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[Answer all questions]

1. Prove that the following languages are not regular. (10×2)

(a) L11 = {ambn | m,n > 0 and gcd(m,n) = 1} ⊆ {a, b}∗.
(b) L12 = {ambn | m,n > 0 and gcd(m,n) > 1} ⊆ {a, b}∗.

2. Let Σ = {a, b, c, d}. Consider the language

L2 = {aibjckdl | i, j, k, l > 0 and i+ j = k + l} ⊆ Σ∗.

(a) Design a context-free grammar G with L(G) = L2. (10)

(b) Design a PDA to recognize L2. (10)

3. Prove that the following languages are decidable. Provide only high-level descriptions of deciders. (5×5)

(a) ADFA,n = {〈D,n〉 | D is a DFA that accepts some string of length n}.
(b) SUBSETDFA = {〈D1, D2〉 | D1, D2 are DFA with L(D1) ⊆ L(D2)}.
(Hint: Look at L(D1) \ L(D2).)

(c) FINITEPDA = {〈P 〉 | P is a PDA with L(P ) finite}.
(Hint: Let n be a pumping lemma constant for L(P ). First prove that L(P ) is infinite if and only if L(P )
contains a string of length between n and 2n− 1.)

(d) MOVETM,α = {〈M,α〉 |M is a TM that makes at least ten moves on input α}.
(e) MOVETM,n = {〈M,n〉 |M is a TM that makes at least n moves on some input}.
(Hint: First argue that it suffices to restrict attention only to input strings of length 6 n.)

4. Consider the language

L4 = {〈M〉 |M is a TM which halts on the input 01011}.

Prove the following assertions:

(a) L4 is Turing-recognizable. (5)

(b) L4 is not Turing-decidable. (5)

(c) L4 is not Turing-recognizable. (5)

5. Consider the language

L5 = {〈M〉 |M is a TM which halts on every input}.

(a) Use a reduction from L4 to L5 to prove that L5 is not Turing-recognizable.
(Hint: Suppose that 〈M〉maps to 〈M ′〉 under the reduction. Let M ′ simulate M on input 01011 for n steps,
where n is the length of the input string for M ′.) (10)

(b) Use a reduction from L4 to L5 to prove that L5 is also not Turing-recognizable. (10)
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