CS21001 Discrete Structures, Autumn 2007
Tutorial 9: October 4 and 11, 2007

1 Use generating functions to solve the following recurreratations.
@ ap=1,a, =2a,_1forn>1.
Solution  Let a(x) = ag + a1x + asx® + -+ + axa™ + ---. Then we havei(r) = ap + (2ap)x +
(2a1)2% + (2a2)x® + -+ + (2a,_1)2" + -+ = ag + 2za(z), i.e., (1 — 2x)a(z) = ag = 1, i
a(z) = 5= =1+ 20+ 2% +2%2% + ...+ 2"2" + ... Thus,a,, = 2" forall n € N.
(b) F=0FKN=1F=F, 1+ F,_oforn>2.
Solution  Let F(z) = Fy + Fiz + Foa® + -+ + F,a™ + ---. Then we haveF'(z) = Fy + Fiz +
(Fi + F)a® + (Fo + F)a® + -+ (B + Fp2)a™ + -+ = Fo + Fio + (Fia? + Foad + -+ +

Foqa™ + ) + (Foz? + Fia® + -+ + Fpoa" + --1) = Fo + Fix + a:(F( ) — Fo) + :L"QF( )
e, 1 —az—2)F(z) = Fy + Floa — Fox = z, i.e., F(z) = =

I—z—22 — (1= px)(l p'z)

- (1 - 1_1p,m), wherep = 4Y5 is the golden ratio ang’ = 153, We havep — o = V/5,
and soF(z) = = [(1+ pw+ p?a? + -+ p"a" + ) = (L+ pla+ p%2® + - 4 p"a" + )], e,
F, = \/—(p" p'™) foralln € N.

© ay=1,a1 =3,a, =4ay,_1 —4a,_oforaln > 2

Solution Leta(z) = ag+aix+asz?+---+apa™+---. Thena(z) = ag+ a1z + (4day —4ag)z? + (das —
day)x®+- -+ (dan_1 —4a,_2)x" +- - = ag+ a1z +4x(a(x) —ag) —4z%a(z), i.e., (1 — 4z +42?)a(z) =

0+ 1~ daos = 1 - L, alo) = li;&ﬁ:aiaip:% ] = 3 |mE T
S[(142(22) +3(20)? +4(20)° +- -+ (04 1) (20)" 4+ ) + (14 20+ (22)° +(20)° +-- 4 (22)" +- )],

thatis,a, = 3(n+1+1)2" = ( +2)2n~!foralln € N.

Note: In all the above examples, the denominator turns out to beopipesite of the characteristic
polynomial x(z), i.e., the polynomiak*x(1/z), wherek is the order of the recurrence. This is not a
mere coincidence. Indeed the following general resultdistzes this connection.

2 Using generating functions, prove the master theorem fondgeneous linear recurrences of finite order
with constant coefficients.

Solution  Consider the recurrence relatien, = cia,_1 + ceap_o + -+ + cra,—p for n > k with
ag,ai,...,a_; supplied as initial conditions. As usual, letr) = ag + a1x + agx® + -+ + apz™ + - -
Using the recurrence relation in the coefficientsebfz*+1, z5+2, ... yields

k—1 +

(crap—1 + coap_o + -+ + ckao)xk +
(crap + coap—1 + -+ - + ckal)ka +
(crap41 + caap + -+ + CkCLZ)xk+2 +
(c1an—1 + C2ap—2 + - - + Cpap_)z" +

a(r) = a+ar+--+ag_1x

= ataz+ - +apz"
ci(ap—12" + apa® T+ app 2t + o a2 + o) +
Cz(ak—ziﬂk + ap_12" T a2 b gy o™ - O+

ck(aomk + aaFtt

+ a4 a4 )



= aytaxr+--- +Clk_1wk_l +
crzfa(z) — (ag + a1z + - + ap_gz® )] +
cax®la(z) — (ap + arx + - - - + ap_zzF )] +

crata(x).
This implies tha(1 — c;z — co2? — - - - — cpz¥)a(x) = p(x), i.e.,a(z) = %, wherep(x) is a polynomial
of degree< k — 1 andg(z) = z*x(1/z) is the opposite of the characteristic polynomial. Note that
the polynomialp(z) is fully determined only by the initial conditiong, a1, ...,ax_1 (and the constant
coefficientscy, co, . . ., c).
Letry,ro,..., 7 be the roots of the characteristic equation with respectiudtiplicities my,mo, ..., m;.

