CS60094 Computational Number Theory
End-Semester Test

Maximum marks. 100 April 29, 2010 (AN) Duration: 3 hours

Roll No Name

[ This test is open-notes. Answer all questions. Be brief aadige]

Let f(x) € F,[z] be a monic irreducible polynomial of degree> 1. Letd be a root off. We use the
polynomial-basis representatidty = F,(¢), whereq = p".

(@ If f(x) has only a few non-zero coefficients, we call it a sparse motyal. On the other hand, if many
coefficients off (x) are non-zero, we call it a dense polynomial. Explain howsgpareducible polynomials
can make the arithmetic @, efficient (as opposed to dense polynomials). (6)

Solution  Multiplication in I, involves multiplication of two polynomials ovef, of degrees
< n, followed by reduction modulg (z). For a sparsg (x), the modular reduction becomes
efficient, since only a few coefficients need to be adjusteelich iteration of the polynomial

division loop.

Irreducible binomials, trinomials and quadrinomials {tisa polynomials with only two, three or four non-
zero terms) are often employed in the polynomial-basisesgmtation. However, for all values pandn,
such polynomials do not exist.

(b) Check the irreducibility of® + = + 1 € Falz]. (6)

Solution  We have the following gcd computationsii[z]:

ged(x®+ x4+ 1,22 +2) = 1,
ged(z® +z+ 12" +2) = 22 +a+1,

that is,z® + x + 1 is not irreducible.
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(c) Check the irreducibility ofc® 4+ 23 + 1 € Fy[z].

Solution We have the following gcd computationsii[z]:

ged(z® + 23 + 1,22 +2) = 1,
ged(@® + 23+ 1,2t +2) = 1,
ged(@® + 22+ 1,285 +2) = 23+2+1,

that is,z® + 23 + 1 is not irreducible.

(d) Prove or disprove: There does not exist an irreducible biatitrinomial/quadrinomial of degree = 8

in Fy [w]

Solution TRUE. No binomial or quadrinomial (of degree 1) in F,[z] can be irreducible,
since such a polynomial has the rdgtthat is, the factor: + 1. An irreducible trinomial in
Fy[x] must be of the form:™ 4+ 2" + 1 for 1 < r < n — 1. Sincez™ + z" + 1 is irreducible

if and only if its oppositer™ + x"~" 4 1 is irreducible, it suffices to restrict our attention to
1 < r < n/2. Forn = 8, the polynomials corresponding to= 1 andr = 3 are reducible
(previous two parts). Finally® + 22 +1 = (2* + 2+ 1)? and2® + 2 + 1 = (2?2 + 2 + )%
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2 An odd prime of the fornk2" + 1 with » > 1, k odd andk < 2" is called aProth prime (after the name of
a French farmer Francois Proth (1852-1879)).

(a) Listthe four smallest Proth primes 10. (6)

Solution 13, 17, 41, 97.

(b) Describe an efficient way to recognize whether an odd pesiititeger (not necessarily prime) is of the
form k2" + 1 with » > 1, k odd andk < 2". Henceforth, we will call such an integePaoth number. (6)

Solution Letn be the input integer. If is even, reject it. I is odd, compute: — 1 (set the
least significant bit t@). Findr (the multiplicity of 2 in n — 1) by looking at the bits ofi — 1

at the least significant end. Finally, comput®y right-shiftingn — 1 (or n) by r bit positions,
and check whether the bit length bis < r.

(c) Suppose that a Proth number= k2" + 1 satisfies the condition that”~1)/? = —1 (mod n) for
some integet. Prove that is prime. (6)

Solution  We prove this by contradiction. Suppose thas composite. Lep be the smallest
prime divisor ofn. Then3 < p < /n. By the given conditiong"~1/2 = —1 # 1 (mod p),
whereasa”! = (—1)? = 1 (mod p), that is,ord,a = t2" for some oddt > 1. But
ordyalp — 1, that is, t2"|p — 1, that is,2"[p — 1. Butp # 1, sop — 1 > 27, that is,
p=>2"+1>VEk2r +1=+/n—1+1 > ./n, acontradiction to the choice pf
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(d) Devise a (Yes-biased) probabilistic polynomial-time aiton to test the primality of a Proth numbe(6)

Solution  Assume that the input integeris already a Proth number.

Repeat the following steps foitimes:
1. Choose arandom bagen the rangel < a < n—1.
2. Ifa»1/2 = —1 (mod n), return YES.

Return NO.

