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[ Write your answers in the question paper itself. Be brief and precise. Answer all questions.]

Do not write anything on this page.

Questions start from the next page.



1. A three-dimensional r x s x r mesh is obtained by making ¢ copies of an r X s mesh and joining the
corresponding nodes in a line. An example is given below. We number the nodes in the 3-d mesh as
P jr,where 1 <i<r,1<j<s,and 1 <k<r
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LetA = (aj,az,...,a,) be an array of n integers, and we want to compute the sum s =Y ; ;. You are given

an m x m x m mesh with p = m> processors. Assume that p < n. For the sake of simplicity, you may further
assume that n is an integral multiple of p.

(a) Propose an efficient algorithm to compute the sum s on the given 3-d mesh. Clearly specify how the
elements of A are initially distributed among the p processors. Also clearly specify the computations and
communications involved in the algorithm. What is the running time of your algorithm? (10)

Solution Let ¢ =n/p. We give disjoint chunks of A with ¢ elements to the processors.

Stage 0: Each node computes the sum of the ¢ elements given to it. All these additions run sequentially in each
node, but in parallel across all the nodes. So the (parallel) running time of this step in ®(c).

For each fixed k, the nodes F; ;; form a 2-d mesh called the k-th layer.

Stage 1: Partial sums are relayed in each layer towards right. Each node, upon receiving the partial sum from
its left neighbor, adds its own partial sum to the sum received, and sends the updated partial sum to its right
neighbor. This takes @(m) time.

Stage 2: Then, the rightmost nodes in each layer relays their updated partial sums downward. Each node, upon
receiving the partial sum from its top neighbor, adds its partial sum to the sum received, and sends this updated
partial sum to its neighbor below. Eventually, the nodes Py, ,,, x store the sums of all the array elements given to
all the nodes in the respective layers. This stage also runs in ®(m) time.

Stage 3: Finally, the nodes P, ,, x keeps on relaying and updating the partial sums along the third dimension.
This stage also takes @(m) time. The final sum s is available at the node By, -

The communication pattern is illustrated in the figure below.
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The overall running time (including computation and communication) of this algorithm is

O(c+m)=0 (Z+m> :(9(% +m).
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(b) The sum s can be computed sequentially in 7*(n) = ®(n) time. Let the running time of your algorithm

in Part (a) be 7,(n). The speedup is S, (n) = Z((Z)) For what value of m is S,,(n) maximized? Justify. 5)

Solution Intuitively, the speedup is maximized if the computation and communication times are asymptotically the same,
. . 1 . . 1
that is, -5 = m, that is, m = n#. The corresponding speedup is O(n4).

If m = ni~¢, then the computation time dominates giving 7,(n) = G)(n%”s), that is, S, (n) = ®(n%’38).

If m = ¥+, then the communication time dominates giving T, (n) = ®(n£+€), that is, S, (n) = ®(n%’8).
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2. Use an EREW PRAM for solving the following parts. Do not use sorting in any of these parts. Your
algorithms need not be optimal.

(a) Suppose that n processors of the PRAM need to read a variable x in the shared memory simultaneously.
But concurrent reading is not allowed. Sequential reading takes O(n) time. Explain how the simultaneous
reading of x can be done in O(logn) time. What is the work done? A3)

Solution In the first time unit, one copy of x is made. In the second time unit, copies are made in parallel for each of the
two copies of x. In the third time unit, four new copies are created in parallel. After logn units of time, n copies
of x are available. These copies can be exclusively read by the n processors. The total work done is O(n).

(b) Let A = (aj,ay,...,a,) be an unsorted array of integers. Recall that for an integer x, the rank of x in
A, denoted rank(x : A), is the number of elements of A, that are < x. Propose an O(logn)-time O(n)-work
algorithm for computing rank(x : A). Note that x is a shared variable. )

Solution The algorithm is given below.

First make n copies of x as in Part (a) (all these copies are called x).
Fori=1,2,...,n, pardo:

IfA(i) < x,set C(i) =1, else set C(i) = 0.
Compute the sum s of the elements of the array C, in parallel.
Return s.

The initial copy part takes O(logn) time using O(n) work. Populating the array C can be done in O(1) time
using O(n) work. Finally, the sum s can be computed in O(logn) time using O(n) work. The total work done
is O(n).
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(c) Let A be as in Part (b). We want to compute the array R = (ry,r2,...,r,), where r; = rank(a; : A).
Propose an O(logn)-time algorithm for this problem. What is the work done by this algorithm? “)

Solution Fori=1,2,...,n, we compute r; = rank(a; : A) in parallel, using the algorithm of Part (b). The running time
remains O(logn). The work done becomes O(n?).

(d) We want to determine whether A contains one or more duplicate (that is, repeated) elements. Given the
array R computed in Part (b), solve this problem in O(logn) time using O(n) work. 4

Solution If A does not contain repeated elements, then R is a permutation of 1,2,3,...,x, so the sum § of the elements
of R will be n(n+ 1) /2. On the other hand, if A contains repeated elements, we will have S > n(n+1)/2. We
can compute S in O(logn) time using O(n) work. The computation of n(n+ 1)/2 and the comparison of S with
this quantity can be done in O(1) sequential time.
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3. Let T be arooted tree on n nodes numbered 1,2,3,...,n. The tree is given as an array P = (p1, p2,...,Pn),
where p; is the parent of i. If r is the root, then p, = 0. Develop CREW PRAM algorithms for solving
the following parts. Write the complete WT presentation of each algorithm in this exercise. Do not use any
algorithm covered in the class, as a subroutine.