Thatis,q(z) = (1 — riz)™ (1 — roz)™2 - -+ (1 — ryx)™. Sincedegp(x) < k — 1 anddeg g(z) = k, the
partial fraction expansion af(x) is of the form

t

- Us, 5 . Usj, 1 Uj 2 Uj my;
@=YY iy X (T et )

i=1

whereu; ; are (real or complex) constants. Using the generalizednbiaictheorem then yields

a(z) = ZZ; {Um (1 + (rix) + (riz)® + -+ (riz)" + - - ) +

Uj2 <1 +2(riz) + 3(riz)? + -+ (n+ 1) (riz)" + - - ) +

u;3 1+2;3(rix)+%(nw)2+m+W(m@"+---) +
2X3 X xmy 3x4x - x(m;+1)
s (1 (m; —1)! (riz) (m; — 1)! (rix)2—|—---+
m+1)(n+2)--(n+m;—1) n
(m; —1)! (riz) +)]

t

n+1)(n+2 n+1)(n+2)---(n+m; — 1

:E E (uz,l+(n+1)ui,z+%§)ui,3+“-+( ) ) 1(' - )uzml>7"l"3:"
i=1 neN : (m; —1)!

= Z Z u;(n)rita”

i=1neN

= > (w(n)r} +ua(n)ry + -+ + ug(n)rf)a",
neN

where for each, u;(n) is a polynomial inn of degree< m; — 1. It follows thata,, = u; (n)r] + ua(n)rf +
4w (n)ry foralln > 0. In particular, if allm; = 1, i.e., if there are no repeated roots of the characteristic
polynomial (so that = k), eachu;(n) is a constant, call it;, and we get,, = uir} + uory + - - - + ugry
foralln > 0.

3 Consider the recurrence relation
ap = C1ap—1 + c2ap—9 + -+ + cgan_ + f1(n) + fo(n) forn > k, 1)

with neither f;(n) nor f2(n) identically zero. Prescribe a method to solve this non-hgeneous recurrence
relation. More precisely, identify a particular solutiaor this recurrence.

Solution Let p ,, be a particular solution of

an = €1an_1+ C2an_2 + - + ckan—k + f1(n), (2)

2



andp, ,, a particular solution of
ap = C1ap—1 + C2an—2 + -+ + Cpp_j + fa(n). 3

Butthenpy ,+p2., = c1(P1n—1+P2n—1)Fc2(P1n—2+D2,n—2)++ - -+ k(D1 n—k +D2,n—k) + f1(n) + f2(n),
I.e.,pn, = p1,n + P2, IS a particular solution of the original recurrence relat{d). Therefore, we first obtain
p1,» from (2) and them, ,, from (3). Leth,, denote a solution of the corresponding homogeneous equatio
Then a general solution of (1) is, = hy,, + pr, = hp + p1n + p2,n foralln > 0.

Solve the recurrence relatie = 1, a,, = 2a,,—1 +n + 2" foralln > 1.

Solution Here f1(n) = n x 1™ and fo(n) = 1 x 2". The characteristic equationis— 2 = 0, which has
only one simple roo?. We have particular solutions of the form,, = (u1n + ug) x n® x 1" = uyn + ug
andpz, = vg x n! x 2", Sincepy,, = 2p1.,—1 + n, We haveu;n + ug = 2(ui(n — 1) + ug) + n, i.e.,

(u1 + l)n + (’LL(] — 2U1) =0,ie,uy +1 =0anduy — 2u; = 0, i.e.,,u;y = —1 andug = -2, i.e.,
p1n = —(n + 2). On the other handyz , = 2p2 -1 + 27, SO thatvgn2"” = 2vo(n — 1)27~1 + 27, i.e.,
von =vo(n — 1) + 1, i.e.,v9 = 1, i.e.,p2,, = n2". Thus the original recurrence relation has the particular
solutionp,, = n2™ — (n + 2). The solution of the corresponding homogeneous equatibp is w2", i.e.,

the general solution ig,, = h,, + p, = w2" + n2" — (n + 2). Sinceag = 1 = w + 0 — 2, we havew = 3,
i.e.,a, = (n+3)2" — (n+2)foralln > 0.

Assume thatl’(n) is an increasing function of, that satisfied'(n) = 257 (n/5) + 125n¢ whenevemn = 5¢
for t > 1. Determine the orders df(n) in the ©-notation ford = 1, 2, 3.

