Bellman Expectation Equations

¢|St = s,a; = a] [eqn. 3.13 in SB]

™

E.[G
Er [rig1 + Y742 + v rey3..]8: = 5,0 = al

Er [Tt+1 +y(req2 +Yrig3..)|S = 5,00 = a}

E. [Tt+1 + YGi41|S: = s,a: = a] [By definition, eqn. 3.11 in SB]
Ed |

B |

T Tt+1|St = S,a¢+ = CL] +’YE [Gt+1|5t = S,a¢ = CL]

T Tt+1|St = S,0a¢ —CL]+

'yE,,[ 7 [Ge1]St = s,a0 = a, Spy1 = 8, apy1 = d']|S, = 5,0 = a}
(Above applies the formula E[Y|X] = E[E[Y|X, Z]|X])
[Get the intuition behind the formula in this youtube link]
=E, [rt+1|5t =s,a; = a]—l—
VE [IE7T (Gi41|Ses1 = 8" ap1 = d'][Sy = 5,00 = a}
[G¢+1depends only on s;11 and azy1]
=Er[rer1|Si=s,ar=a] + YEx [q (s, a’)|Se =5, as =a] [Using definition of ¢x]
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Bellman Expectation Equations

— s+ Y Y gl a (a5, 0)

s’eSa’eA
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Bellman Expectation Equations

— s+ Y Y gl a (a5, 0)

s’eSa’eA

=r(s,a) + Z Z ¢x(s',a)p(d']s', s, a)p(s|s, a)

s’eSa’eA
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Bellman Expectation Equations

=r(s,a)+ > > ax(s',a')p(d,5|s,a)

s’eSa’eA

(s,a —I—ZZqﬂsa a'ls',s,a)p(s|s, a)

s’eSa’eA

(s,a)+ Z Z q=(s',a")p(a’|s")p(s'|s,a) [Markov property]
s’eSa’eA
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Bellman Expectation Equations

=r(s,a) + Z Z (s, a")p(

s’eSa’eA

sa —l—ZZqﬂsa

s’eSa’eA

sa —l—ZZqﬂsa

s’eSa’eA

sa +Z

s'eS a’€ A

Abir Das (IIT Kharagpur)
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a',s'|s,a)
a'ls',s,a)p(s|s, a)
a'|s")p(s'|s, a) [Markov property]

s'|s,a Z qx(s',a")p(a’|s")
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Bellman Expectation Equation for Student MDP

Facebook v (s) form(als) = 0.5y =1
R=-1

ve(s) =Y _wlals) {r[\: a)+7 Y pls]s, u;m,.ae';x}
acA S
7.4=0.5%{10+0} + 0.5*{1+1*(-0.2%1.3+0.4*2.7+0.4*7.4)}

Facebook
= R=-1

Figure credit: David Silver, DeepMind
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Optimal Policies and Optimal Value Functions

§ Solving a reinforcement learning task means, roughly, finding a policy
that achieves a lot of reward (maximum) over the long run.
§ The notion of maximality leads to optimality in MDPs.
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Optimal Policies and Optimal Value Functions

§ Solving a reinforcement learning task means, roughly, finding a policy
that achieves a lot of reward (maximum) over the long run.

§ The notion of maximality leads to optimality in MDPs.

§ What is meant by a policy is better than some other policy?
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Optimal Policies and Optimal Value Functions

§ Solving a reinforcement learning task means, roughly, finding a policy
that achieves a lot of reward (maximum) over the long run.

§ The notion of maximality leads to optimality in MDPs.

§ What is meant by a policy is better than some other policy?

§ A policy 7 is defined to be better than or equal to a policy «’ if its
expected return is greater than or equal to that of 7’ for all states.

7w > iff vg(s) > vw(s), Vs €S
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Optimal Policies and Optimal Value Functions

The optimal state-value function v,(s) is the maximum state-value
function over all policies

V«(s) = maxvg(s), Vs € S

The optimal action-value function ¢.(s,a) is the maximum action-value
function over all policies

g«(s,a) = maxgr(s,a), Vs € S and , Va € A

§ An MDP is “solved” when we know the optimal value function
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Optimal Action-Value Function for Student MDP

Facebook
R=-1 m,(als) fory =1

a.=5

Facebook
R=-1
q.=5

Figure credit: David Silver, DeepMind
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Optimal Policy

Theorem

For any Markov Decision Process
§ There exists an optimal policy 7, that is better than or equal to all
other policies, m, > 7w, V&

§ All optimal policies achieve the optimal value function v, (s) = v.(s)

§ All optimal policies achieve the optimal action-value function
Gr.(5,a) = gx(s,a)
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Optimal Policy

For any Markov Decision Process

§ There exists an optimal policy 7, that is better than or equal to all
other policies, m, > 7w, V&
§ All optimal policies achieve the optimal value function v, (s) = v.(s)

§ All optimal policies achieve the optimal action-value function
Gr.(5,a) = gx(s,a)

An optimal policy can be found by maximising over ¢.(s,a).

1 if a = argmaxq.(s,a)
m(als) = acA
0 otherwise

§ There is always a deterministic optimal policy for any MDP.

§ If we know ¢4 (s, a), we immediately have the optimal policy.
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Relation between v, and ¢,

q.(s,a) ) q.(s,a")
a a

vi(s) = maxq.(s, a)
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Relation between v, and ¢,

v.(s) s g (s, )\ s
q.(s,a) ) q.(s,a") V*(S) U*(S D)
a a
v4(8) = max ¢.(s,a) qs(s, a)—rs a+’YZ s'ls, a)v.(s")
acA ey
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Relation between v, and ¢,

q.(s, @) q.(s, @) U*(S p)
a a

v4(8) = max q.(s, a) (s, a)—rs a+’YZ §'ls,a)v.(s")
acA s'eS

v.(5)

V4 (8) zrgleaj{{r(s,a) +
5y Z s'|s,a)v(s )}

s'eS
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Relation between v, and ¢,

q.(s,a) ) q.(s,a)
a a

vi(s) = maxq.(s, a)

v.(5)

(s
q.(s",a)@a
v*(s):rgéaj{{r(s,a)+ g«(s,a) = (s, a) +’yz (8'|s,a)
s’€S ;.
72 s'|s,a)v(s )} g{}gﬁq*(s,a)
s'eS
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Appendices Eigenvalues

1. Independence

Independence

Al B = P(A|B) = P(4)

Conditional Independence

AL B|C = P(A|B,C) = P(A|C)

Proof:

P(A,B,C)  P(A,B|C)P€)

P(B,C)  P(B|C)E€)

_ P(A|[C)P(B|C)
P(B|C)

= P(A|C)

P(A|B,C) = (7)

[ From definition of conditional independence]
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Appendices Conditional Independence

2. Independence

Theorem

Eigenvalues of the transpose AT are the same as the eigenvalues of A

Proof

Eigenvalues of a matrix are roots of its characteristic polynomial. Hence if
the matrices A and A’ have the same characteristic polynomial, then they
have the same eigenvalues.

det(AT — AI) = det(AT — \IT) (8)
= det(A — \I)T
= det(A — X) [Since det(A) = det(AT)]
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