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Instructions

e Write your answers in the question paper itself. Be brief and precise. Answer all questions.

Write the answers only in the respective spaces provided. The last two blank pages may be used for

additional rough work.

If you use any theorem/result/formula covered in the class, just mention it, do not elaborate.

Write all the proofs in mathematically precise language. Unclear and/or dubious statements would be

severely penalized.

e Common notations:

N
Np

TN
ST 2 AaE O N

= =
—_

The set of natural numbers = {1,2,3,...}

The set of non-negative integers = {0,1,2,3,...}
The set of integers = {...,—3,-2,-1,0,1,2,3,...}
The set of rational numbers = {g la€Z,beN }

The set of real numbers

The set of complex numbers

The power set of A (also denoted as 24)
The open interval {x € R | a < x < b}
The closed interval {x e R |a <x < b}
The floor of x

The ceiling of x

Do not write anything on this page.

Questions start from the next page.



1. While walking in a labyrinth, you find yourself in front of three possible roads. The road on your left is
paved with gold, the road in front of you is paved with marble, while the road on your right is made of small
stones. Each road is protected by a guard. You talk to the guards, and this is what they tell you.

e The guard of the gold road: “This road will bring you straight to the center. Moreover, if the stones
take you to the center, then also the marble takes you to the center.”
e The guard of the marble road: “Neither the gold nor the stones will take you to the center.”

e The guard of the stone road: “Follow the gold, and you will reach the center. Follow the marble, and
you will be lost.”

You know that all the guards are liars. Your goal is to choose the correct road that will lead you to the center
of the labyrinth. Solve your problem using a propositional-logic formulation and deduction. (10)

Solution Introduce the following propositions.

GG : The guard of the gold road is telling the truth
GM : The guard of the marble road is telling the truth
GS : The guard of the stone road is telling the truth

G : The gold road leads to the center
M : The marble road leads to the center
S : The stone road leads to the center

The statements of the three guards can be logically encoded as follows.
GG [G/\(S—)M)}

GM < [-GA=S]
GS + [GA-M]

You also know that the following statement is true.

Z = -GGA-GMA~-GS
“[GA(S = M) A=[-GA-S|A=[GA=M]
[=GV(SA-M)|A[GVS|A[-GVM].

The truth table of Z is given below.

G M S|-GV(SA—M) GVS ~GVM | Z
0 0 0 1 0 1 0
0 0 1 1 1 1 1
0 1 0 1 0 1 0
0 1 1 1 1 1 1
1 0 0 0 1 0 0
1 0 1 1 1 0 0
1 1 0 0 1 1 0
111 0 1 1 0

This truth table implies that Z = [ﬂ GAS ], that is, the stone road will surely lead you to the center. (This also
implies that the gold road will surely not lead you to the center, and the marble road may or may not lead you
to the center, but these conclusions are not part of the solution to your problem.)
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ROUGH WORK
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2. Prove using the theory of loop invariance that the following function prints d,u,v, where d = ged(x,y) =
ux+vy with d € N and u,v € Z. Assume that both the arguments x and y are supplied positive values.

void egcd ( unsigned int x, unsigned int y )

{
int al, a2, ul, u2;
al = x; a2 = y; ul =1; u2 = 0;
while (al != a2) {
if (al > a2) { al = al - a2; ul = ul - u2; }
else { a2 = a2 - al; u2 = u2 - ul; }
}
printf("%d, %d, %d\n", al, ul, (al - ul * x) / y);
}

Solution The loop of the given function maintains two invariance properties.

(1) ged(ar,az) = ged(x,y).
(2) There exist integers vy, v, such that a; = ujx+viy and a> = upx+wy.

Initially, @; = x and ay =y, so Invariance (1) is true. It is maintained because ged(ay,a2) = ged(a; —az,az) =
gcd(al ,dy) —aj )

Invariance (2) is trickier. Given ay,ap,u;,up € 7, we can always find unique values for vi = (a; —u;x)/y and
vy = (az —upx)/y. What is important to establish in this context is that the way ay,a,,u;,u; are updated will
ensure that v, v, will always have integer values.

Initially, vi = (a; —u1x)/y = (x—x)/y =0 and v, = (a2 —uzx)/y = (y —0) /y = 1 are integers. Assume that
ap > ap in some iteration (the other case can be symmetrically handled). At the beginning of the loop, we have
integer values for vi,v; such that Invariance (2) holds, that is,

ap = ux+viy,
ay =  upx-+wy.
But then,

ar —ay = (ug —up)x+ (v —v2)y.
We update a; to a; — as, and u; to u; — up in this case (a; > a»). If we also update vy to vi — v, (and keep v,
unchanged), then vy, v, will continue to remain integers, and Invariance (2) will continue to hold.

The loop must terminate, because max(aj,a;) strictly decreases in each iteration. At the end of the loop, we
have a; = ap, so by Invariance (1), ged(x,y) = ged(ay,a2) = a; = ap. Moreover, by Invariance (2), we have
gcd(x,y) = a1 = ujx+ vy for some integer v;. This vy is computed as (a; — ujx)/y.
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3. Consider the real intervals (0, 1) and [0, 1]. A function f: (0,1) — [0, 1] is defined as follows. Take x € (0, 1).
3-2"
o

1 1
Find (the unique) n € N such that > <x< T Define f(x) =

(a) Prove that f is injective (one-one).

