
CS21001 Discrete Structures, Autumn 2007

Tutorial 9: October 4 and 11, 2007

1 Use generating functions to solve the following recurrencerelations.

(a) a0 = 1, an = 2an−1 for n > 1.

Solution Let a(x) = a0 + a1x + a2x
2 + · · · + anxn + · · · . Then we havea(x) = a0 + (2a0)x +

(2a1)x
2 + (2a2)x

3 + · · · + (2an−1)x
n + · · · = a0 + 2xa(x), i.e., (1 − 2x)a(x) = a0 = 1, i.e.,

a(x) = 1
1−2x

= 1 + 2x + 22x2 + 23x3 + · · · + 2nxn + · · · . Thus,an = 2n for all n ∈ N.

(b) F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 for n > 2.

Solution Let F (x) = F0 + F1x + F2x
2 + · · · + Fnxn + · · · . Then we haveF (x) = F0 + F1x +

(F1 + F0)x
2 + (F2 + F1)x

3 + · · · + (Fn−1 + Fn−2)x
n + · · · = F0 + F1x + (F1x

2 + F2x
3 + · · · +

Fn−1x
n + · · ·) + (F0x

2 + F1x
3 + · · · + Fn−2x

n + · · ·) = F0 + F1x + x(F (x) − F0) + x2F (x),
i.e., (1 − x − x2)F (x) = F0 + F1x − F0x = x, i.e., F (x) = x

1−x−x2 = x
(1−ρx)(1−ρ′x) =

1
ρ−ρ′

(

1
1−ρx

− 1
1−ρ′x

)

, whereρ = 1+
√

5
2 is the golden ratio andρ′ = 1−

√
5

2 . We haveρ − ρ′ =
√

5,

and soF (x) = 1√
5

[

(1 + ρx + ρ2x2 + · · · + ρnxn + · · ·) − (1 + ρ′x + ρ′2x2 + · · · + ρ′nxn + · · ·)
]

, i.e.,

Fn = 1√
5
(ρn − ρ′n) for all n ∈ N.

(c) a0 = 1, a1 = 3, an = 4an−1 − 4an−2 for all n > 2.

Solution Let a(x) = a0 +a1x+a2x
2 + · · ·+anxn + · · · . Thena(x) = a0 +a1x+(4a1−4a0)x

2 +(4a2−
4a1)x

3 + · · ·+(4an−1−4an−2)x
n + · · · = a0 +a1x+4x(a(x)−a0)−4x2a(x), i.e.,(1−4x+4x2)a(x) =

a0 + a1x − 4a0x = 1 − x, i.e., a(x) = 1−x
1−4x+4x2 = 1−x

(1−2x)2
= 1

2

[

1+(1−2x)
(1−2x)2

]

= 1
2

[

1
(1−2x)2

+ 1
1−2x

]

=
1
2 [(1+2(2x)+3(2x)2 +4(2x)3 + · · ·+(n+1)(2x)n + · · ·)+(1+2x+(2x)2 +(2x)3 + · · ·+(2x)n + · · ·)],
that is,an = 1

2 (n + 1 + 1)2n = (n + 2)2n−1 for all n ∈ N.

Note: In all the above examples, the denominator turns out to be theopposite of the characteristic
polynomial χ(x), i.e., the polynomialxkχ(1/x), wherek is the order of the recurrence. This is not a
mere coincidence. Indeed the following general result establishes this connection.

2 Using generating functions, prove the master theorem for homogeneous linear recurrences of finite order
with constant coefficients.

