CS21001 Discrete Structures, Autumn 2007
Classtest 1

Total marks: 50 September 06, 2007 (6:00-7:00pm) Duration: 1 hour

Roll No: Name:

[Write your answers in the respective spaces provided iniestipn paper itself. Answer briefy.
1 Prove or disprove the following assertions. (5x5)

(@) Letp,q,r, s be atomic propositions. Then, the compound propositionr — ¢ Vv —s is logically
equivalent to the compound propositipm\ s — g V —r.

Solution True.pAr — qV—s = =(pAr)V(gV-s) = ~pV-rVgV-s = (-pV-s)V(gV-r) =
“(pAS)V(gV—T)=pAs—qVr.

(b) Let P(z),Q(z) be predicates. Then the proposititt)[P(z)] — (y)[Q(y)] is logically equivalent
to (3z)(Fy)[P(x) — Q(y)].

Solution False. Let the universe of discourse ie2}. TakeP(1) =T, P(2) = F,Q(1) =
Q(2) = F. Then(3x)[P(x)] — (Jy)[Q(y)] evaluates to false, where&3z)(3y)[P(x) —
Q(y)] evaluates to true.

(¢ Letf: A— Bandg: B — C be functions such thato f : A — C'is a bijection. Thery must be a
bijection too.

Solution False. Letd = C = {1,2}, B = {1,2,3}. Takef(1) = 1, f(2) = 2, ¢(1) = 1,
andg(2) = ¢(3) = 2. Theng o f is a bijection (the identity map), wheregsis clearly not
surjective.

(d) The antisymmetric closure of a relati@on a setA exists if and only ifp itself is antisymmetric.

Solution  True. If p is already antisymmetric, then the antisymmetric closure 3 p itself.
On the other hand, suppose thaeis not antisymmetric. This means thatontains two pairs
(a,b) and (b, a) for somea # b. But then any superset @fcontinues to contain these pairs
and, therefore, cannot be antisymmetric.

(e) There exists a relation that well-orde#s

Solution True. Consider the relatiog onZ defineda®) <1 < -1 <2<-2<3<-3<
---. Itis easy to argue that well-ordersZ.
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2 Let F,,, n € N, denote the sequence of Fibonacci numbers. Prove by imtuctin that (15)
Fop = Fp(Fp1 + Foo1) and Foyq = F2, + F2 forall n > 1.

n

Solution [Basis] Taken = 1. In this casefs, = F» = 1, whereasF,,(Fy+1 + Fr—1) =
Fi(Fy + Fy) =1x (140) = 1. Moreover,Fo, 41 = F3 =2=12+12 = F2 | + F?.

[Induction] Suppose thath, = F,(F,+1 + F,—1) and Fy,1 = F2,, + F2 for some
n > 1. We haveFy, 1) = Fonta = Fant1 + Fon = (Fpiq + F) + Fo(Fuga + F1) =
Fo1 (B +Fo) + Fo (B + Fo1) = Fpp1 Fnyo + FoFopn = Fopa(Fug2 + Fr). Moreover,
Fyni1)+1 = Font3 = Fonta + Fong1 = Fog1(Foya + Fo) + (Foy + F7) = Fupa (Fa +

2Fn)+(F7%+1+F5) = (F3+1+2Fn+1Fn+Fr%)+Frg+1 = (Fn+1+Fn)2+Fg+l = Fr%+2+F7%+1-

3 Let f : N — N be a bijection not equal to the identity map. Prove that tegigtsn € N such that < f(n)
andn < f~1(n). (10)

Solution LetS = {a € N | f(a) # a}. Sincef is not the identity map, we hav ~ (). Let
n be the minimum element if. Thus,f(0) =0, f(1) =1,..., f(n — 1) = n — 1. Sincef is
injective, f(n) cannot be equal t0, 1,2, ... ,n — 1. Moreover, sincef(n) # n, we must have
f(n) > n. Moreover,f ~1(0) =0, f~1(1) =1,..., f1(n—1) =n—1, whereasf ~*(n) # n
(sincef(n) > n andf is injective). Thereforef—!(n) > n too.
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