(a) Propose an algorithm to identify the root and store it in a global variable r, in O(1) time. What is the
work done by your algorithm? A3)

Solution We do not need pointer jumping for solving this problem, because there is a single root node. The following
algorithm can be used.

Fori=1,2,...,n, pardo:
If Pli] =0, set r=1i.

No concurrent write is required here, because there is a unique i (the root) for which P(i) = 0.

The work done by this algorithm is O(n).

(b) The level of a node in T is its distance from the root of 7. Thus the root has level 0, the children of the
root have level 1, the grandchildren of the root have level 2, and so on. Propose an O(logn)-time algorithm
to compute the array L = (11,1, ...,1,), where [; is the level of the node i in 7. What is the work done by
your algorithm? (6)

Solution We assume that the root r is computed as in Part (a), Then, we do pointer jumping. Q[i] stores an ancestor of i,
and D[i] stores the distance of Q[i] from i.

Fori=1,2,... ,npardo:
If i = r, then set L[i] = 0, else set L[i] = —1.
Set Q[i] = PJi].
If i = r, then set D[i] = 0, else set D[i] = 1.
While L[i] = —1, repeat:
If L[Q]i]] # —1, then
set L[i] = D[i] + L[Q]i]],
else
set 0[i] = Q[0[], and
set D[i] =2 x DJ[i].

The work done by this algorithm is O(nlogn).
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(c) Propose an O(logn)-time algorithm to 2-color 7. What is the work done by your algorithm? (6)

Solution Let the colors be 1 and 2. We create an array C = (cy,ca,...,¢,), where ¢; € {1,2} is the color of the node i.
We assume that the level array L computed in Part (b) is available.

Fori=1,2,...,n, pardo:
If L[{] is even,
set C[i] = 1,
else
set C[i] = 2.

This algorithm has O(1) running time, and the work done is O(n).

Combining the results of Parts (a) and (b), we conclude that the 2-coloring algorithm has O(logn) overall
running time and does O(nlogn) work in total.
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4. (a) Suppose we are given an array S of size n representing the nodes of a set of linked lists. Each node i
has at most one successor whose index is S[i]. Suppose that array indices start from 1, and S[i] = 0 if the
node with index i has no successor. Show how to rank the nodes within all the lists in O(lognloglogn) time
and O(n) operations. Give an analysis of the time complexity and the number of operations.

Solution The following algorithm done in the class works with a slight modification. Here, we fix the number of iterations
while the algo in the book keeps track of the size of the list, and exits the loop when it falls below n/logn.

1. Repeat the following for O(loglogn) iterations:

(a) Color the nodes using 3 colors using O(logn) time and O(n) work.
(b) Remove the set I of local minima.

2. Apply the pointer jumping algorithm to the resulting set of nodes.

3. Restore the original list and ranks by inserting back the independent sets in reversed order.

Analysis: Suppose there are k lists with lengths np,...,n such thatny +--- +n, = n.

Analysis of the loop: Runtime analysis is exactly the same as the original algo, giving O(lognloglogn) time.

k ‘ ¢
4 4
Number of operations in iteration ¢ is at most O (Z (5) .nl-) =0 ((5> .n>; so the total number of
i=1

operations in the loop is O(n).

After the loop, at Step 2, the i-th list has size O(n;/logn;). The number of operations in Step 2 is

k . .
; 0] (10’;71,- log ( lozlni)) = O(n). Runtime of Step 2 is O(logn) by standard analysis of pointer jumping.

Analysis of step 3 is the same as in the original algo.
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(b) Suppose that you are given a list represented by an array S of size n as follows. Index 1 is the first node
of the list. However, each index > 1 is not necessarily a node of the list. If index i is a node of the list,
then S[i] is the index of its successor, or 0 if it is the last node of the list. You are also given another array
N of n numbers. Moreover, suppose that you are given an array R such that for each index i in the list, R]i]
contains the serial number of i from the start of the list. That is, if i is the k-th node of the list, then R[i] = k
(in particular, R[1] = 1). In all of the three input arrays, entries corresponding to indices which are not parts
of the list can be arbitrary numbers. Assume that the entries of the array R are distinct. Give an algorithm
that finds the minimum N[i] for any index i that is a node of the list. Your algorithm should run in O(logn)
time and use O(n) operations. Demonstrate your algorithm on the following input:

S=(5,3,0,0,2,9)
N=(0,3,-3,-2,—1,5)
R=(1,3,4,5,2,7).

Solution 1. fori=1 to n pardo:
minim[i] < N[i];
2. k1
3. for 1 < i< npardo:
while(1) do:
if R[i] ¢ [1,n] or (R[i] — 1) mod k £ 0 or S[1] = 0:
exit;
if S[i] # 0 and S[i] < m:
minim{i] «— min{minim[i], minim[S[i]] }
S[i] < S[S[i]];
ifi=1:
k<+2xk;

4. return minim[1].
By standard analysis of pointer jumping, runtime = O(logn).

Total number of operations in Steps 1 and 2: O(n). Number of operations in the /-th iteration of the loop is at
most [1/2/~1]. Number of operations in Step 4 is O(1). Thus the total number of operations is O(r).

Demonstration on the given input:

’ Stage ‘ Active indices ‘ S at the end of the iteration ‘ minim at the end of the iteration ‘
Before the loop - (5,3,0,0,2,9) (0,3,-3,-2,—1,5)
Iteration 1 {1,2,3,4,5} (2,0,0,0,3,9) (—1,-3,-3,-2,—1,5)
Iteration 2 {1,2,4} (0,0,0,0,3,9) (—-3,-3,-3,-2,—1,5)
Output: —3.
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