CS21001 Discrete Structures, Autumn 2007
Tutorial 7: September 06, 2007

1 LetR; = {z € R | z > 0}. In this exercise, we show that the sfisl), R, andR are equinumerous to
one another. To that effect, we propose explicit bijectiamsong them.

(@) Provide an explicit bijectioff0, 1) — R..

Solution Takef : [0,1) — R} asf(z) = % Some other simple examples gfer) = — log(1 — z),
f(x) =tan T, f(z) = tan L.

(b) Provide an explicit bijectiofiR, — R.

Solution Forn € Z, let I,, denote the real intervakh, n + 1). We have the disjoint unior8; = U,y In
andR = ¢z In. Define a bijectiory : R, — R as follows. Taker € R,. Let{z} = = — |z] denote
the fractional part ofc. We havexr € I,,, wheren = |z|. If n = 2k (even), defing(z) = k + {z}. If
n = 2k + 1 (odd), defineg(z) = —(k + 1) + {«}. More intuitively, [0, 1) is relocated td0, 1), [1,2) to
[—1,0), [2,3) t0[1,2), [3,4) to[-2,—1), [4,5) t0 [2,3), [5,6) to [-3,—2), and so on.

(c) Conclude that the intervdl, 1) is equinumerous with the entire real lifie

Solution The functiong o f is an explicit bijection0,1) — R.

2 Let A be a set equinumerous with and B a set equinumerous witN. Prove that the Cartesian product
A x B is equinumerous witfR.

Solution There exist a bijectiory : A — [0,1) and a bijectiong : B — Z. Butthenh = f x g :
AXx B —[0,1) x Z, (a,b) — (f(a),g(b)) is a bijection. Finally, the function’ : [0,1) x Z — R taking
(a,n) — a + nis also a bijection. Thusgy o h is a bijection betweenl x B andR.

(Remark: We have proved thatx X, = ¢.)

3 Prove that the real intervél, 1) is equinumerous with the unit squase= {z + iy | z,y € [0,1)} in the
complex plane.

Solution  The canonical inclusion map : [0,1) — S, z — =z + i0, is injective. For constructing
an injective mapy : S — [0,1), let us plan to represent each real number with a terminategmal
expansion as having an infinite number of trailipig (instead of an infinite number of trailing/s). Take
x4+ iy € S, and letx = 0.z12223 ... andy = 0.y1y2y3 . . . be the decimal expansions sfandy. Define
g(x + iy) = 0.x1y122y223ys . ... It is easy to check that thig is an injective map. (Note that is not
surjective. For example, the real numlfiet509090909 . . . does not have a pre-image.)

(Remark: We have proved thatx ¢ = ¢.)

4 Provide a diagonalization argument to prove that thedsef all infinite bit sequences is uncountable.

Solution  Suppose thatl is countable. Then there exists a bijective nfapN — A. Denote the sequence

f(n) asanoanians ..., where eachu;; is a bit. Construct an infinite bit sequenée= bybib, ... as
b, = {(1) :I Z"” i (1) Since f is surjective,b = f(n) for somen € N. Butb and f(n) differ in the

n-th bit position and so cannot be equal, a contradiction.

5 Prove that the se&B of all infinite subsets oN is uncountable.

Solution The power set oN is uncountable. In Tutorial 6, we have proved that thesef all finite subsets
of N is countable. IfB is countable too, then the unid(N) = A U B also becomes countable. $ohas
to be uncountable.



Additional exercises

6 Provide explicit bijections between the following pairssets.
(@ The setsN andN x N.
(b) The set of rational numbers in the real interi@ll) and the sef) of all rational numbers.
(c) The set of irrational numbers in the real inter{@l1) and the set of all irrational numbers.
(d) The real interval0, 1) andR.
(e) The real intervalg0,1) and[a, b) for anya,b € R, a < b.
(f) Thereal interval$0, 1) and(0, 1).
(90 The real intervalg0, 1] and(0, 1).

7 (a) Prove that the s&®[[X]] of all power series with rational coefficients is uncoungabl
(b) Provethatthe sé&d(X) = {f(X)/g(X) | g(X) # 0} of all rational functions with rational coefficients
is countable.
(c) Conclude thaQ[[X]] contains a power series which is not the power series expadiany rational
function inQ(X). Can you identify any such power series explicitly?

8 (a) Let A be afinite set of sizez 2. Prove that the set of all functio® — A is uncountable.
(b) Prove that the set of all functio$ — {0, 1} is equinumerous witlR (i.e., 2% = ).

9 Let A, B be sets, wherel is equinumerous witflR and B is equinumerous wittN. Prove thatd U B is
equinumerous witfR. (This means + Xy = ¢.)

10 Prove that the union of two sets each equinumerous Rithagain equinumerous witR (i.e.,c 4+ ¢ = ¢).
11 Prove that the set of all permutationsidfs not countable. (One can show thgt = c.)

12 Let A be a set of size= 2 (A may be infinite). Modify the diagonalization proof to establthat there
cannot exist a bijection betweehand the set of athon-empty subsets ofd.

13 Let A ={1,2,3,...,2n} for somen > 1, and letS be an arbitrary subset of of sizen + 1. Prove that

(@) A contains elements,, y; with y; — 21 = 1.
(b) A contains elements,, yo With yo — o = n.
(c) A contains elementss, y3 with ged(z3,y3) = 1.

14 (a) Let A be afinite setang : N — A a function. Take any € A and denote:,, = f"(a) for all n € N.
Prove that the sequeneg, a1, as, . . . Of elements ofA must be (eventually) periodic.

(b) Letn € N,n > 2, anda € Z with ged(a,n) = 1. Prove that = 1 (mod n) for someh > 1.

(c) Prove that for everyr € N, n # 0, there exists am € N, m # 0, such that divides the Fibonacci
numberF,,.

15 Suppose that you ea&82 idlis in a total of 77 consecutive days such that

1. You eat only a whole number of idlis per day.
2. You eat at least one idli in each day.

Show that there exists a set of consecutive days during witateat a total of exactlg1 idlis.

16 Suppose that acquaintance is a symmetric relation, i.e.pewsons either know each other or are strangers
to each each other. Prove that in any groumqfersonsy > 2, there exist two persons having the same
number of acquaintances (in that group).

17 Let n be an odd positive integer and, as,...,a, a permutation ofl,2,...,n. Prove that the product
(a1 — 1)(ag — 2) - - - (a, — n) Must be even.
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