CS21001 Discrete Structures, Autumn 2006
Exercise set 2

Solve the following exercises from the text book:

Section 3.1: 22,26,34.
Section 3.2; 12,16.
Section 3.3: 16,22,24.
Section 3.5: 8,20,22,26,34.

Additional exercises

. Let n be an odd positive integer and 71, 72, ..., T, a permutation of 1,2,...,n. Prove that the product

n

H (i — m;) iseven. (Hint: Look at 7y, 73, 75, . . ., m,.) Show that the result need not hold if n is even.
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. Letaq,ao,...,a, bepostiveintegerswith Z a; < 2"—1. Provethat there exist distinct digoint non-empty
=1
Subsets A, B of {ay,as,. .., a,} with the property that > " a = > b.

a€A beB
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. Provethe identity: ( ) =y <k> < k)
r r—
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. Count the solutions of the following:

(@ 14 x2 + x3 + x4 = 56 with non-negative integers x1, s, 3, 4.

(b) x1 + x2 + x3 + 4 = 56 with positive integers 1, 2, 3, 4.

(©) z14+ a2+ a3+ 24 =56 Withintegersx; > 1, 22 > 2, x3 > 3, x4 > 4.

(d) z1 4+ x2 + x3 + 4 < 56 with non-negative integers x1, zo, x3, 4. (Hint: Introduce x5.)

(© z14+ a0+ a3+ 24 <H6WIthintegersxz; > 1, 29 > 2,23 > 3, 14 > 4.

) z14+ao+txzz+as = 56withintegersz < 11, 29 < 22, 23 < 33, 24 < 44. (Hint: Takey; := 11i—x;.)

. The principle of inclusion and exclusion is often stated in the following form. Proveit.

Let X beaset, P(X) the power setof X, and et f, g : P(X) — R befunctionssuchthat f(A) = > g(5)
SCA
for all subsets A of X. Then g(A) = Y (—1)MI=I81£(S) for all subsets A of X.
SCA

. Solve the following recurrence relations:

(@ ao=2,a, =5a,_1+n*>+n+1)forn>1.

(b) ap=2,a, =5an_1+ (n®>+n+1)2" forn > 1.

(€ ap=2,a1 =3, a, =2(an—1+ an—o +2") forn > 2.

d) ap=2,a1 =3,a, =4(an-1 — ap—o +2") forn > 2.

© ap=2,a1=3,an,=4(an_1— ay_o+n22forn > 2.

. Reduce the following recurrence relations to standard forms and solve:
@ ao=2,a1=3,a,=0ant2—ant1 —nforaln>=0.

(b) ag = 2,a1 =3, 4an+1+8an—5an_1 =2"foradln > 1.

(© ao=2,a1=3,an=an_1+12(an_o+2" %) fordl n> 2.
d) ap=2,a2 =an—1(3a2 — 3anan_1 +a%_;)+n3foraln> 1.



(® ao=2,a1 =3,2ana,_2—2a2_; —3a,_1a, 2 =0fordln > 2.
) ap=2,a1 =3,2% =4" x 162 fordl n > 2.

. Find big-O estimates for the following positive-integer-valued increasing functions f(n).
(@ f(n) =125f(n/4) + 2n> whenever n = 4% for k € Z+.
(b) f(n) =125f(n/5) + 2n® whenever n = 5% for k € Z+.
(© f(n) =125f(n/6) + 2n> whenever n = 6* for k € Z+.

. Let f(n) bean increasing positive-real-valued function of a non-negative integer variable n. Give abig-O
estimate of f(n) for each of the following cases:

@ f(n)=2f(y/n)+ 1 whenever n is aperfect square bigger than 1.

(b) f(n)=2f(/n)+ logn whenever n is a perfect square bigger than 1.

(© f(n) =2f(v/n) + log? n whenever n is aperfect square bigger than 1.

(d) f(n) = af(¥n) + c(logn)? whenever n is a perfect b-th power bigger than 1. Herea,b € N, a > 1,
b>2,c¢c,deR,ec>0andd > 0.
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