
CS21001 Discrete Structures, Autumn 2006

Class test 1

Total marks: 30 September 12, 2006 (6:00-7:00pm) Duration: 1 hour

1. Let P (x), Q(x) be predicates involving an integer-valued variablex. Prove or disprove:∀x [P (x) ⇒ Q(x)]
is logically equivalent to∀x [P (x)] ⇒ ∀x [Q(x)]. (5)

Solution False: Let P (x) be the predicate “x is even”, andQ(x) the predicate “x + 1 is even”. Then, for
example,P (2) ⇒ Q(2) is false, and so∀x [P (x) ⇒ Q(x)] is false. On the other hand,∀x [P (x)] is false,
since all integers are not even, and so∀x [P (x)] ⇒ ∀x [Q(x)] is true.

2. The following recursive function takes as argument an arrayA of integers and its sizen > 1.

int f ( int A[], unsigned int n )

{

if (n == 1) return 0;

if (n == 2) return A[1];

return f(A,2) + f(&A[1],n-1) + f(&A[2],n-2);

}

(a) Let the element at indexi in the arrayA be denoted bya
i
. Prove by induction onn that the function

returnsF0a0 + F1a1 + F2a2 + · · · + F
n−1an−1 for all n > 1, whereF

i
is thei-th Fibonacci number. (10)

Solution [Basis] Forn = 1 the function returns0 = F0a0 (sinceF0 = 0). Forn = 2 the function returns
a1 = F0a0 + F1a1 (sinceF0 = 0 andF1 = 1).

[Induction] Taken > 3, and assume that the function returns the value mentioned above for all arrays of
size< n. Now consider the situation that an array of sizen is passed to the function. By induction, the first
recursive call returns

F0a0 + F1a1,

the second recursive call returns

F0a1 + F1a2 + F2a3 + · · · + Fn−2an−1

= F1a2 + F2a3 + · · · + Fn−2an−1, [notice thatF0 = 0]

and the third recursive call returns

F0a2 + F1a3 + F2a4 + · · · + Fn−3an−1.

The sum of these returned values is

F0a0 + F1a1 + (F1 + F0)a2 + (F2 + F1)a3 + (F3 + F2)a4 + · · · + (Fn−2 + Fn−3)an−1

= F0a0 + F1a1 + F2a2 + F3a3 + F4a4 + · · · + Fn−1an−1.

— Page 1 of 2 —



(b) Let Tn denote the running time of the above function on an array of sizen. Write a recurrence relation
for Tn. Also supply the requisite number of initial conditions. (5)

Solution

T1 = a,

T2 = b,

Tn = T2 + Tn−1 + Tn−2 + c

= Tn−1 + Tn−2 + d for n > 3 .

Herea, b, c, d are positive constants. Notice thatT2 is a constant, sod = c + T2 is constant too.

(c) Solve the above recurrence relation to obtain an explicit formula forTn. Conclude thatTn = Θ(φn),
whereφ is the golden ratio. (10)

Solution The characteristic equationx2 = x + 1 has rootsx = 1±
√

5

2
. So a particular solution is of the

form w × 1n. Substitution givesw = w + w + d, i.e.,w = −d. Therefore, a general solution is of the form

Tn =

(

1 +
√

5

2

)

n

u +

(

1 −
√

5

2

)

n

v − d,

whereu, v are constants to be determined from the initial conditions:

T1 = a =

(

1 +
√

5

2

)

u +

(

1 −
√

5

2

)

v − d,

T2 = b =

(

3 +
√

5

2

)

u +

(

3 −
√

5

2

)

v − d.

Solving this system gives:

u =
1

2
√

5

[

(3 −
√

5)a + (−1 +
√

5)b + 2d
]

,

v =
1

2
√

5

[

(−3 −
√

5)a + (1 +
√

5)b − 2d
]

.

Notice that the exact values of the constantsu, v,w are not very important here. It suffices to know the form
of the solution. In particular, sincea, b, d are positive, it follows thatu > 0. Also |1−

√
5

2
| < 1. Consequently,

Tn = Θ
((

1+
√

5

2

)

n
)

.
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