Solution Consider the recurrence relationan = c1an−1 + c2an−2 + · · · + ckan−k for n > k with
a0, a1, . . . , ak−1 supplied as initial conditions. As usual, leta(x) = a0 + a1x + a2x

2 + · · · + anxn + · · · .
Using the recurrence relation in the coefficients ofxk, xk+1, xk+2, . . . yields

a(x) = a0 + a1x + · · · + ak−1x
k−1 +

(c1ak−1 + c2ak−2 + · · · + cka0)x
k +

(c1ak + c2ak−1 + · · · + cka1)x
k+1 +

(c1ak+1 + c2ak + · · · + cka2)x
k+2 +

· · · +
(c1an−1 + c2an−2 + · · · + ckan−k)x

n +

· · ·
= a0 + a1x + · · · + ak−1x

k−1 +

c1(ak−1x
k + akx

k+1 + ak+1x
k+2 + · · · + an−1x

n + · · ·) +

c2(ak−2x
k + ak−1x

k+1 + akx
k+2 + · · · + an−2x

n + · · ·) +

· · · +
ck(a0x

k + a1x
k+1 + a2x

k+2 + · · · + an−kx
n + · · ·)
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= a0 + a1x + · · · + ak−1x
k−1 +

c1x[a(x) − (a0 + a1x + · · · + ak−2x
k−2)] +

c2x
2[a(x) − (a0 + a1x + · · · + ak−3x

k−3)] +

· · · +
ckx

ka(x).

This implies that(1− c1x− c2x
2 − · · · − ckx

k)a(x) = p(x), i.e.,a(x) = p(x)
q(x) , wherep(x) is a polynomial

of degree6 k − 1 and q(x) = xkχ(1/x) is the opposite of the characteristic polynomial. Note that
the polynomialp(x) is fully determined only by the initial conditionsa0, a1, . . . , ak−1 (and the constant
coefficientsc1, c2, . . . , ck).

Let r1, r2, . . . , rt be the roots of the characteristic equation with respectivemultiplicities m1,m2, . . . ,mt.
That is,q(x) = (1 − r1x)m1(1 − r2x)m2 · · · (1 − rtx)mt . Sincedeg p(x) 6 k − 1 anddeg q(x) = k, the
partial fraction expansion ofa(x) is of the form

a(x) =
t

∑

i=1

mi
∑

j=1

ui,j

(1 − rix)j
=

t
∑

i=1

(

ui,1

(1 − rix)
+

ui,2

(1 − rix)2
+ · · · + ui,mi

(1 − rix)mi

)

,

whereui,j are (real or complex) constants. Using the generalized binomial theorem then yields

a(x) =
t

∑

i=1

[

ui,1

(

1 + (rix) + (rix)2 + · · · + (rix)n + · · ·
)

+

ui,2

(

1 + 2(rix) + 3(rix)2 + · · · + (n + 1)(rix)n + · · ·
)

+

ui,3

(

1 +
2 × 3

2!
(rix) +

3 × 4

2!
(rix)2 + · · · + (n + 1)(n + 2)

2!
(rix)n + · · ·

)

+

· · · +

ui,mi

(

1 +
2 × 3 × · · · × mi

(mi − 1)!
(rix) +

3 × 4 × · · · × (mi + 1)

(mi − 1)!
(rix)2 + · · · +

(n + 1)(n + 2) · · · (n + mi − 1)

(mi − 1)!
(rix)n + · · ·

)]

=
t

∑

i=1

∑

n∈N

(

ui,1 + (n + 1)ui,2 +
(n + 1)(n + 2)

2!
ui,3 + · · · + (n + 1)(n + 2) · · · (n + mi − 1)

(mi − 1)!
ui,mi

)

rn
i xn

=
t

∑

i=1

∑

n∈N

ui(n)rn
i xn

=
∑

n∈N

(u1(n)rn
1 + u2(n)rn

2 + · · · + ut(n)rn
t )xn,

where for eachi, ui(n) is a polynomial inn of degree6 mi − 1. It follows thatan = u1(n)rn
1 +u2(n)rn

2 +
· · ·+ut(n)rn

t for all n > 0. In particular, if allmi = 1, i.e., if there are no repeated roots of the characteristic
polynomial (so thatt = k), eachui(n) is a constant, call itui, and we getan = u1r

n
1 + u2r

n
2 + · · · + ukr

n
k

for all n > 0.