1 1
Solution Break the domain of f into mutually disjoint intervals [, = {2’1, 2n_1> for all n € N. We have (0,1) = U I,.
neN

The codomain, on the other hand, can be decomposed as [0,1] = {0} U < U J,,) , where {0} and the intervals
neN

1 1
Jy = ( } for n € N are again mutually disjoint. For each n € N, the function f maps I, to J,,, because

on’ gn—1
el, <= 1< < !
X - X —
n Zn\ on—1
1 1
g _F<_X<_ﬁ
3 1 3 <3 1
N I TR T T
1 3-2"x 1
< ?<72n \Tn—l
=  f(x) €y

Moreover, the restriction of f to I, — J, is bijective, because (1) f(x) = f(y) for x,y € I, implies x =y, and
3-2"

2n

(2) for each y € J,,, we have x = € I, such that f(x) = y. It follows that f is injective.
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(b) Prove/Disprove: f is surjective (onto). )

Solution False. We have

f((ovl))f<UIn> = UJ = [0,”\{0},
neN neN

that is, 0 is not in the range of f.

ROUGH WORK
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4. Let the relation o on N consist only of the following tuples:

o:{(n,n)|neN} U {(2n,2n71)|n€N} U {(2n,2n+1)|neN}.

(a) Prove that o is a partial order. (6)

Solution Let a € N. The crucial observations are as follows.

(1) If aiseven, itisrelated only to a,a—1,a+ 1.

(2) If ais odd, it is related only to a.

Now, we proceed to prove the partial-order properties of ©.
[Reflexive] ~All the tuples (a,a) € ©.

[Antisymmetric] Let (a,b), (b,a) € . Consider the two cases.

- Ifaiseven, b € {a,a—1,a+ 1} (by Observation (1)). If b # a, then b = a+ 1 is odd, and a # b cannot
be related to b (by Observation (2)). Therefore, we must have b = a.

- if a is odd, the hypothesis (a,b) € o and Observation (2) imply a = b.
[Transitive] Let (a,b), (b,c) € 6. Again consider the two cases.

- Ifaiseven, then b € {a,a—1,a+1}. If b = a, then (a,c) = (b,c) € 6. If b=a= 1, then b is odd, and
so ¢ = b, that is, (a,¢) = (a,b) € ©.

- Ifais odd, then b = a, so (a,c) = (b,c) € ©.

ROUGH WORK
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(b) Is o atotal (that is, linear) order? 2)

Solution False. For example, neither (1,3) nor (3,1) isin ©.

(¢) Is N alattice under o? 2)

Solution False. 1 is related only to 1, and 3 only to 3. That is, we cannot find an a € N such that (
(3,a) € o. This implies that 1 and 3 does not have any common upper bound. In particular, lub(
exist. Moreover, lub(2,6), glb(1,5), and glb(2,4) also do not exist.

,a) € o and

1
1,3) does not

ROUGH WORK
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S. Let S be the set of all infinite bit sequences. In the class, S is proved to be uncountable. The n-th element of a
sequence o € S is denoted by a(n) for n > 0. Prove the countability/uncountability of each of the following
two subsets of S. Solve the parts independently, that is, do not use the result of any part in the other.

(a) T1:{aeS\Ot(n):landa(rH—l):OforngO}. 5

Solution Uncountable. Consider the set
={aeS|a0)=1and o(1)=0}.
We have T3 C Tj, and so |T3| < |T1] < |S] (use the canonical inclusion maps which are injective). On the other

hand, take any o = (1,0,a;,a3,a4,...,a,,...) € Ts. The map taking o — (az,a3,aa4,. .. ,apt2,...) €S is clearly
a bijection 73 — S, implying that |73| = |S|. We therefore conclude that |T;| = |T3| = |S].

ROUGH WORK

— Page 9of 12 —




(b) TZ:{aGS\a(n):landa(n—s—l):Oformn}O}. )

Solution Countable. Each sequence of 75 either starts with a finite (may be empty) sequence of 0’s followed by an
infinite sequence of 1°s, or consists only of 0’s. Consider the function 7, — N that maps (0,0,0,...) to 1, and
(0,0,...,0,1,1,1,...,1,...) with n > 0 number of initial 0’s to n+ 2 € N. This function is clearly bijective.

ROUGH WORK
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x" . .
6. Let ap,ay,az,as,...,a,,... be the sequence generated by Z — Denote by p, the parity of a,, that is,
—Xx
reN
0 ifa,iseven,

1 ifa, is odd. Determine all n € N, for which p, = 1. Justify. (10)

Pn = a, (mod 2), that is, p, = {

Solution We have

r

Z X

. r:Zxr(1+xr+x2r+x3r+”.):Z(xr+x2r+x3r+x4r+”.):Z Zl X
reN X

reN reN neN \ reN

rln
So a, is the number of positive (integral) divisors of n (forn > 1).

Claim: a, is odd if and only if n is a perfect square.

Proof  Let n = p{'p3*---p{* be the prime factorization of n. Every positive divisor of n is of the form

p{‘ pgzmp,f’ for integers 0 < f; < e;, i =1,2,3,...,¢t. It follows that
ap=(e1+1)(e2+1)---(e,+1).

Consequently, a, is odd if and only if all the factors e; + 1 are odd, that is, if and only if all e; are even. |

Therefore p, = 1 if and only if n € {1%,22,32,4% ...}.
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