CS21001 Discrete Structures, Autumn 2007
Tutorial 2: August 02, 2007

1 Let P(z), Q(x) be predicates. Prove or disprove:

@ (Vo)[P(z) — Q)] = (Vo)[P(z)] — (V2)[Q(x)].

Solution False. Let the universe of discourse Be= {a, b}. Take
Pla)=T, P(b)=F,  Qa)=F, Qb)=T.

Then, the left side evaluates to F and the right side to T.

(0) (vVa)[P(z) — Qx)] = (Bx)[P(2)] — (Vo)[Q()].

Solution False. Let the universe of discourse Be= {a, b}. Take
Pla)=T, P(b)=F,  Qa)=T, QOb)=F

Then, the left side evaluates to T and the right side to F.

Notice that in order to prove that two expressions moeequivalent, it doesot suffice to convert the two
expressions to prenex normal forms and to show that the tweerted expressions are (well, look) different.
This is because it is not true that the prenex normal form abgression is unique.

On the other hand, if you can convert two expressions to theesaxpression in the prenex normal form,
then you can conclude that the two original expressaresequivalent.

2 What is the contrapositive @¥z)[P(z)] — (32)[Q(z) V R(z)]?
Solution The contrapositive of the given implication is
~(E2)Q@) v R@)]) — ~((¥2)[P(2)]) = (¥2)[-Q(x) A ~R(x)] = (32)[~P(x)].

The contrapositive of an implication is an implication. Dat perform formula manipulation so as to destroy
the implication structure.

3 Find the negation of the following statement: “The sum of tvdal integers is even.”

Solution In this case, the universe of discourséisThe given statement can be written as

(Vz)(Vy)[odd(z) A odd(y) — even(z +y)] = (Vz)(Vy)[—-(odd(z) A odd(y)) V even(z + y)]
= (Vz)(Vy)[-odd(x) V —odd(y) V even(x + y)]
with obvious meanings of the predicates. The negation efdtdtement is
(3z)(Jy)[odd(z) A odd(y) A —even(x + y)],

which can be rendered in English as “There exist two odd areghose sum is not even”.

4 Convert to prenex normal form the following expressions.

@ (Vy)[P(y)] — (32)[Q(2)].
Solution We have

(W) [P)] — ERE)] = ~(W)PW]V E)QR)] = (E)-P@)]V (32)[Q()
= (E2)[P@)V Q@) = (F)[Pk) — Q).



It is of interest to study the equivaleney)[P(y)] — (32)[Q(z)] = (Fz)[P(z) — Q(x)] intuitively. Take
the universe of discourse to be the set of all horses (in andieed), P(x) the predicate that “the horseis
black”, andQ(z) the predicate that “the horseis tall’. The left side of the equivalence says “if all horses
(in the herd) are black, then there is at least one horse €isdime herd) that is tall”. On the other hand, the
right side says “there exists a horse whose ‘blackness’igsjitls ‘tallness’.” Does these two notions sound
equivalent intuitively? Perhaps, no! The idea is that yoishiandle the implication connective carefully.
Recall that both the statements 2if-2 = 5, then | am your instructor” and “i2+2 = 5, then | am not your
instructor” are true. Neither seems to make any intuitivesee When such implications occur in compound
statements, you may fail to have an intuitive understandingn equivalence. But whatever you correctly
deduce using equivalence formulas mustdggcally correct.

(b) (¥2)[(¥)[P(x, )] — (32)[Q(x, 2)]].

Solution Proceed as in Part (a). Each of the following four expressinmprenex normal form is equivalent
to the given statement.

(Va)(Fy)(32)[=P(z,y) vV Q(x, 2)], (V) (3y)(32)[P(x,y) — Qx, 2)],
(Vo)) [P (z,y) vV @z, )], (V2)By)[P(2,y) — Qx,y)].

© ((v&)[P@)] A G2)[Q)]) V (V2)[R(x)].
Solution The given statement is equivalent to
(Vo) Fy)[P(z) A Qy)] v (Vo)[R(x)] = (V) [(Hy)[P(w) A Q(y)]] V (Va)[R(z)]

(V2)(v2) [(3) [P(2) A Q)] V R(2)| = (¥2)(v2)|(F)[(P(x) A Q) V R(2)]]
(V) (Y2)(I)[(P(x) A Q) V R(2)]

Additional exercises

5 Argue whether the statemefix)[P(x) — Q(x)] is logically equivalent to3x)[P(z)] — (Fz)[Q(x)].
Also argue whethefvz) [P(x) — (Vy)[Q(y)]} is logically equivalent tdVz)[P(x)] — (Vy)[Q(v)].

6 Consider the following predicates.

A(z) : Programz implements the correct algorithm.
B(xz) : Programz has bugs.
C(x,y) : Programz gives correct output upon inpyt

D(z,y) : Programz halts upon inpuy.
Express the following general statement about a prografrarty program that gives correct outputs on all
possible inputs implements the correct algorithm, thenstame input any buggy program either does not
halt or gives incorrect output.” Write in English the negati the contrapositive and the converse of the
above statement.

7 Convert the following statements to prenex normal forms.
@ (Jx)P(x).
2)[P()] A (< 2)[Q@)] V (va)[R(2)]).

(b) (¥

© ((vo)[P@)] = (¥2)[Q()]) — (32)[R(x)]
(d) (vo)[P(z)]® (3 )[ ()]

@ (Va)[P(z)] < (32)[Q(x)].
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