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[Answer all questions. Be brief and precise. Show all important steps.]

1 Let m ∈ N, m > 2, be a fixed modulus. Choose an arbitrary elementa0 ∈ Zm. For n > 1, define
an = a2

n−1 + 1 (mod m). Prove that the sequencea0, a1, a2, . . . , an, . . . must be eventually periodic. (10)

(Remark: This sequencea0, a1, a2, . . . is used in Pollard’s rho algorithm for factoring integers.)

2 Recall that aderangement of 1, 2, 3, . . . , n is a permutationπ1, π2, π3, . . . , πn of 1, 2, 3, . . . , n with πi 6= i
for all i = 1, 2, 3, . . . , n. Let Dn denote the number of derangements of1, 2, 3, . . . , n. Provide a
combinatorial argument to establish thatDn+1 = n(Dn + Dn−1) for all n > 2. (10)

(Hint: You may proceed as follows. Letπ1, π2, . . . , πn+1 be a derangement of1, 2, . . . , n + 1. Look at i
with πi = n + 1. Separately consider the two casesπn+1 = i andπn+1 6= i.)

3 Solve the following recurrence relation: (10)

a0 = 1,

a1 = 3,

2an = 3an−1 − an−2 + 1 for n > 2.

4 Let S be a set, and letP(S) denote the power set ofS (i.e., the set of all subsets ofS). Define an operation
∆ onP(S) asA∆ B = (A\B)∪(B\A) = (A∪B)\(A∩B) (the symmetric difference ofA,B ∈ P(S)).

(a) Prove thatP(S) is an Abelian (i.e., commutative) group under the operation∆. (10)

(b) In this part only, suppose thatS is a finite set of sizen = |S|. Prove that(P(S),∆) is isomorphic to
the additive groupZn

2 (then-fold Cartesian product ofZ2). (10)

5 Let (G, ∗) be a group. For subsetsA,B of G, defineA∗B = {a∗b | a ∈ A, b ∈ B}. LetH be a non-empty
subset ofG. Prove the following assertions.

(a) If H is a subgroup ofG, thenH ∗ H = H. (5)

(b) If H ∗ H = H, thenH need not be a subgroup ofG. (5)

(c) If H is finite andH ∗ H = H, thenH is a subgroup ofG. (5)

6 Prove that every subgroup of(Z,+) is cyclic. (10)

7 Let A denote the set of all functionsZ → Z. Define addition and multiplication off, g ∈ A as
(f + g)(n) = f(n) + g(n) and (fg)(n) = f(n)g(n) for all n ∈ Z. Prove that under these operations
A is a commutative ring with identity. What are the units inA? (10)

8 Let R be an integral domain andA = R× (R \ {0}). Define a relation∼ onA as(a, b) ∼ (c, d) if and only
if ad = bc.

(a) Prove that∼ is an equivalence relation onA. (5)

Denote the equivalence class of(a, b) ∈ A asa/b. Also letK denote the set of all equivalence classes of∼.
Define addition and multiplication inK as(a/b) + (c/d) = (ad + bc)/(bd) and(a/b)(c/d) = (ac)/(bd).

(b) Prove that these operations are well-defined. (5)

(c) Prove thatK is a field under these operations. (5)
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