Solution Heree = logy 25 = 2. Thus, ford = 1, T(n) = ©(n?), for d = 2, T'(n) = ©(n?logn), and for
d=3,T(n) =0(n3).

Additional exercises

Consider the proof of Exercise 2.1f ,,,, = 0, theng(z) is not divisible by(1 — r;2)™ (but by (1 — ryz)™
for somem; < m;). So we must have; ,,,, # 0. But thenu;(n) is of degree equal toy; — 1.

(@ Find arecurrence relation for which somgn) has degree strictly smaller tham, — 1. Your sequence
may not correspond to the zero sequence (with all-zeralinitillues). Try to locate a sequence in which
every term is non-zero.

(b) Resolve the fallacy.

Use generating functions to solve the following non-honmegeis recurrence relations.
@ ay=1,a,=2a,_1+1forn>1.

(b) ap=1,a, =2a,1+nforn>1.

© ay=1,a, =2a,_1+2"forn > 1.

d) ap=1,a01 =2,a, =ap_1 +2a,_2+nforn > 2.

© ay=1,a1 =2,a, = an_1 +2a,_o+ 2" forn > 2.

Using generating functions, prove the master theorem f@ali non-homogeneous recurrence relations of
constant degrees and with constant coefficients. Redteatdn-homogeneous part only to functions of the
form f(n) = s"p(n) for a real numbes # 0 and for a polynomiap(n).

Define a recurrence relation and the requisite number aéirdbnditions for each of the following.

(8 The number of binary strings of lengih) that do not contain three consecutive.
(b) The number of binary strings of length that do not contairk consecutived’s, wherek € N is a
constant. flint: Look at the first occurrence df)



10 Solve the following recurrence relations.
@ ap=2,a1=3,ap=an_1+ 12a,_o forn > 2.
(b) ag =2,a1 =3, 6a, =a,_1+ 12a,_5 forn > 2.
© ap=2,a1=3,a0=4,a, =ap_1+4an_o—4a,_sforn > 3.
(d) ag=2,a1 =3,a0 =4,a3=5,a, =2a,_2 — an_4 forn > 4.
© ay=2,a1=3,a0=4,a3=05,a, =3a,_2 — 2a,_4fOrn > 4.
(f) ap=2,a, =5a,_1+ (n>+n+1)forn>1.
(@) ao=2,a, =5a,_1+ (n®>+n+1)2"forn > 1.
(h) ap=2,a1 =3, a, =2(an—1+ an—o +2") forn > 2.
(i) ao=2,a1=3,a,=4(an-1 — ap—o+2") forn > 2.
() ao=2,a1 =3, an =4(an_1 — ay_2 +n22 1) forn > 2.

11 Solve the following recurrence relations.
(@ agp =2 an=2a,_1+2" +n%foralln>1.
(b) ap=2,a1 =3, an =2ap_1 — An_o + 2" +n?foraln > 2.
(© ap=2,a1=3,an = an_2+ 2" +n3"+n24"foralln > 2.

12 Reduce the following recurrence relations to standard $oanmd solve.
@ a=2,a1=3,a,=an12—anr1—nforaln=0.
(b) ap=2,a1 =3,4ap+1 + 8a, — Ha,—1 =2"foralln > 1.
(© ao=2,a1=3,a, =a,_1+12(a,_o+2"241)foralln > 2.
(d) ao=2,a> = an_1(3a2 — 3anan_1+a2_;)+n3foraln>1.
® ag=2,a1 =3,2a,an_2— Qa%_l —3ay-10n—2 = 0foralln > 2.
) ap=2,a1 =3,2% =4" x 162 forall n > 2.

13 Find big-© estimates for the following positive-integer-valued easing functiong (n).
(@ f(n)=125f(n/4) + 2n3 whenevem = 4 fort > 1.
(b) f(n)=125f(n/5) + 2n® whenevem = 5 fort > 1.
(© f(n)=125f(n/6) + 2n> whenevem = 6 fort > 1.

14 Let f(n) be an increasing positive-real-valued function of a nogatige integer variable. Give a big®
estimate off (n) for each of the following cases.

@ f(n)=2f(y/n)+1whenevem is a perfect square larger than

(b) f(n)=2f(v/n)+ logn whenevem is a perfect square larger than

(© f(n) =2f(v/n) + log? n whenevem is a perfect square larger than

(d) f(n) = af(Yn)+ c(logn)? whenevem is a perfect-th power larger than. Herea,b € N, a > 1,
b>2,¢,deR,c>0andd > 0.
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