3 Consider the recurrence relation

an = c1an−1 + c2an−2 + · · · + ckan−k + f1(n) + f2(n) for n > k, (1)

with neitherf1(n) norf2(n) identically zero. Prescribe a method to solve this non-homogeneous recurrence
relation. More precisely, identify a particular solution for this recurrence.

Solution Let p1,n be a particular solution of

an = c1an−1 + c2an−2 + · · · + ckan−k + f1(n), (2)
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andp2,n a particular solution of

an = c1an−1 + c2an−2 + · · · + ckan−k + f2(n). (3)

But thenp1,n+p2,n = c1(p1,n−1+p2,n−1)+c2(p1,n−2+p2,n−2)+· · ·+ck(p1,n−k+p2,n−k)+f1(n)+f2(n),
i.e.,pn = p1,n +p2,n is a particular solution of the original recurrence relation (1). Therefore, we first obtain
p1,n from (2) and thenp2,n from (3). Lethn denote a solution of the corresponding homogeneous equation.
Then a general solution of (1) isan = hn + pn = hn + p1,n + p2,n for all n > 0.

4 Solve the recurrence relationa0 = 1, an = 2an−1 + n + 2n for all n > 1.

Solution Heref1(n) = n × 1n andf2(n) = 1 × 2n. The characteristic equation isx − 2 = 0, which has
only one simple root2. We have particular solutions of the formp1,n = (u1n + u0)× n0 × 1n = u1n + u0

andp2,n = v0 × n1 × 2n. Sincep1,n = 2p1,n−1 + n, we haveu1n + u0 = 2(u1(n − 1) + u0) + n, i.e.,
(u1 + 1)n + (u0 − 2u1) = 0, i.e., u1 + 1 = 0 andu0 − 2u1 = 0, i.e., u1 = −1 andu0 = −2, i.e.,
p1,n = −(n + 2). On the other hand,p2,n = 2p2,n−1 + 2n, so thatv0n2n = 2v0(n − 1)2n−1 + 2n, i.e.,
v0n = v0(n − 1) + 1, i.e.,v0 = 1, i.e.,p2,n = n2n. Thus the original recurrence relation has the particular
solutionpn = n2n − (n + 2). The solution of the corresponding homogeneous equation ishn = w2n, i.e.,
the general solution isan = hn + pn = w2n + n2n − (n + 2). Sincea0 = 1 = w + 0− 2, we havew = 3,
i.e.,an = (n + 3)2n − (n + 2) for all n > 0.

5 Assume thatT (n) is an increasing function ofn, that satisfiesT (n) = 25T (n/5)+125nd whenevern = 5t

for t > 1. Determine the orders ofT (n) in theΘ-notation ford = 1, 2, 3.

Solution Heree = log5 25 = 2. Thus, ford = 1, T (n) = Θ(n2), for d = 2, T (n) = Θ(n2 log n), and for
d = 3, T (n) = Θ(n3).

Additional exercises

6 Consider the proof of Exercise 2. Ifui,mi
= 0, thenq(x) is not divisible by(1− rix)mi (but by(1− rix)m

′

i

for somem′
i < mi). So we must haveui,mi

6= 0. But thenui(n) is of degree equal tomi − 1.

(a) Find a recurrence relation for which someui(n) has degree strictly smaller thanmi−1. Your sequence
may not correspond to the zero sequence (with all-zero initial values). Try to locate a sequence in which
every term is non-zero.

(b) Resolve the fallacy.

7 Use generating functions to solve the following non-homogeneous recurrence relations.

(a) a0 = 1, an = 2an−1 + 1 for n > 1.
(b) a0 = 1, an = 2an−1 + n for n > 1.
(c) a0 = 1, an = 2an−1 + 2n for n > 1.
(d) a0 = 1, a1 = 2, an = an−1 + 2an−2 + n for n > 2.
(e) a0 = 1, a1 = 2, an = an−1 + 2an−2 + 2n for n > 2.