The running time of this algorithm is dominated by (at masthodular exponentiations. So
long ast is a constant (or a polynomial expressioriag n), the running time of this algorithm
is bounded from above by a polynomiallisg n.
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(e) Discuss how the algorithm of Part (d) can produce a wrong ans@liso estimate the probability of
this error. (6)

Solution When the algorithm returns YES,is definitely prime (Part (c)). However, the answer
NO does not imply that is certainly composite. In facti may be prime, and the algorithm
fails to locate a quadratic non-residue in all of thendom choices fas. Since exactly half of
7 contains quadratic residues (wheiis prime), the probability of failure in this caseig2’.

(f) Prove that if the extended Riemann hypothesis (Section fLi®otes) is true, one can arrive at a
deterministic polynomial-time algorithm to test the priihaof a Proth number. (6)

Solution  The extended Riemann hypothesis implies that the smallesirgtic non-residue
modulo a primen is < 21n%n. Therefore, checking the congruendé /2 = —1 (mod n)

for all the bases: = 1,2,3,..., {2 In? nJ allows us to deterministically conclude about the
primality of . The running time of this derandomized algorithnQOiéin® n).
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3 Find all the points at infinity on the following curves.

2 2
(& The eIIipseX—2 + 12—2 = 1 with a, b real and positive, treated as a curve oller (6)
a

Solution  Two points at infinity:[a, ib, 0] and[a, —ib, 0].

X2 Y2

b) The ellipse
(b) PS€19512 T 56782

= 1 defined over the prime fieldgyo7. (6)

Solution No points at infinity, since-1 does not have a square root modulo a prime congruent
to 3 modulo4.
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4 Consider the cubic curv® : Y2 = X3 4+ 2X2 + 1 defined oveffs.

(@) Prove thatE is smooth, that is, an elliptic curve. (6)

Solution Let f(X,Y) = Y2 — (X3 + 2X?% 4 1). The partial derivativedf/0X = —4X
anddf/0Y = 2Y vanish simultaneously at the poiftt, 0). But this point does not lie on the
curve. Moreover, a cubic curve of this form is smooth at thimpat infinity (this assertion can
be explicitly checked using projective coordinates).

(b) Find all the points in&(Fs). (6)

Solution PutX = 0to getY? = 1. This has two root§” = 1, 2.
PutX = 1to getY? = 1 which again has two rootsand2.
Finally, putX = 2 to getY? = 2 which has no roots iff';.
Therefore,E(F3) = {0, (0,1),(0,2),(1,1),(1,2)}.
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(c) LetP =(0,1)and@ = (1,2). DetermineP + @ and2P as explicit points inE(F3). (6+6)

Solution The straight line passing through and ) has the equatiol = X + 1. Plugging

in this expression fol” in the equation of the curve givéX + 1)? = X3 +2X?2 + 1, that is,

X34+ X%+ X =0,thatis, X (X?+ X +1) =0, that is,X (X +2)? = 0. Thus, the third point
of intersection of the lin& = X + 1 with the curve is agaid = (1, 2). The opposite of) is

(1,1), thatis, P+ Q = (1,1).|

_dY  3X?244X  2X :
The slope of the tangent on the curve(at, V) is ax = % =5 At the point
P = (0,1), this slope i9), that is, the tangent t&' at P isY = 1. Substituting this value of”

in the equation of the curve give§?(X + 2) = 0, that is, the third point of intersection of the
tangent with the curve i€l, 1). The opposite of this point i§l, 2), that is,‘ 2P = (1,2) = Q. ‘
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5 Letp be an odd prime, anfl : Y? = X3 + a X + b an elliptic curve defined ovéf,. Prove that the size of
the groupE(F,) is odd if and only ifX?® + aX + b is irreducible inF,[X]. (6+6)

Solution [If] X3 + aX + b has no roots irF,,, that is, for every value oX = h € [, the
equationY? = h® + ah + b has zero or two roots if,, (according as whethér® + ah + b
is a quadratic non-residue or a quadratic residue mogul&@o the number of finite points in
E(F,) is even. Butt/(IF,) also contains a unique point at infinity.

[Only if] If X3 + aX + bis reducible, it has one or three rootsHy. For each such root,
the only solution withX = h is (h,0). For a non-rooth, we have zero or two solutions of
Y? = h? 4 ah + b as explained in the proof of the “if” part. Therefore, the rhenof finite
points inE(F),) is odd, that is| E(IF,,)| is even.

An algebraic proof: X? + aX + b is reducible <= X3 + aX + b has a root inf, <
E(F,) contains a point of ord&? <= |E([F,)| is even.
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ROUGH WORK

Dr. Abhijit Das, Dept. of Computer Science & Engineering, IIT Kharagpur, India
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