8 Using generating functions, prove the master theorem for linear non-homogeneous recurrence relations of
constant degrees and with constant coefficients. Restrict the non-homogeneous part only to functions of the
form f(n) = snp(n) for a real numbers 6= 0 and for a polynomialp(n).

9 Define a recurrence relation and the requisite number of initial conditions for each of the following.

(a) The number of binary strings of lengthn, that do not contain three consecutive0’s.
(b) The number of binary strings of lengthn, that do not containk consecutive0’s, wherek ∈ N is a
constant. (Hint: Look at the first occurrence of1.)
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10 Solve the following recurrence relations.

(a) a0 = 2, a1 = 3, an = an−1 + 12an−2 for n > 2.
(b) a0 = 2, a1 = 3, 6an = an−1 + 12an−2 for n > 2.
(c) a0 = 2, a1 = 3, a2 = 4, an = an−1 + 4an−2 − 4an−2 for n > 3.
(d) a0 = 2, a1 = 3, a2 = 4, a3 = 5, an = 2an−2 − an−4 for n > 4.
(e) a0 = 2, a1 = 3, a2 = 4, a3 = 5, an = 3an−2 − 2an−4 for n > 4.
(f) a0 = 2, an = 5an−1 + (n2 + n + 1) for n > 1.
(g) a0 = 2, an = 5an−1 + (n2 + n + 1)2n for n > 1.
(h) a0 = 2, a1 = 3, an = 2(an−1 + an−2 + 2n) for n > 2.
(i) a0 = 2, a1 = 3, an = 4(an−1 − an−2 + 2n) for n > 2.
(j) a0 = 2, a1 = 3, an = 4(an−1 − an−2 + n22n−1) for n > 2.

11 Solve the following recurrence relations.

(a) a0 = 2, an = 2an−1 + 2n + n2 for all n > 1.
(b) a0 = 2, a1 = 3, an = 2an−1 − an−2 + 2n + n2 for all n > 2.
(c) a0 = 2, a1 = 3, an = an−2 + 2n + n3n + n24n for all n > 2.

12 Reduce the following recurrence relations to standard forms and solve.

(a) a0 = 2, a1 = 3, an = an+2 − an+1 − n for all n > 0.
(b) a0 = 2, a1 = 3, 4an+1 + 8an − 5an−1 = 2n for all n > 1.
(c) a0 = 2, a1 = 3, an = an−1 + 12(an−2 + 2n−2 + 1) for all n > 2.
(d) a0 = 2, a3

n = an−1(3a
2
n − 3anan−1 + a2

n−1) + n3 for all n > 1.
(e) a0 = 2, a1 = 3, 2anan−2 − 2a2

n−1 − 3an−1an−2 = 0 for all n > 2.
(f) a0 = 2, a1 = 3, 2an = 4n × 16an−2 for all n > 2.

13 Find big-Θ estimates for the following positive-integer-valued increasing functionsf(n).

(a) f(n) = 125f(n/4) + 2n3 whenevern = 4t for t > 1.
(b) f(n) = 125f(n/5) + 2n3 whenevern = 5t for t > 1.
(c) f(n) = 125f(n/6) + 2n3 whenevern = 6t for t > 1.

14 Let f(n) be an increasing positive-real-valued function of a non-negative integer variablen. Give a big-Θ
estimate off(n) for each of the following cases.

(a) f(n) = 2f(
√

n) + 1 whenevern is a perfect square larger than1.
(b) f(n) = 2f(

√
n) + log n whenevern is a perfect square larger than1.

(c) f(n) = 2f(
√

n) + log2 n whenevern is a perfect square larger than1.
(d) f(n) = af( b

√
n) + c(log n)d whenevern is a perfectb-th power larger than1. Herea, b ∈ N, a > 1,

b > 2, c, d ∈ R, c > 0 andd > 0.
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